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ON NON-LINEAR EQUATIONS IN A COMPLEX BANACH SPACE ©) 
By 
Leon Brown 
in Detroit, Michigan, U.S.A. 


In this paper we are concerned with the generalization of known 
results in the theory of non-linear integral equations and in the theory of 
several complex variables. Specifically, we are interested in generalizing the 
Erhardt Schmidt Branching Theory [see 8, 9 and 11] and the Weierstrass 
Preparation Theorem [see 2, p. 183]. 

We consider the following problem: let X be a complex Banach 
space and given a function /, with domain and range in X, which is 
analytic and bounded for ||x|| <1, then what is the nature of the solutions 
of the functional equation x — f (x)=, where y is a given element of X? 
This problem has been extensively studied when / is a completely continuous 
(compact) linear function. An excellent presentation of these results is in 
Riesz and Sz-Nagy [10]. 

We wish to analyze the situation when f is a non-linear analytic 
function with certain conditions.©) To this end we develop a specific tool, 
namely, a generalization of the Weierstrass Preparation Theorem. 

In paragraph 1 we present some pertinent lemmas in the theory of 
complex variables. 

In paragraph 2 we consider a function f whose domain is in X XC 
and range in C, where X is a complex Banach space and C is the space 
of complex numbers. f is analytic and bounded for ||x||) <1, and |w|/<1, 
xEX, wEC. Assuming f(0,w) has an s-fold zero at w=0, then in 
a neighborhood WN of the origin 

1. Most of this paper is pat of a dissertation submitted in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy in the University of 
Minnesota. The dissertation was written under the direction of Professor Paul C. 
Rosenbloom whose encouragement and guidance were most helpful. 

A portion of this work was done while the writer was at Tulane University 
where he was partially supported by the National Science Foundation. 

2. Numbers in brackets refer to the bibliography at the end of this paper. 


3. Jane Cronin considered this problem. Her theory is based on the Leray- 
Scbauder theory of the degree of mapping [see 4, 5}. 
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f= te" = SH) | Q(x, w) = PQ. 


where H, are analytic functions on X to C, and ® is a non-zero function 
on NC XXC to C. The size of this neighborhood is estimated and P 
and Q are represented as integrals of the function /. 

In paragraph 3, we summarize some results from Riesz’s theory of 
compact linear operators. 

In paragraph 4 we consider the functional equation « — f(x) = y 
where {(0)=0. We assume that f is analytic and f’(0) is a compact 
transformation. If (J — /’(0))~! exists then the above equation has a unique 
solution if y is sufficiently small. If J —f (0) has no inverse then there 
exist complex valued functions /;,?7=1,..., and g on X XM _ where 
M is a finite dimensional subspace of X such that x=g(y,u)+u is a 
solution if and only if /i(y,¥)=0, 7=1,..., 2. 

Assuming that for each 7, f;(0 , 4) £0, we can apply the Weierstrass 
Preparation Theorem to these functions and then use the classical elimination 
theory [see 16] in order to arrive at our “branching equations”. 

In paragraph 5 we prove that if R is the ring of functions, with 
domain and range in X, which are analytic at the origin then RF is integrally 
closed. Applying a theorem of Butts, Hall and Mann [3] it is easily seen 
that a monic polynomial in the polynomial ring of R can be factored 
uniquely into irreducible monic polynomials. 

The sizes of all above mentioned neighborhoods are estimated in this 
paper. 

§1. Lemmas on Analytic Functions 

By elementary means one can prove the following well known result: 

Lemma 1.1. If F(z) isa non-constant analytic function 
and |F(z)|<1 for |z)<1 and |F(0)|=A>0, then for 2) Srl 


A-r _ At? 
ote eae 


and 


[P@) =F OO) 
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We are interested in the mature of the zeros of an analytic function 
if it is perturbated by a small constant. This is related to the classical 
result of Hurwitz [15, p. 119]. 

bemma 1.2. If F(s) is analytic, and |F(@)| sr for jes; 
and F has an S-fold zero at the origin, and F(z)40 for 
O0<|z|<1, and 


” = min | F (z)| < max | F(z)| <1, 
|3|=1 =1 


[a|= 
then for O0<|Aj\<m, the function F(z)—A has exactly s 
simple roots 4(4), +=1,..,5 in |2} <1, and these roots are 


inthe annulus 
1/. 
pec c (2). 
i _ n 


The 2(A) may beso chosen sothat they are branches 
of the same analytic multivalued function with branch 
Bacuhe ne fative real axis. 

Proof: If |A|<7, then |F(z)|27>(A| for |z)=1, and by Rouché’s 
theorem [15, p. 146], F (z)—A has exactly s roots ia |z/ < 1. 


For 
Al<lAlis<a , |F@)| <i 
and 
IF@—A| 2 [| —|F@|> A — ke zo. 
Also 
|F(@)| 2 nie, 
so that for 


er > (A). real 21F@|— Wank Riso, 


We proceed to show that the s roots of F(z)—A are distinct, and 


also construct 2; (A). 
Observe that F(z)27’ is analytic and not equal to zero in |z| <1. 
Let h(z)=2(F (z)275)'S, where any particular determination of the s-th 


root is chosen so that A(z) is analytic. For 
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lal sa, [4G)| = [el |F@)2-* |" = | F(z)" <1. A(0)=0,h(2) 40 
for o<|el<1, and for kl = 1, [A(Z)(/2 mls. Therefore, Rouché’s 
theorem implies that for |)<7'/8, there is a unique 2 in \z|<1 such that 
h(z)=t. Let g(t) be the unique 2. The implicit function theorem implies 
that g(t) is analytic for t/<7'%. The equation h(z)=¢ is equivalent to 
F(zj)=%. 

Placing £=A's, a branch of the sth root of 4 and w=e?", we 
have that z;(A) = g(wi-'A"S), 7 =1,..., 8 are the s roots of F (z)—A. q.e.d. 
Note that if 1 = max |F(z)|, then F (z)= 25. The zeros of F (z)—A 


(zj=1 


Is 1/s 
are a) , and gh) = ey is an analytic multivalued function. 
U/| Y| 


We will have need for the following integral representation : 
Lemma 1.3. If f(z) is analytic for #]<1 and f(z)70 
for Kl=t, and f Hascexactly s 2er0s 2)... 920500 toyed ee 


for. Zi. 


v= [Le-w= ren f aS Log(1 =) ar 


C\j=1 


where Logz = log |z|-+7¢argz, —u<argz<a. 
Proof: For |z;>1, and |¢|<1, log ( mal is an analytic function 


of ©. One then simply evaluates the above integral with the aid of the 
theory of residues. q.e.d. 
The following lemma is a generalization of the Euclidean Algorithm. 
Lemma 1.4. 1f f(z), g(z) areanalytic for l2|S1 and 
/@)70 for |zl=-1, and ( has exactly s zeros for 2 1aetinen 
there exists aunique polynomial P(z) of degree <s, and 


unique g(z) analytic in |zZ)<1 such that 
&(2) = 92) f() + Pe). 


Furthermore for |z|<1, 


a _ wz) Peele ae 
PO) Olea ean 


and 
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i EO as a3 eee 
10) = oa Tom wf)" 


¢\j=1 


Proof: Case I: We assume f has simple roots 2;, j=1,...,S. 


The condition P (z;)=g (2;),/=1,...,8 uniquely determines a polynomial 


Of degree <s. Let 


Using Lagrange’s interpolation formula we find that 


P@ = 6S @2l) 


& we) @-2) 


If |z|<1 and z4#2;, ¢=1,..., 5 then tea has simple poles at 
Z1,...,2; and z. Thus, by the theory of residues 

1 f g()dqo § (%) ee) 

2nt ie w(¢) (f —2z) a w’ (z;) (z — 2) w (z) 


Thus for z4z;, |z|<1, 


Zz GES 
P@=e—20O (se 
| 


w(c)(S —2) © 


Gt=1 


- €) al 
Since P , g and — el OTE are analytic functions the above 
Chet 

formula is valid for all z such that |z|<1. 

Let 

ee) Oe 8) 
ee FG) ani FG) ) we) EH 
a= 

Si w(z) . of le : Tyieeton l< 1 (2) j 
ince G is analytic for |z) <1, (2) is amalytic for |2zj<1. 9 is 


uniguely determined since P(z) is uniquely determined. Note that although 
the above representation of g is only valid for |z| <1, @q is analytic 


Ropes) —= 1) 
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Case Il: Let f have multiple roots. From Lemma 1.2 we see that 


there exists a 8 such that if 0<|A|<56, then f(z) +A has exactly s simple 


roots 2; (A) for \z|<1. Thus for each A there exists a unique function 


q(z, 4) and polynomial P(z,4) in z of degree less than s, such that 
e@) = 492, NU @+4] + PG, A). 


If 

s 

w(z,A) = {I (z — 2; (A) 

j=l 

thea 
w(z,) eat 
PO) =e) — Oni {i w (z,A)(f—z) ” 
|s|=1 

and 


1 wz, 4) g(Cyat 
ant f(z)+A w(z,A)(€—2z)° 


(é[=1 


q(z,A)= 


One can easily show that 
lim wz , A) = we 0) =e): 
A>0 


However we wish to show that w(z,A) is an analytic function of A. 
For |z|/>1,0<|A|<58 


ani) FQ) +A 


w(z, 4) = exp = I) Log (1) ae 


Nh leo 


= #expw(z, A) (Lemma 1.3). 
If |zZ|>1 and |A)< ae |f(2)| = then wz, A) is analytic in A. Since 


w(z,A) is a polynomial in z with coefficients functions in A, each coefficient 
is analytic in A and thus for |A|<min(8,), w(z,A) is analytic in A. 


Thus for |A|< min(8, 7), P(z, A) is analytic in A and therefore 
lim P (2, 4) =P (2,0) = Pi), 
a->o 


P(z) is a polynomial of degree less than s since for each \ P@,)) isca 
polynomial of degree less than s. 
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w(z,d) 1 { w(t, Aydt 


Prk vant I GONG —8) 
amet 
for |A) <7 implies that ee is an analytic function of A and we have 


lim ¢ (4) = ¢(@, 0) = ¢ (2). 
We have for 
ki<l,8@)= ¢@Sf@ + P@) 
with the integral representations which are valid. q.e.d. 
We will need one more lemma in the theory of analytic functions. 


Lemma 1.3, lf fora) <1, P(2) is analytic and 


IF@|<1, F@= Sas, aX, 821, 


k=s 
and for j#}<.1, G(z) is analytic and |G(z)|<e where 


r (as) — 7) 


> 


o<e<B({a|) = max 


0<r<|a,| 1—|4s|7 


then there exists n(e)Sm<n(e)<la| such that F+G has 

exactly S zeros in the circle .z| <7: (2) and-ao zeros in the 

annulus 71 (€) <|z|<72(e). Furthermore, if |z)>72.(e) and 

ad aye lea cate 
ee To, (ee | 2c 

F (z) + G(z) z 


1 
— Ss 
Wi (a) = 2 exp “a 
|¢|=r (e) 
then W ais a polynomial of degree s whose zeros are 
exactly those of F+G in |2)<m(*). Thus for 


F(z) +G(z) 
W (2) 


z| <n(e), Q(z) = 


is a non-zero analytic function and F(z) + G(z) = W(z)Q(). 
We define 7: (¢), 7(€), 70(/as|) = 70 in the following manner. 
| = 6 (Ja). 


jad — re 


Yo i oye) Olt Wea Geman 2. 
1) 7% is the solutio q 0) 1—laJl ro 


tt le 
2) 7 (&) is equal to the smaller root of &€=7 ta = cal , 


72(s) is the larger root. 
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Note that 7(¢) is a monotonically increasing function and 72(€) is 
monotonically decreasing. 

Proof: Let H(z) = ae H(z) is analytic for |z| <1, and lal = 1 
|H(2)|=|F(@|<1. Thus for k/S1, |H@|<1 
Therefore by Lemma 1.1, we have for le] <r <las|, 


. HO) = a,5205 
jas] —7_ 


- ae Wed < 
ae (z)| Ss 


which is equivalent to 


| 
Ss 
7 
ee 
V\ 


F@| slr 


Let y=71(€) or 72(€), then for |z|=7, 


ear <P (2)). 


Applying Rouché’s theorem, we see that / +G has exactly s zeros in 


IG@)|<e=r} 


zeros in |z|<7,(€), and no zeros in 71 (€)< |2|<7(e). 


lz] <<ri(e) and |z| <<72(e), respectively. Consequently F +G has exactly s 
It follows from Lemma 1.3 that 


where {2j;} are the s roots of F+G in the circle |z|<7.(e). Hence for 
ai <n(s), Qe) = 


Ei GG). 
W (2) 
is a non-zero analytic function and F (z)+G(z) = W (z) Q(z). 


q.e.d. 
§2. The Zeros of Analytic Functions of a Complex Banach Space 
let X,Y and Z denote complex Banach spaces and C the field of 
complex numbers. 
Definition 2.1. Let f be defined in an open set Dofex 


with range in Y. We say f is analyticin Dif f is locally 
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bounded and G-differentiable in D. This is equivalent to 
J possessing a Fréchet differential at each point in D 
[see for example 7, pp. 109—112]. 

Using the concept of Baire continuity Zorn [18] has proven the 


following generalization of Hartog’s theorem: 


Theorem 2.2. Let D, and D2 be open sets respectively 
Sontained in A and YY, f is a function on D:XD, CXXY 
to Z, Note that XXY is a complex Banach space with 
}(, v) || = |lx|| + lll. If for each *E€D,, f is analytic in D, 
emaroreach al; fis analytic ia D;, then / is analytic 
in D,XD2. 


We further generalize the Euclidean Algorithm. 


Theorem 2.3. Let f and g be two functions, with domain 
ja XC and range in C, analytic for |x| S1,-\w|/S1.7I1f for 
Sache such that |ix|ii, /(*,w) has -exactly $ zeros, 
w;(x), 7=1,..,5 in |jwj)<i, and f(*,w)#O for |w|=1, then 
there exists uniquely a polynomial P inw of degree <s 
mith tuncections on A to-C as coefficients which are 
analytic for |x||<1, and a function Q on XXC to C which 
is analytic for ||x||<1, |w™|)<1 such that for ||x||<1, |w| <1, 


g(x, vw) =O,“ f@,v) + P@,»). 


In addition we have for |w| > ‘ll 


nee aCe) 


[|= 


WO, 2) = TI @—w4(2)) = w exp Lf Bey (1S )ac 
j=l 


andfor Wj. < 1, (<1, 


1 We w) VAC NCS 


Oe ant =f (x, w) W (x, 0) (€—w) 
[o|=1 
and 
W (x , w) e(x , w)df 
PICS ST Vaal CIs S aesaaryer } We 0) 
yes 


Proof: By Lemma 1.3 if |w|>1 for each *, 
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_fol%, ¢) Log (15) ae. 
Ww 


IM a J(@5 4) 


\eh=t 


W (% , w) = wexp 


Since W(«,w) is a polynomial in w, in order to prove W is analytic, it 
> 

| 

is sufficient to prove that for each w such that (w > 1 W(x, w) is analytic 


in x. For each w, with |w|>1, and for every hE X with A sufficiently 


small, 


1 fo(*+M,C) Die 
W(x + 4h, w) = w' exp =: woe ll er al 


ant a) fee) 
igi 
and thus is an analytic function of 4, for 4=0. Consequently W(x, w) 
is G-differentiable with respect to x. Since f(*,f) AO for |f/=1, and 
{CEC | |e = 1} is a compact set, W(*,w) is a continuous function in 4%, 
and thus locally bounded. Therefore W(* , w) is an analytic function of %, 
which implies that W is an analytic function of (¥,w) for |x|/<1, wEC. 
From Lemma 1.4, we see that there exist uniquely two functions, 


Q and P, namely 


1 W (x , w) g(x, Cade 
OA he aes F(e,w) J We, OE-w) 


ich 


and 


g(x, Cag 


(x, ¢) (Cw) 


W (x, w) 
P(x, @)=g, wy f 


|el=1 


such that g=Qf-+P. To complete the proof we need to prove that P 
and Q are analytic for ||x||<1 and |w|/<1. 


For ||x||/<1, |w| <1, g and W are analytic. A proof similar to the 
g(x ? €) at 


one for W shows that W (x SF Ea) 


is analytic in each variable 
[¢=1 
and thus analytic (Theorem 2.2). Consequently P is analytic. 
In order to prove that Q is analytic it is sufficient to prove that 
W (x, w) 
f(*, w) 


r 


i is analytic. For each x, ||x|| <1, 


is an analytic function 


of w. Thus 
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w(x,w) 1 poe Wie, 6) ae 
F(e,w) ~ aad J Fee, Ce) 
\o|=1 
Therefore W/f is analytic for ||x|| <1 and |jw| <1. q.e.d. 


The main theorem of this section is the generalization of the 
Weierstrass Preparation Theorem. 


Theorem 2.4. Let f be a function on XXC to C analytic 
and bounded in D={(x,w)| |x| <1, |w| <1}, iy, e) 1S 
there and 


? 


0 
FO, w) = Yawk, foe 07) S21 

k=s 
then there exist uniquely 5+1 functions H,{*), 7=0, ...,s—1, 


Q(*,w) analyticin |w|\<r<|a,l, 


y las| —r 
l|x|| < = = 


and H,(0)=0, 2(0,0)=4, Q(x,w)#O0 in this neighbor- 
hood, and 


fis, v2) = (w— SH, (2) wi) 96 2) == PQ 


gj=0 


Furthermore if 7% is the solution of 


& (10) = a (a5) = max g (r), 


S755\a, 


and if for 0O=o0<a(\a|), Gi(o) is equal to the smaller root of g(7) = 9, 
and G2(0) is equal to the larger root (for 9 = (ja), Gi=G2= 7), then 
for ||x||<o<a(jas|\), f(*, w) has exactly s zeros in |w|<Gi(e) and none 
in Gi(0)<|w| <G2(p). Thus for |x| SoSa(\a)), and |w|<G2(0), 
we have f = PQ and P and Q are analytic. 
We have for |/x||<G(r) and jw| <r<|a,| 


> 


1 Ss 
(Px, 0) <r (14+ 340] 


and 


1 la] —7 
|Q(e, w)| > (21/6 +. 1)s ( 1—|a,|r )>o. 
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Observe that 


7” (jas| — 7% ea a,;| —Y 
max 119 < a(jal)<S max de el 
o<rela,| 2 0<rSla,| 2 1 — |a,| 
therefore 
Ss gS | | s+1 
a a |a,|s+3 < a. (|as|) LS ————Tr = ede , 
2 (s+1)st! i 2(st+iyt' (1 —{a,|?) 


Also if r<|as| <1, then 


Pulelee < |a,| 
1 as |a,| Y Ss] 
Consequently, 
las| |as|°* 1 
<< i o_o —* 
a(|as|) < 5 Agel g Y 3 <a 58 


Proof: Let g(A) = (tar : w)) We see that for |A) <1, g(A) 
is analytic and | g(A)| <1. Applying Lemma 1.1, we have for /Aj <1, 


ie < a 
gQ)—g(0)| Ss Vio 


Setting A= ||r||, we have | g(||x||) -- g(0)| =|f(«, w)—f(0,w)| <2 |Ix||. 
We let F(w)=f(0,w) and Gw)=f(x,w)—f(0,w) and e=2 |x| 


<— 3M 


and apply Lemma 1.5. We have, if ||x|| < o<a(la,|) = Bas) 
2 


f(* ,w) has exactly s zeros in |w|<Gi(0), and none in 
G:(0) < |w{ < G.(o). 


Furthermore if for |w| > G2(0), llx|| < 0 


=)? 


W(x, w) = wexp— { Fen val 


2ni ( ) 
|¢|=Go(p) 


then W is a polynomial in w whose zeros are exactly those of f(x, w). 

With the aid of this representation of W(x , w) we have that W is analytic 

for |lxl|<o, |w|<G2(o). Let Oe) = ae We have for 
W (x, w) 

IvIl<o, |w] <G,(e), 
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1 f(*, ©) 1 
Q Sh oh itr 5 LM ee) 
8) = io nie iy cee 
|S =G, (p) 


Note that for \o| = (GR (0) al (x : a) we". Consequently Q (x , w) is 
analytic there. We define H (x) by the equation 
s-) 
P(x, vw) = W(x, 0) =w— YE; (x) wi. 
j= 
Since W(0,w) = w', H;(0)=0, 7 = 0,1, %.,8—1. The analyticity of 
W implies that Hj is analytic for ||*|| << o<a([a;|), |w| < G2(o). 
In order to complete our estimate we need the following result: for 


lel Se), se < lel Sr, f&,w) #0. 


A-yr 
Let ECA ESS Sopa pox. Ore as nd For A; h(A) is 
‘ , : : 1-7 
strictly monotonically increasing because h {A4) = app =O itor >i. 
[as] —7 
We know that for 0<|w|<v7, FE GsS OAS a Korea ia = 0n 


Applying Lemma 1.1 to ees : 2) and then setting A= ||x||, we 


have for w0, and |/x|| <1 < |f(o, w)|, 


|f(o, w)|—n 
I f(x, )| - T—Tflo,»|n 
ol |a;| —7 
Fa hrtatea Se 
s vel Se : 
oa Meigen 
If 
4 rs |a;|—7 
2 3a ee = 54 ee <— 
|w| > Q1Is and 1 2 ana g(r) |f(o, w)|, 
we have 


| w |s |a;|—7 a eS ie [a;| —7 == 77 = Wr 
i— far 2 (a= lal 
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lw] <r, f(x, w) AO. 


14 
; Te 
So we have, if |jxl| <g(7”) and ae = 
Consequently, for |x| Sg”), |w] <7, 
VS 1 ‘ 
’ ir 


Ie-#) < ( " 
ress 


\P, 2)| = |W(x, w)| = 
f(«, w) 


W (x , w) |" 


jQ(«,w#)| = 


Applying the minimum modulus theorem we have 


|Q(«, w)| = min [Q(x, w)| 
|wi=r 
min I f(x ,w)| min | f(x , w) | 
|w\=r > Jwi=r aL 
(es 


= max |W (x, w)| 


|w|=r 


We have shown earlier that for |w| =~, and for xii <n<|f(o,~)|, 


ee , 
—1; 
_ 2(rn—-n 
1— 2g¢(r)7’ 


S 4 
Mee 


lai 


l[f(~,w)| = 
1—*75 
Gearac 


Let 11=g(r), then for [w| =r, {xi < e(r), 
g(r) 
55 MEI) )i\| ee : 

lf, w)|2 1 — 2(g(7))’ 7 &@) 

since 
g() S$ a([as|) <=. 
Therefore 
_&@) a [as|—7_ i 
i—lalr  @e iy 
Gherc: 


Q(x , w)| > 
“fo 
Observe that the qualitative part of Theorem 2.4 can be proved by 


applying Theorem 2.3. This would give us a different integral representation 


Or IP. 
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We introduce the following notation: if A is any open sphere in C, 
then H,(A)={f | f analytic and bounded in A with || /|| = sup |f(z)|}. 
If A= {ze€C |\z|<1}, we write H» instead of H(A) and ees 

S=(feHo| iif <1}. 
Theorem 2.5. Let Tbe a topological space and g.a 


Continuous function from I into S. If 


ce 
f (to) (2) = San2*, asA0, s21, 


then there exists aneighborhood of &, N, anopensphere 
in CC, As, with center at 0, S continuous functions 
H;(t), 7=0,..,S—1 from N to C and acontinuous function Q 


from Nto H,(Ac) such that for all t€W, zE A, Q(A(2Z)FO and 


s-1 


FO) = (»— SAY Z| 20). 


Proof: Using Lemma 1.5 the proof is essentially the same as the 


first part of the proof of Theorem 2.4. 


§3. Summary of Known Results on Banach Spaces 
We summarize some results in Riesz’s theory of compact operators 
(See Riesz and Sz-Nagy [10]). 
Let X be a Banach space and JT =J—K where K is a linear 
compact transformation on X to X. If Ac X then 
T— (A) = {xe X | T(x) € A} 
and 
T (A) = {yeX | axe AsT (x) = y}. 
Definition 3:1. M,= {0} and M, = [2'(M,-1). No=X and 
Neel V 24) 
Theorem 3.2. M, are finite dimensional subspaces of X, 
and N, are closed and thus subspaces of X. 


Theorem 3.3. There exists an integer 7 such that 


es (= cc S 
MoAM,F~M,F-...~=M,=Moi=..., 
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and 


Ny oN ee eee 
and T restricted to N, is an invertible operator. 
Theorem 3.4. X=M,@N,; that is, if xE€X there exists 
uniquely wEM, and wEN, such that *=u+w. 
Theorem 3.5. There exists «€X, a basis for M,, such 


ib Jay BAe 


A 
2 (ke) ms or 
0 


where V=%,20)2..2U5, and S'vj=n=dimension of M,. 
La 
j= 
We oow consider the adjoint transformation T* = (I—K)*=I—K”. 
Since K is a compact transformation K* is a compact transformation on X* 
to X* and we define M* and N* as we defined M, and N,. One easily 
proves that: 
Peinman3.6. 9M (May 
Lemma 3.7. There exists *{, a basis of M> such tae 
xi, (4) = S25; where x are the basis elements of M,. 
A simple computation and we have 
Lemma 3.8. 


Pe ei 
Pees 0 71. 


qi SDS veda Ue 


§4. Non-Linear Equations and the Schmidt Branching Equations 


Let X be a complex Banach space and f a function on X to X 
which is analytic at the origin. Let f(0)=0 and /’(0), which is a linear 
transformation from X to X, be a compact operator. We then consider 
the functional equation (J — f) (x) = y where x and y are in X. If 
F (x)= f(*)—f' (0), then F(0) =0 and F’(0)(x)=0. In this situation 
(UZ — f) (*)=y is equivalent to (I — f’(0)) (4) = y+ F(x). If (I—f’ (0)? 
exists, we have «= (I — f’(0))-'(y+F(x)) which has a unigue solution 


for all y in a neighborhood of the origin (see fixed point theorem ; 
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Theorem 4.3 or [6]). The more interesting situation occurs if the inverse 


of I—f’(0) does not exist. 


Consider first the linear case: (I—/’(0)) (x) = y, and lee T = J—f(0) 


We use the notation introduced in paragraph 3. We have 


since 


M; = I-"(0)= |re X'| x,,(*) = 0, 7= 1, ..., & 


(T*)"* (0) = {x3,, f= 1, 1 Bl 


and the range of T is closed (see [1]). Let 


(Py 


c= {ee X | AS (x)= 05 41, Bf. 


Theorem 4.1. There exists a WEX* such that 


k 
EVs lS 45, 00's and. W(X) X. 
i=i 
Consequently TW(x)=* for all EN. 
Proof: Let Se att and = We haves =P, 
=f, and for each mee X, x = P(*) + P’(*) where P(*)E€M, and 


P(x)eN,(X=M,QN,). 


For 


and 


T(N,) = N, and T" | Nv exists. Let V = 7-' | No: VeENNe ‘ 
Define W=Q+VP’ where 


= SS 6yB4 40. 


x EX, we have 


Rus 


t= PA) (se) = > S bis Xi7 + P(x) 


a 


W (x) = (Q+ VP)(*%) = (Q4+VP)(P@) + P'(w)) 
= OP (x) + OP’ (x) + VP’ P(x) + VP’ P(x) 
= QP (x) + VP’ (x) 
k v;,-1 k 0; 


= iS ~ (Hj B72, yd) (> > bay) + VP 


41 -j=1 4=1 g=1 
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iv} a 
bj ty + VP Ed. 


Ng Fi | 


— 
~ 


TW (x) 


D 
M4 
M 


Dy, ya Xi, j+t <- Ee (x) 


> big Xj + P’(*) 


4—1 j=2 
k 
= P(x) — bj: %i1 + P’ (%) 
2 


ree (s Ga Bah) (0. 


a1 


q.ed. 
Corollary 4.2: The general solution of T(*)=y, where 
vEN, is ~=W(y)+u where uEeM,. 


Proof: If y is not in N;=TJT(X) then there does not exist any 
solutions of T(*)=y. The condition y€ NM; is equivalent to the conditions 
Xe, (vy) = 0 for 7= 1,4, 2. 


We return to our original problem: « — f(*)=y which is equivalent 


to x—f'(0)x=y+F (x). We have: there exist solutions if and only if 
a* (v+F (*))=0 for i=1,...,% and these solutions are 


x=W(y4+F(*%))+4 


where uEM,. If we let x =x: -+u where x;}€X and we M, we have 
1) » =W(+F(%+4)), and 
2) a (ver FP (ai) 0 71 Fk 

From equation 1 it is seen that a fixed point theorem is indicated. 

Theorem 4.3: A Fixed Point Theorem (Hildebrandt and 
Graves [6]). Let X¥ be a complete metric space and 
S(%o, 4) = {we X| o(@, %) Sa}. 
Let f be a function on S(%,2) to X such that 


1) A Lipshitz condition is satisfied; that is 


ef On), £2) Skolt, m) and o<k<1. 
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2) o(%, f (%)) = b Sa(1—), 


: : b 
fhen there exists a unique reS(m, 2p) © Se.) such 


that f(x)=x(f(*%) Ax for all other xES(%,a)). 
Lemma 4.4: Let ye S(%,@) such that o(f(y), y)<e, then, 


ft * is the solution of f(x)=—% in Theorem 4.3, 


E 
o(x,¥) = = Se 


Proof: 
ep, So, f(@*)) +o/¢@,./0) + 0V0),») SO+ko@,y) + €. 
Therefore 


€ 
1—k 


po(,¥) = 

q.e.d. 

For Lemmas 4.5 to 4.9 we assume that F is a function from one 
complex Banach space X to another Y. 


Lemma 4.5: If F is analytic for ||xll<7r and F(O0)=0, 
OF (x)|| < M for |Ilx|| <7, then for 


Well 
a) 


lvis7r, IF@ISM 


Proof: For a fixed xe X, there exists a y*€ Y* such that |/)*||=1 
and y*(F (x)) = ||F (*)|| (Hahn-Banach Theorem [1]). Let 


GQ) =" (F(R ey )). 


G(0) = y*(F(0)) = *(0) =0 and for [|All <7, 


* Xv, 
[G@)| < lly*ll lea ie 


\ 
Therefore 


[4 
Ie@|su 


for |A| <r (Schwartz’s lemma). Setting 4= ||%||, we have the desired result. 
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Lemma 4.6: If F is analytic for |*l| 51 and F(0)=0, 
(F@lsM for Izist, then for 


Hat<1, WF@is are. 


Proof: Let %»€X and x€ X such that |/%|| = 1, then there exists 
a y*e€Y* such that |lp*||=1 and y*(F' (x) *) = IF (%o) xi}. "Lee 
GA) = y*(F (vo +4x)) for |[A| 51 — [voll . 
[G(A)| < lo* IF Go +4x)I| < M 
which implies that 


M 


vd << ae ee 
|e) Taal 


(Cauchy’s Inequality). Thus 


M 
G' (0) = y° (F' (%0) x) = IF’ (%) *ll S 
1 — ||*oll 
Hence 
M 
Ibis = F’ (3 || < ———____ 
LE ee eee iene al 


q.e.d. 


Lemma 4.7: If in addition to the assumptions of 


Lemma 4.6 we assume PF (0)(@)=0, then 


IF" (x)|| <M 


eal oak 
y 1—r 
oye (ell =? <a. 
Proof: For 
M = M 


<r, |lF’G 
Wee Sr I) tr eta 


(Lemma 4.6). Since F’ (x) is an analytic function from X to Y*, Lemma 4.5 
implies that 


M_ Ix| 
=/ Y 


IF @)ll s 
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Lemma 4.8: With the same assumptions as in Lemma 4.7, 
we find that 


4 ||x|| M for ixils1/2 


IF @l Ss M 
for el = 1/2. 
Sar lvl] = 1/ 
1 ee 1 scutes 
Proof: Note that Gor has a minimum at 7= >. We obtain 
the desired results by Lemma 4.8, setting ro when ||| <> and 


r= ||xll when |lxl| >>. 
Lemma 4.9: With the same assumptions asin Lemma 4.7, 
we findthatif ilmll,lmll<r<>, then 


IF (x) — F (2) ll < 4M xa — xf. 


Proof: If |x| <r<-, then |lF’(x)|| < 4M ||x|| < 47M (Lemma 4.8). 
Let %: and %2 be given, ||*: ll , l|*2ll <7. There exists a y"€ Y* such that 
y* (F (a1) — F (%2)) = IF (1) — F (x) I . 
Let G(A) = y*(F (x1 +A (%2—4%:1))) for [A] <1. 
G(1) — G(0) = y*(F (2) — F (1) = IF (2) —F@) I. 
(1 —A(x%2—m) Il = C1 —A) mr + Axil S| 1 —Al fall + [Al flee 
Stirs Ulrar-for osha. 


We have 


1 


Ga) —G(0) = _f Gah s Max |6'Q)| 


= Max | y* [F’ (x1 + 1h (%2 — *1)) (x2 — x1)| | 


o<4<1 


< Max |ly*ll | Fo (4. FA (2 —%,)) I) %2 — xl 


o<2<1 
< 41M ||42 — * || . 
q.e.d. 
Lemma 4.10: If KEX* is a compact transformation 
Bren (2—Aij21. Furthermore, if (2K) exists, then 
I-A) 2 1. 


A LEON BROWN 
Proof: There exist %, such that [|%qll= 1 and ||K(%,)l| <1/m. 
If not, let a= min ||K(x)|>0. Thus for x€ K(X), K~* exists, and 


||¥||=1 


(|KO Gs ~ |||. For any bounded set Bo K(X), K7'(B) is bounded 
and hence K(Kk-!(B)) is compact. K(X) is locally compact and therefore 
is of finite dimension. This implies K is of finite rank which is a 
contradiction. 


We have 
|Z —K\| = sup |lx—K(*)|l 2 4% —KG,)Il 


||~||=t 


> xe — Ke) 21 —. 


Therefore ||)J —K]| 21. 

If (I—K)-' exists, then let (J —K)-1=I] — K. We have (I— K) 
(I—K)=I or K=(I—K)-'(—K). Consequently K is a compact 
transformation and |i(J — K)-*|| = ||2 — Ki Sails 

q.e.d 


Lemma 4.11: If 


v,;-1 


k 
W=O4VP = > > (Oty) + VP 
=r 4=1 


11 
(see Theorem 4.1). Then ||W]| 21. 
Proof: ||Wi| 2 ||Wily, = IVP’ lly, = IV lly, 21 (Lemma 4.10 and 
Pe 1 Fon Js). 
q.e.d. 


Let us return to our original problem. We have 
%=Wiy+F(%4+4)), 


where w€M,, F'(0)=0 and F'(0)=0. We make the additional assumption 
that for ||¥j|] <1, || f(*)l| <1. This implies that for ||x{]/ <1, 


IF x) = IF @)—f (0) «ll SIS) I+ US CO) Well <1 + Yel < 2. 
Therefore, || ¥ (x) || <2(|lxl|)’. We now apply the fixed point theorem. 


Theorem 4.12: For fixed y and w, let G (x) = W (y+F (*+u)). 


1 


Let g(*)=r(1 —87||W||—so0l||WI), wh 4 
ERAS es 164Wi +320? 
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and let 7% be the solution of g(%) = max g(r). Then for |||, 
ll@ll<o, there exists a unique % in fee hee 4] <7 such 
that G(%)=%, and no fixed point in the annullus 
m1 Sxl] Sr, where 7 is the solution of g(r) = (0+ 20’) |W 
and 0<n<%. 

Proof: By the use of elementary calculus we find 7% and g(r). 
We have 


_ 1--8iW i — (—8o||W|)’ 
—erwy FO ie 
Thus 
1+ 80 |W || 3+ 4 ||W|| 1 
rtp = a | 
an ei" S320 rat+2iW i) sii 
W 
Since aon is a monotonically decreasing function of the 


32 \|Wila+2 Wil) 


1 
(Wil and WWI 21, i. Thus if |l¥|| , lyli <p then 


for ||x.}] , #2] S77 where 1 <7rS7o, 
IG (%2) —G (#1) || = IW (F (2 + 4) —F (+4) SW! 8 (74+ ©) a2 — 1 || 
= k(r) ||%2 — *1ll 
where k(v)<1. Furthermore, we have that 
|| (0) || = Wy + F(w)|| S|] W|I (ly + 2 [l4\’) S || W [Co + 207) 
Srl = Fi{r)) = 2 (7) 


Consequently, G(x) satisfies the hypothesis of Theorem 4.3 and the conclusion 


of the theorem follows. 


i 
16 |W |] + 32|| 7 |P 


unique function «(y,™) such that W(y + F(x(y, 4) +4) = x(y, 4). 


We see that for ||y||, ||4||<o< we have a 


Lemma 4.132 *(¥,#)-is a continuous function for 


Iyils lel <e.- 


Proof: Let || 1/|, || || , || 2/|, || 42 || be less than o. We have 
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|Win + F («02, %) + m1)) — #02, %) || 
= |Win + F(« (2, 2) +m) — Wn + F (92 , 2) + 2)) | 
= ||W 1 — I) + WF (% (2 , 2) + 1) — F (% (2, Uz) + u2)) || 
|| W I 91 — 2 |] + 8 (vo + p) || 1 — #2 |) = €. 


W\ 


Therefore 


‘ € 
| (v2, M2) -— 4% (M1, M1) || S 1—k(m) 
(Lemma 4.4) which implies that *(y, ~) is continuous. 

Theorem 4,14: (see for example [10]} Let LE X* and ||L||<1, 
then (—L) =I 4 me exists. 

Theorem 415: “(¥,#) is an analytic function for 
il, I< ¢. 

Proof: Let G(x ¥,u=W(y+F(*%+4)). Then for ||x||<70, 


and ||u|| << o< - we have 


1 
16 ||W|| + 32 (|W)? 


|G-@.¥,.%\|=|WE@+)|| 
< |W) | F’ («+ %)|| < 8 ||W|| || «+ |] < 8 ||W]| (|x|| + ||¢]]) 
<||W|s(r +9) <1. 


Thus we have Wee («,y,u)\|<1 and (I—G,)-' exists. Recall that 
%=G(x%,y,%) defines x(y,u). If Ax=x(y+dh, u)—x(y,u), then 
Ax = G, (x,y, “) Ax + o((| Ax ||) + Gy(w@,y,u,) (nr) 

+ 0(||Ah||) = G, (x,y, u) Ax + G(x, 9, #) (AA) 
+ 0((/i) 


since *(Y, “) is continuous. Therefore we have 
Ax = (I—G,)-"[(G,) Ah) + o(|| Ab |))] and tie Be C=G\om 
4-0 


Consequently 


ty (y , uw) = (I —G,)-1(G,) 


and similarly we have 
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tuly,¥) = (I—G,)-' Gu. 
Thus x has Gateau partial derivatives and since ¥ is continuous it has 
Fréchet partial derivatives which implies that * is an analytic function for 
vit ell <e. 


q.¢.d. 
We originally had 


1) m=W(ytF(m+4)) = G(xm,¥,4)=G(m) and 
1) xi (y + F (x 4 4)) = 0: for. “b= Ly, %. 


1 


This is equivalent to for ||¥]| , ||u|| << o< 16 |W] +32] A 


1) *%=x(¥,%) and 


2) a PP (m+ 4) = 0 for += 1,..., &. 


Thus we have for ||v|<, if there exists a w€M,, |\u)|< such 
that x, (Vv +FAty,4)+4)) = fiy,4) =0 for t=0,..,% then 
x= x(y,u)-+ 4 is a solution of the functional equation x — f (*) = y, and 
if x, +u, *,E€X and we M, is a solution, then xi (VtF(%#+4))=0 
and if |lyl|, |lul|<o, m=x(y, u). 

So we see that. f;,1=1,..,® are the branching equations that 
y and # need to satisfy in order for a solution of *— f(%)=¥y to exist. 
It would be desirable if our branching equations were independent of w. 
Therefore further analysis is indicated. 

We have for |p|, \imll< 9, fit’.¥)=0 ¢=0,...,% where 

k 
Wi yh Xiy, and the fis are analytic functions. Thus 


1=1 


Lym =) Pa 4), 
j=vU 


where P;; is homogeneous in « of j* degree and analytic. Let vj be the 
smallest j such that Pi;(0,%)F£0. Note that v; exists if and only if 
f:(0,“)0. We consider Pjy,(0,) as a function on Cz to C. For 
po tp... hk, wen, | Pin, (0, ¥) = 0} is a k—1 dimensional algebraic 
manifold in M,. Therefore there exists a %€M, such that Pi,(0, %0)40 
for i=1,...,%. (This result can be obtained using the concept of category.) 


We choose a basis of Mi of the form ,%2,...,%, and for 
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ueEM, , uU=Auo +dgt2 +... + Aer, 
where A, A2,..., &EC. We have 
Pi (y , #) = yp Bey sre ty (Y) Mt Mee cM 
Day = V; 
and 
File Bo) = G5, 0 ai, VAP ee” Wars ge Oy 


Thus Theorem 2.4 implies that for 7= 1, ..., R 


vj-1 


fey) = (B= YP Hy te, MYM) O07, 0) 
j=0 


where Hi;(0, ...,0)=0 and H,; , Q; are analytic in a neighborhood of the 
origin. Consequently fi(y , #)=0 if and only if 


-1 
ee Tig (Won tag ce, a) — 2) = 


Definition 4.16: Let 
hy (A) = aot’ +... t+ a, 
and 
ha (A) = bods +... + Os 


be two polynomials, then we define 


Din sea) Oe eee , 0 | 
© 9 40 5 ty x08 p Oral ey OD 2 510 
cs = “r tie = Pe <> S rows 
(0) — = — 0,4 ,a 
Res "bo eau 
TR eee ere Oe oe er enn Teo nO 
O45: DG an Oka Oba ate cue eee ae 0 
—_ a — fee 
QO, SS be Oi. 


Theorem 4.17: (see Van der Waerden [16]). Given k 
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polynomials, g;(A), #=1,...,%, let 


k k 


Py (A) = >: W; & (A) and (P2 (A) = ye Ui £i (A) 


(== t=1 


where 4,4, t=1,..,% are indeterminates. Then R (1 , $2) 


is a polynomial in the indeterminates 0; ,0;,4= 1,...,h. 
The coefficient of ww... waul..vlk is a polynomial 
Say #:, in the coefficients of the g;s, Then .¢;(A),1=1,..., 2 


have acommon root if and only if d,<=0, s=1,..., m. 
Applying this result to our problem we obtain A is a common root of 


% 5-1 


Ai a Hy(y , Ae, nt) te i= oe DORE) k 


iw and only if d; (Mj; (2, 42,:.., 4%))=0 for s=1,..., m. Since d, is a 
polynomial in the Hj;’s, we have d;(Hij) are analytic functions from 
noo Gar to CG. 

Continuing in this manner, we arrive at a finite number of branching 
equations 9gj(V), 7 =1,...,# such that if qj(y)=0, 7=1,...,¢ then there 


exists a finite number of solutions to the equation x—/f/(x)=y. 


§5. Unique Factorization of Monic Polynomials 


In this section we consider another approach to the analysis of the 
equations gi(A) =0. We consider the coefficients of these polynomials in 
A as elements of some ring R and ask whether there exists unique facto- 
tization in R{A]. Observe that the Hj;’s are functions from a complex 
Banach space to the complex numbers C, and these functions are analytic 


in a neighborhood of the origin. 


Definition 5.1: Let Y be a complex Banach space and Rk 
be the set of functions from Y to C, which are analytic 
at the origin, with the following identification: f=g if 
and only if there exists a set A of 2nd category with 
respect to the origin such that f=g on A. The identity 
theorem states that f=g on its domain of analyticity. 
f,géR, then (f+ 8)(*)=/(@) + g(@) and (f-s)@)=f/()+2@). 


One easily proves that 
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1) R is a commutative ring with unit 

2) & is an integral domain 

3) if fER, f is a unit if and only if f(0)#0 
4) The non-units form an ideal. 

Let Q be the quotient field of R, and R[y], Q[y] the polynomial 
tings of R and Q respectively. A polynomial in R[y] whose coefficient of 
the highest power of y is a unit in KX is called a monic polynomial. 

Definition 5.2: Let J be an integral domain with unit, 
F its quotient field and J[y] the polynomial ring of J. 
Wesay that / is integrally closed if for every moan 
polynomial /(y) in JQ), any root ¥o of fin F ae4a 7. 

Theorem 5.3: (Butts, Hall and Mann [4]). Let J be an 
integrally closed integral domain with unit element and 
F its quotient field. Let f(yye Jy] and f(y) =e) 
where g (y), AW)EF(y). Let f,g anddhave first coefficients 


: a a 
Gc, cespectively, Then = 2 (yy, ey) have integral 


A b 


? 


CORMieIemMES Asial ehiws fo) = (5 e6)| [F#0) nS A 
F ; 


decomposition of f(y) in J[y]. 

Corollary 5.4: If J is integrally closed and the monic 
polynomial f@)€Jly] factors in F[y], then it factorsan 
Jiy]. Thus, monic polynomials have unique factorization. 

Theorem 5.57 Kis invegrally closed 


Proof: Let f€Q, where f is a root of a monic polynomial: that 
is f==, where g, ER and 


n—1 
fhe ya fi = 0 where ajEeR. 
j= 
Since h(x) 40, there exists a %) such that h(x%))4~O. We have 
h(\%o) 0, and h(0)=0. Thus there exists an 7 such that for [ie 
h(Ax) AO. Since |AEC | |4] =r} is a compact set, there is a neighborhood 
of the origin N(0) such that if y€N(0) and [A] =7, h(y+Am) 40. 
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n-1 
if (z) = 3 + Si ajz!, then all the zeros of P are in the circle 
j=0 
|z| S F(|ao|, ..., |@n-1|), where F is some function: for example if 
la;;SM, j=1,..,"—-1, P(z)=0, then 2, << max (mM , (nM)'/"), 
For a fixed yEN(0), /(y + Axo) is meromorphic function of A 
(i (¥ + Axo) #0). From the remark in the preceding paragraph we see it 
is bounded and thus f(y + Avo) is amalytic in A for |A| <7. Therefore 
for ye N(0) 


He oct scee ; f(y +Ax0) 
foy= — [Yea 
Wiest 


Thus / is analytic in N(0), and fER. 
q.e.d. 
We note that monic polynomials factor into products of monic 
polynomials. The generalization of the Weierstrass Preparation Theorem 
gives rise to special types of monic polynomials, namely, the leading 
coefficient is a unit but all other coefficients are non-units. Since the non- 
units form an ideal one can easily prove by induction that these polynomials 


factor into polynomials of similar type. 
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AN ANALYTIC APPROACH TO FINITE FLUCTUATION PROBLEMS 
IN PROBABILITY ®) 
By 
Glen Baxter 
in Stanford, California, U.S.A. 


Introduction and Definitions 


During the past 15 years a great deal of research has been done on 
finite fluctuation problems in probability theory. Basically, the problem is 
to calculate the distribution of random variables defined in terms of partial 
sums S, of a sequence {Xx} of independent and identically distributed 
random variables. One feature of this work is that emphasis is placed on 
finding the exact distribution of variables defined by a finite number of 
the S, as opposed to finding limit theorems involving distributions of S, 
for large ”. Our purpose here is to show that one relatively simple method 
will give all the interesting results on finite fluctuation problems which have 
thus far been discovered. This method also gives a number of interesting 
new results concerning questions not previously considered. 

It is amusing to note that the real interest in finite fluctuation problems 
was inspired by a limit theorem of Erdés and Kac [11]. In 1946 they 
proved the following result: Let X1, X2,... be independent random variables 
each having mean 0 and variance 1 and such that the central limit theorem 
is applicable. Let Sp=Xi:+...+X, and let N, denote the number of 
Sz’s, 1 Sk <n, which are positive. Then 
(0.1) lim P (> < al see arc sin a? , COS) e 

Ae n a 
A short time after the appearance of the result (0.1), E. Sparre Andersen 
[1] showed that the same result holds if X,,X2,... are independent and 
have a common symmetric and continuous distribution. In proving (0.1) 
Andersen presented the first significant result concerning finite fluctuation 
problems. He proved that, if %:,X2,... are independent and have a 


common continuous and symmetric distribution, 


* Prepared under the auspices of National Science Foundation Grant G—9669. 
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1 1 


(0.2) PIN, =m), = (== 1)" ie) (raeaale 


Still later, Andersen [2,3] extended his own result (0.2) to the case in 
which the X,’s are neither symmetric nor have continuous distributions. 
He showed that P{N,—=m} depends only on P{S,>0} (k = 1, 2, ..., ) 
according to the identity 


ive 


(0.3) Sas Un PsN, = ip == exp 
m=—0 


n=O 


Ss S (U* P\S, >0} +P |SeSo})]. 
ke 

The importance of the form of this identity was further demonstrated by 
Andersen [4,5] in other examples. 

The next significant contribution to the theory of finite fluctuation 
problems was made independently by Pollaczek [16] and by Spitzer [18]. 
Spitzer showed that the distribution of M,= max (Sj, S:,..., Sn), where 
So= 0, depends only on the distribution of Sy, (k = 1, 2,..., m) according 
to the identity 


ine) 


(0.4) ¥ aw f ciMy dP = eps =| { e*SidP + P\S,< 0i))- 
k=1 € 


n= oe 
: (Sp > Os 


Pollaczek had found earlier essentially the same identity (0.4). The discovery 
by Spitzer of the identity (0.4) inspired a great deal of work on finite 
fluctuation problems by a number of people. We will mention here as a 
final result of interest one further identity presented by Wendel [22] in 
1960. Let So, S;,...,5, be ordered according to decreasing value, and 
denote these ordered sums by Ryo 2 Ry =>... 2 Rin. Wendel’s result 


States that 


ic.@) 


n oo 
(0.5) OS wie | e!Rnm dP 
n=0 m=0 - 


ge { GUE Se PiSe<o)). 


{Sp S% 
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We are now in a position to make two observations. First, the results 
stated in (0.3), (0.4) and (0.5) are all examples of one basic functional 
identity. In Part I of this paper we establish a method by which the above 
identities (and others) may be derived. The virtue of the method lies in 
its simplicity and its applicability. Our approach is basically analytical in 
contrast with the combinatorial approach of Andersen and Spitzer and Feller 
[13], and the algebraic treatment of Wendel. Next, we observe that none 
of the results stated above deals with joint distributions. In Part II of this 
paper we consider the problem of joint distributions using methods similar 
to those developed in Part I. Certain mathematical difficulties require us 
to restrict our attention in Part II to variables X, which take on only 
integral values. For this restricted case we find results which are very 
similar to those listed in (0.3), (0.4) and (0.5). 

Before stating a typical result of Part II, let us note a curious fact. 
In each identity (0.3), (0.4) and (0.5), the right hand side is a product 


of two types of functions. If we set 


=, AR 
— ee itS 
(0.6) fr, 0 = exp & ; if ai saP| 
k=1 {Sz > 0} 
and 
he 
(0.7) f-(,4) = exp [> ee i} eS, aP|, 
R= {Sz <0} 
then Spitzer’s identity (0.4), for example, can be written 
(0.4) Sebaly dindPaxt (ty f20, 0). 
n=0 


Similar expressions hold for (0.3) and (0.5). 
The results of Part II will show that product formulas like (0.4) 


hold also for joint distributions involving the “range” 
Re = saarb.< (So 5 ‘Sa 7 ados S) — min (So ’ Sy > 889 ale 


Specifically, let X,, X27, ... be independent and identically distributed lattice 
variables (X,=0, +1,22,...) and let Ap = Sg—AP (Xi =k}. Let 
oS = det (A;_;), Cai 20, 1; tery n) , let 
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Ay A\ 7 An 
Ay dle ove Anns 
1 . . : Lagi 
0:8) iy Ue) etery agen ae ee ee gine: 
Anyi A_n+2 A 
gn gn-t 1 | 
and let 
a At And a” 
—n+1 ) 
(0.9) fh. d= Oe Ana NS Gea 


Aly Ape oe | 


Our analogue of (0.4) is then 


(0.10) yu Ik ee, dP = ft(A,t) f>(,2). 


at ean) 


Of course, the joint distribution of max (So, Si, ..-, Sn) and min (So, Si,... 


onl 
can be calculated from the result (0.10). 

The polynomials /+(A,#) and f>(A,#) defined in (0.8) and (0.9) 
have an extremely important biorthogonality relation which is crucial in 
our methods. If we let p(t) denote the characteristic function of Xi 


(lattice variable), then it will be shown that 
(0.11) sf APA, OMe LEA, D] LL — Ae O] at = Bam 


Perhaps even more important is the observation that (0.11) implies that 
ft (A, t) [1 —Ap(@] is a Fourier series with zero coefficients of e for 
k=1, 2,..,%. As we will see later, this last fact connects very closely 
the functions f(A, ¢) and f* (A, t). 

In Section 4 of Part] we apply our method to the problem of change 
of sign. Although limiting distributions for changes of sign are known [9], 
and although distributions for the number of changes in sign among 
So, Si, ++, Sn have been given for special variables X, [12], this problem 
is generally conspicuous in its absence from papers on finite fluctuation 
problems. There appear to be no “invariant” results of the type (0.2) for 


* 


See also Darling and Kac, Trans, Amer. Math. Soc. 84, p. 455. 
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the number of changes of sign. It is hoped that the discussion of Section 4 
Part I will shed some light on the essentially more difficult character of 
this problem. The results presented in Section 4 are in large part joint 
work of the author with E. Sparre Andersen. 

We now list for future reference the definitions of variables which 
will be used in the sequel. In all cases So, S,,..., S, will denote the 
partial sums of a sequence of independent and identically distributed 
random variables {Xx}. 

N,: the number of positive partial sums among So, Si, ..., Sy 

L. : the first index & such that S;= max (So, 51, ..., 5,) 

L, : the first index k such that Sy=min(So, Si, .., Sa) 

Ma= max (So , 51; -, Sp) 

Mi min(S,. Sr... 50) 

Pes Max {Og , 01, a=, On) — min (Se, Oi, +, 2a) 

(0.12) C,: the number of indices k such that either S,-1>0 and 

SpO. Or 2521.0 and 5S; >0 

Ry,z: the partial sums So;,51,...,5, are ordered according to 
decreasing value and the ordered sums are denoted by 
Fen o> es 


In,pi the index m such that S,,= Ry,e. 


In order that the index variables L,,, be well defined we need to make a 
convention. If several partial sums among So,Si,..-,5, have the same 
value, we will order these partial sums according to increasing value of the 
subscripts. This will always give a unique ordering of the partial sums. 
In the sequel it will be convenient at times to analyze a simple picture 
called a “path”. A path is just a plot (with connecting lines) of possible 
values of So,Si,.-,S,. Such a path is drawn below to illustrate the 


variables defined above. 


Sn ee Ls 5 
ek es N; = 3 Ls =1 
Es =5 Ls, = 2 
Ts = 3 Ls — 0 
n Oen Np VE 
Iss = 3 
Few: 
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PA Beret 


1. A factorization problem: 

In this section we will find the distribution of the variables L, and 
M,, by a procedure which brings clearly into focus the central mathematical 
problem of the method of Part I. The procedure used in this section is 
closely related to the Wiener-Hopf factorization technique of classical analysis. 
We point out, however, that it is more general than the Wiener-Hopf 
technique because of special properties of the functions with which we are 
dealing. 

In all we will derive four identities similar to those listed in (0.4), 
(0.4) and (0.5). In the notation of (0.6) and (0.7) these identities are as 
follows : 


Identities : 


i) (Andersen [4]) 


yale U"P{L,=m} = f,(aU , 0) f_-(A, 0), 


n—0 m—0 


6 yi" i eee 


Cis) n=0 {i 
iti) Ja" Jf eeaP =f-0,9, 
n=0 {E,,=0} 


iv) (Spitzer [18]) 


yi foeitt dP => FEO 


n=0 
It will be most convenient to prove ii) and iii) first. 
Proof: Step I: For notational convenience let 
(1.2) zy i dSndP and 9g.) i eSn dP. 
{L,=n} {L,=0} 


If p(t) denotes the characteristic function of X;, then 
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(1.3) q"(t) = | eS, @P = ys i ely dP 


k=0 (7 =a} 


A typical “path” satisfying the condition L,=k is illustrated below for 


the case R= 2 and m=5. It is easy to see that 


I 
f 
| 
! 
i 
\ 
I 
1 
1 
1 
' 
1 
I 
i 
1 


L,=2 
Fig. 2 


such a path can be described by separate conditions on the sets of variables 
Peer An cand Agi... Ags. It we let Lyk denote the variable “L” 
eeatoe == Xn, 40, Yan = An, then (L,— Fi = 12, =A Le = 0} 
Thus, using the independence and identical distribution property of the X%’s 


we may write 
iH) tise TPE i HSh’ et Sn-Sh) JP 
(1.4) ir, =a} {La=R} A {Ln—2= 0} 
= pr(t) In—n (2). 


From (1.3) and (1.4) we get that for all 20 
(1.5a) OOD) = Spe Ie. 
k=0 


In terms of the generating functions P(A,¢) and Q(A,¢) of ps (é) and 
gx (t) relation (1.5) gives one equation in the two unknown functions 


iat) and O(A, t): 


me yO (het): 


; 1 
(1.5b) Ts 


Step II: We prove next a lemma related to Wiener-Hopf factorization 


which shows that (1.5) is an “algebraic” condition which uniquely determines 
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both p(t) and qe(t). D. Ray [17] seems to have been the first person 


to use a Wiener-Hopf factorization procedure in fluctuation problems. 


Lemma 1.1: Let p(t) be a known Fourier-Stieltjes 
transform of a function of bounded variation and let 


(po, (t)} and {ge(t)} be sequences of functions which satisfy 


(1) pol) = w(t) =1 


(2) frO= [ et dG (x) (Gz (x) of B.V.) 
ot 
ot 
(3) q(t) = J ei dG, (x) (Ge (x) of B.V.) 
4) oP O=) pe ma. 
k=0 


Then, fr(4) and g(t) are uniquely determined for all k. 


Proof: Assume that g»(¢) and pm(t) have been determined for all 
m<k. From (4) with n=k 


AO) a= oi) Saye S bn (t) Gem (1). 


Thus, by the induction hypothesis 


[e.9) 


(1.7) pet) + q(t) = it et dK (x), 


—o 


where K(x) is known. Properties (2) and (3) together with the uniqueness 


theorem for Fourier-Stieltjes transforms implies 


oO ot 


(1.8) PO J et aK) and 4 (#) = ap es dK (x). 


ot =a 


We note in passing that the lemma would remain true if the ranges of 


integration in (2) and (3) were replaced by A and A’ for any linear 
Borel set A. 
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Step III: We have left only to demonstrate that /,(A,?¢) and 
f-(A,#) are generating functions of quantities which satisfy the conditions 
of Lemma 1.1 and identities ii) and iii) will follow. By (0.6) and (0.7) 
we have 1/{[1—Ap(t)] = f4(4, 4) f_(,9, showing condition (4) is 
satisfied. To see that (1), (2) and (3) are also satisfied it suffices to observe 


that sums and products of terms 


© ot 
(1.9) [ ew dG (x) (or [ et dG (x)) 
. * 
are again terms of the same type. Since log f/;(A, 4) (or log f-(A, 4) 
is of type (1.9), we are finished with the proof. 
To prove identities i) and iv) we merely repeat the first step of the 


proof just given. 


Proof of iv): Consider 


(1.10) fet “P= i ii ead P = py { ek dP 


k= k=0 ~ 


ee Le=k} N{Ln-2=0} 
= y pr (t) In—z (0). 
k=0 
Identity iv) follows from (1.10) by taking generating functions of both sides. 


Proof of i): Consider 


(1.11) ye if uae sap f 1 - dP 
{La=R}  {Ea=h}O\E,-0=0} 


n 


= ‘ Ut pe (0) dn—z (0) 


k=0 
Clearly, (1.11) is equivalent to identity i). 

The most important part of the proof just given from the viewpoint 
of future considerations is the demonstration of an explicit pair of functions 
f+(A,t) and f_(A, t) (with obvious properties) satisfying 
(1.12) f+, )f-A,) = 1/1 —Ae@]. 


The construction of these explicit functions is one of the central mathematical 
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problems of our method of the next section. As we will see, it is not 
always possible to find “factors” explicitly. The crux of our future methods 
is a straightforward generalization of Lemma 1.1 in which condition (1.5b) 


is replaced by 
(1:13) P(QA,t) (1 -A9O] = E0,%. 


2. An operator: 

The distribution of each variable listed in (0.12) is theoretically 
determined as soon as the characteristic function p(¢) of X1 is specified. 
It is therefore of some interest to see if the results of the previous section 
can be expressed explicitly in terms of (~(t). To accomplish this end we 
introduce a notation. 

Notation: For any function 


oO 


(2.1) Ve { ete dH (x), (H (x) is of B.V.), 
let 
(ee) ot 
(2.2) yt = [es dH (x) and p= if Cv ad (4). 
ot ee 


Supressing dependence on ¢, we can now write the expressions in (0.6) 
and (0.7) in the form 


foo) Ni 
J+ = exp | |: 
LS 


(2.3) ZY 
f- = exp ie |. 


The identities can be now easily written in terms of @, with, of course, 
the notations + and —. 

Actually, much more than a notation has been introduced. Relation 
(2.2) defines operators + and — which are fundamental to the theory of 
finite fluctuation problems. We will show how these operators lead to a 


simple and yet powerful method for analyzing any particular problem. 
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Our method is an expansion of one presented by the author in a previous 
paper [6]. The algebraic treatment of fluctuation problems used by Wendel 
[21] seems to have many features in common with our method. 

There are three important properties of the operator + defined by (2.2). 
Similar properties hold for the operator —. 

Properties : 

Pl. Linear: (ayi+dy2)* = ay + byt, where a and 0 are 
complex numbers. 

P2. Idempotent: (jpt)t=yt. 

P3. Closure: The class A* of all functions wt, where w 
is of form (2.1) is closed under addition, multiplication, 
and multiplication by a complex constant. 

We note in particular that (\p-)*=O=(yt)- and that yp = pt + wy 
implies wi = wt and wy = w-. The best way to explain the method of + 
operators is to illustrate its use in a few simple examples. In all examples 
~@ will denote the characteristic function of X,. 

Example 2.1: All positive sums. In our first example we 


consider in some detail the evaluation of P|N, =n}. Let 
(2.4) n= | eedP. 
{Ny=n} 
By independence of the X;’s 
(235) GY, = i ety « etXni1dP = fi ewSn+1 dP , 
{Ny="} eee) 


We have interpreted the product pa, as “adding a step to the end of a 


path which satisfies the condition NV, =”, The last integral in (275) eise08 


Figs 5 
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the form (2.1) and we can apply the + operator to it. The operator has 


the interpretation of eliminating all paths from the range of integration 


which have S,ii <0. Thus, 


(2.6) (PPn)* a eSnt1dP = Pn+1 » (Po aoa 1) : 
{Ny pi=nt1} 
Letting 
(207) a cee)! At 
we get from (2.7) 
(2.8) w= 1+ RoyyE= 1 FAP (pe H)* 
n—0 


The interchange of the summation and + operator in (2.8) can easily be 
justified. We note that there is a unique power series solution W to (2.8), 
since by equating coefficients of like powers of A on both sides of (2.8) 
we are led back to the recurrence relation (2.6). 

To find the solution of (2.8) we first note that (2.8) and P2. imply 
(y—1)* = —1. Since 1* = 0; we have also that W— 1 = (QP—1)* == 


Thus, we can rewrite (2.8) in the form 
(2.9) [p(t —Ap)|* = 0 and po = 1: 


But 


(2.10) Wy = exp 


© 4k 
s _ (o')*| 
k=1 
is a function with w~ = 1 such that 
wy — Ag) = exp|— ¥ ai ce'y| E€A-, (See P3:): 
k=1 


Thus, [(1 —Ap)]+=0, and the solution is given in (2.10). To find the 


generating function for P{N, =n} from w we merely set t= 0. 


Example 2.2: First non-positive sum AMON hor, O96 


eee yg 


Let 
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(2.11) We= f  eSndP, (21), 


(ies 
SnS0 
and let , be given by (2.4). From (2.5) and an obvious interpretation of 


the — operator, we get 


(2.12) (pp) =f ent dP = nas. 
{ Nna=n 
fet 

Equivalently, 

(2.13) Watt = PPn — (PPn)* = OPn — Png. 


In terms of generating functions, (2.13) states 
Lye (1-19) yo 
(2.14 “W,= 1-1 —AVVy=1 — exp|— ie |. 
n=) kt k 


The last equality in (2.14) follows from a use of (2.10). 


Example 2.3: Maximum at endpoint. In this example we 
exhibit a slight but very useful variation of the argument of Example 2.1. 
Let 


(2515) = it en dP . 
{Ln} 


Furthermore, let r, be defined for Yi = X2,..., Yn—= Xn41 exactly as L, 
is defined for Xi, ..., X,. Then 


(2.16) OH, = f e*Snti dP , 

bes 
We have interpreted pp, as “adding a step at the beginning of a path 
satisfying L, =m”. The “new” path will satisfy the condition Ly41=n" +1 
if, and only if, Sy41>0 (See Fig. 4). Thus, 


(2.17) (ve) =f eatdP = emu, (o= 1). 


Eypianty 
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est LB a = 


Fig. 4 
Relations (2.17) and (2.6) ate identical, showing that ~, in (2.15) and ®, 
in (2.4) are the same. Once again (2.10) gives the generating function for 
the expressions in (2.15). 

Earlier we mentioned the dual properties Pl.—P3. of the + and — 
operators. Assuming that there is some justice in mathematics, we should 
expect a dual for every result thus far found. We expect a dual of Example 2.1 
concerning all non-negative sums of the form 


(2.18) ie {eis dP = exp [y= wr]. 
n—0 {L, j= 


rf 


—o} 
nS 


Corresponding to Example 2.2, we expect that 


% | 2 
(2.19) ie if etSy dP = 1 — exp i peas ww)". 
d Dt ay R 
lea 
Fortunately, the results (2.18) and (2.19) are quite easy to prove using the 


methods described in the examples above, showing that there is some 


justice in mathematics after all. 


3. Several major results: 

In this section we will indicate the power of the method of + 
operators by briefly describing how identities (0.3), (0.4) and (0.5) can be 
derived from this method. We also give two results which seem to have 
appeared previously only in special cases. 


Example 3.1: Positive partial sums (Andersen [4]). Let 


(3.1) QP, = y gm ik ety ae. (Po = Le 


m—0 = 
{N,=m} 
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Then, 


PPn = > Bh it e'tSn 41 dP. 


m=0 CAP secant 
{Vy=ms 


Applying the operators we find 


(3.2) U (p@p,)* = S ia cg if eSnt1 @P 
= eee m+ | 
Sn+1>0 
n+1 


I 


Um | e#Snit @P ; 
m1 (Nnts = 


Sas 1>0 
and 
(3:3) (PP,)7 = Um C etSn+1 aP s 
Lee 
heey, 
\ Snt10 


It is easily seen that equality still holds in (3.2) and (3.3) if the summation 


on the right is extended to m= 0, 1, ....%-+1. By adding, 

(3.4) U (PPn)* + (PPn)7 = Pris. 

In terms of the generating function W of P, relation (3.4) states that 
(3.5) y= 1+ 4U (py)t + Ay), 

or equivalently, 

(3.6) [y(a —AU@)}* + [p(1—dg) — 1) = 0. 


Each term in (3.6) must necessarily vanish. If we set P= w(1 —Ap) and 
Q=w(1—AU@), we have P—1E€ A+, QEA-, and 


P 1-9 
(3.7) i ie ee 


Thus, we ate led to a “factorization” problem of the type discussed in 


Section 1. Using the unique factors 
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P = exp » - {UO (ep?) -— w')*)| 
= —{U 
k=1 k 
0 y : {U* (p*)- Ww] 
~ — exp fe went - J 
R=! k 


of (3.7), we are led to the result 


(3.8) i = P//1 — Ap] = exp 


oe, “10+ (phy + WAY}. 


The identity of (0.3) follows from (3.8) by setting ¢=0. 
Example 3.2: Distribution of max (So, Si,...,5,) (Spitzer 
[18]). Let 


(3.9) P, = i eitMy JP 


and let M,, denote the maximum of the partial sums of X2,..., Xn41 
(including So = 0). Then, 


(3.10) OY, = i eit (My+X1) @P 
But M,+ xX; Sa if Misi >0. Thus, 


(3.11) (P@n)* = f enti dP = Quy: — P {Myii = 0} 


V 
(Mn 41>) 


= Pn+i ota P {Nass SSS 0} F 


The generating function, say C, of P{N, = 0} is found by equating 
coefhicients of U° (with ¢= 0) in (3.8), ice. 


(3.12) = yer P{N,=0} = en [y Pi Sy sol]. 


n=0 


Thus, if w is the generating function of ~, we get from (3.11) 
Wy wp \* 
(2713) a 1+ 2(0-4| 


whose solution according to Example 2.1 is simply 
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SB 


A= 


(0.4) a = exp 


Example 3.3: Order Statistics (Wendel [22]). Let 
(3.14) , = Uk ij e'Rnr dP 
) - 


and let Ry, be the order statistics for the partial sums of X2,..., Xnu1. 
Then, 


(3.15) 7p. = Uk [ ettmexn ap, 
where a step has been added at the beginning of a path (see Fig. 5). The 


relative positions of the points on the “old” path are unchanged by the 


addition of a new point at the origin. Thus, ROX Reet allen, nd pO, 


Ra = Re + X; 


Ryu = Ras + X; 


Fig. 5 


and Ruz + X1 = Rags rgi if Rati,xn41 0. In no case is Rope Xe= i508 


In particular, we note 


n 


U (p@~,,)7 = Ds Ut i etRn41,kt1 dP 
(3.16) i (SoFFRns1, h410} 
n+l Pad n+l 
= \ 7 UF | etRy+1,k —— De UkP \Rn4i iG = So} Ff 
k=0 eet RO} k=0 


But, Ryii1,x=So if, and only if, Nazi =F. Thus, 


n+1 
(3.17) (pp,)t + U(P@n)- = Pay — » Uk PINys1 = Rh. 


k=0 
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If K is the generating function given in (0.3) and wW is the generating 


function of @,, then (3.17) gives 


W w\t ats 
= a = ) AU : 
(3.18) A 1+ (4 | + [o K | 


This last equation is the “dual” of (3.5), and we can therefore immediately 


write from (3.8) 
eo) Ak 

(0.5) v= Kexp[Y, oh? + UWA], 
k=!) 


Finally, we state without proof two generalizations of examples 
previously considered. These identities appear to be new, altough special 


cases have appeared previously. 
Example 3.47 Order indices. Let 


(3.19) On, = Ne Vk U™ i etRnk dP . 


k,m=0 mer 
i {Lnk=™5 


Then, the generating function : of @, in terms of the notation (0.6) and 
(0.7) is 


(3.20) wp = f+QU , t) f,(AV , 0) f_QUV , 4) f_Q, 0). 
Setting ¢=0 in (3.20) gives a result of Darling [10] on order indices. 


Example 3.5: Distribution of kth positive sum. Let 


(3.21) O, = y UF { emadT . (7.2 1). 
k=1 [Nn = k) 
\Sn >of 


Then, the generating function of ©, is 

U ns 
Brg loo = —— se ‘a f pee? Ria nk 
(3.22) yp 1_u |i! ep id h CO 1) ( | ; 


Setting £= 0 in (3.22) gives results of Andersen [5]. 
4. Change of sign: 


We now apply our method to a much more difficult problem than 


those considered up to now. It is hoped that the discussion of this section 
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will provide a deeper insight into the real character of the previous identities 
as well as explain why the change of sign is basically a more difficult 
problem. A number of the ideas presented here were conceived in joint 
work with E. Sparre Andersen. 


To analyze change of sign we consider two functions: 


(4.1) Pa = Si i eMSn dP , (0 = . An 2) ) 
0 


*=0 (Cn =| 
i >of 
and 
(4.2) v= i J ade ae (2 =o ip Wn) ‘ 
2 {Cn = Rk d 
{Seco} 
It follows that 
(4.3) (P@,)t = y Ue i e*Sn+1 dP 
a Cnti=k 
Sno 
Sn41>0 
and 
n+1 
(4.4) U (py,,)t = De Ly it e’Snti dP , 
R=!) [Cust= A) 
Sn <0 
ie 


From (4.3) and (4.4) and a similar argument with the — operator, we find 


(Pn) == U (~p Wn) a Pn+1 (Po a 0) 
U (PPn)~ + (PWn)7 = Wnt (po = 1). 


The recurrence relation (4.5) implies an obvious pair of equations for the 


(4.5) 


generating functions ® and W. It will be convenient to write these equations 


in matrix form: 


49 (3) “O(N lL bag su) (SIF 


Relation (4.6) is extremely similar in appearance to (3.6). However, in 
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order to use the method described following (3.6), we have to expand (4.6) 


. a . 7 W . 
somewhat by introducing two auxiliary functions ® and W. Letting 


See ais cacirrrimes > 
if yp wy Wot 


we write in place of (4.6) 


coe ole ( na ga "A | ss (se an i |. 


Proceeding as before we let 


P 


i 


: : jn 
—Ulp 1—Ag 


( =p ae om. 
0 to 


(4.8) 
Q 


I 


Then, P —I has elements from At, Q has elements from A~, and 


Uh 
(49) Pt = | 


il 1 

1—iep Be. Geer) een ey rod 
Thus, we are led to a matrix “factorization”, Lack of commutativity in this 
case rules out the previous method of constructing explicit factors using 
exponentials. This does not necessarily mean that explicit formulas similar 
to (2.3) do not exist for P and Q. We will show below, however, that 
there do not exist formulas for P and Q with the same basic simplicity of 
their counterparts in (2.3). For certain special distributions of X1, the 
factors P and Q can be determined. For such examples in the Bernoulli 
case and for the characteristic function ~=1/(1+27), the reader is 
teferred to [8]. 

We return for a moment to the result of Example 2.1. Using the 
recurrence relation (2.6) we can write the ~, of (2.4) as an iteration of 


the + operator as follows: 


(Po = if 
Pi = ot 
ce) 2 = (~pt)* 


Ps = (Pp (peprt)t)t 
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However, formula (2.10) gives a second way of writing (1, Qo, .... 
That is, 


2 


1 
ee er : pt 
(4.11) 
y= — (9) + + (p*)+ pt + + Gt? 
3 2 6 


Thus, we see that , does not actually involve iterations of the + operator 
but is in fact a polynomial in «*, («p’)*,.... (~p”)+. Moreover, these 
polynomials have a generating function with a closed form (2.10). The 
reduction of @, to a polynomial in (<p*)* is quite clearly connected with 
the invariant results of type (0.2) discovered by Andersen. Let us now 
return to the change of sign problem. 

There appear to be two possible reasons why we cannot write explicit 
factors P and Q of (4.9). It may be that the elements of P and Q are 
expressible as polynomials in (*)+, but these polynomials do not have a 
nice closed-form generating function. The lack of invariant results of the 
type (0.2) for change of sign makes this possibility unlikely. On the other 
hand it is possible that the elements of P and Q are not polynomials in 
(p*)* at all. As we will now show, this latter possibility is actually the fact. 


From (4.1) we see that the coefficient of U” in @n is 


(4.12) Qnn == i eSn dP. 


(Cr=n\ 
|Sn>0f 


But, C,= and S,>0 are possible only when ” is odd. Now, if a 
simplification of P, or equivalently, of @n in (4.1) toa polynomial in (p*)+ 
is possible, then in particular the terms 
p33 = (P (PHt)-)*, Oss = (MP (P(H(HPT)-)*)-)* 
etc. will also simplify. We look first at 
pss = (G" pt)t — (P(e*)*)*. 
By (4.11), (@(Mp*)*)* is already a polynomial in (p*)*. Let us postulate 


the existence of constants A,B and C so that as an identity in # 
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(4.13) (q? pt)t = A(p?)* + B(e’)* Gt + CH. 
Clearly, we need include only terms homogeneous of degree 3 on the right 
in (4.13). Letting =e” +1 in (4.13) and equating coefficients of e*” on 
both sides, we deduce that 
| 1=A+BHC 
cA 2D 
=A * 


Be NN 
| Ij 


The only solution is A= 1/3, B=1/2 and C= 1/6. Thus, (4.13) becomes, 
with the use of (4.11), 


1 1 i! 3 
(Vaan OE a eee (er ee ae te (p (pp*)*)*. 


In other words, 
Pas = (¢ @t)* — ( (pPt)*)* = (9 (FR*)-)* 
is identically zero if (4.13) holds. This is clearly impossible. 

In a sense we have been too restrictive in our demands for a formula 
for P and Q. As Andersen pointed out, the distribution of Nn depends 
only on the probability that S, is positive (R=1, 2,..., 7). We should 
expect the distribution of C, to depend at least on the probability of a 
change of sign at the Ath step. In operator notation, this means allowing 
terms of the form (p((p"),)~ and (—Pp((p*)-)* in the formula. More generally, 
a formula for P and Q might include products of terms of the form 
(«pa (p*2)* (cpk3)+ ... (cpkm)+)+ | which involve one iteration of the operator. 
Unfortunately, it can be shown by an argument similar to that used above 
that (P77 cannot be expressed as a sum of terms involving only one iteration 
of the operator. In general, it appears (although a proof has not been given) 
that Pn with = 2*—1 cannot be reduced to an expression of terms with 


at most k — 2 iterations of the operator. 


BeACRS ae lih 
5. AV difference system: 
Thus far, no consideration has been given to joint distributions of 
the variables listed in the introduction. In this and subsequent sections we 


will develop a slight modification of the method of + Operators which is 
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useful for finding joint distributions. We consider here only the case in 
which Xx takes on only integral values, with one minor exception to this 
rule in Lemma 5.2. The characteristic function @ is now a Fourier series 


and we will use the notation 
5.1) 1—Agp = yo Ax, ett 
k=-0 


Once again we start with a procedure which is designed to bring the 


mathematical problem into sharp focus. We examine the expressions 


(5.2) Qa ,k = | e"'Sk dP > (0. ee ys i Pn, | > 


Mk<n k=0 
De it 


and 


(5.3) Wp ib ek dP , (v. = Ds Mew, | : 
ee = 


It is clear that @,,x% and W,,x% ate polynomials of at most degree ” in 
e# and e-, respectively. A fundamental property of these functions can 


now be stated. 


Lemma 5.1: For every 20, 


n(1— Ag) = ss ie y Cac (Ci), 


(5.4) k=-0 k=n+1 
(271) 
Wn (1 — Ag) = Cette Gree (Cote 
ee y) 


Proof : Step ls Fitst, we note two limit relations which were 


essentially proved in Part I: 
eae 
(5.5) limeg, =O — exp |) ee dP [Se<a], 
Nae® k=1 eo 


and 
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ot 


he | 
y= if ot dP |Se< a]. 
| a 


These limits have the important product property 


(5.6) lim y, = VY = exp 
n>o 


(5.7) ov = ep[) i ‘e.= oi/ [1 — Ag]. 
k=1 


Step II: Next, we focus our attention on 


| 
(5.8) (Mean 


k 
a Ss J eitSim « eit\Sk-Sm) dP. 


A typical “path” satisfying the conditions of integration in the sum of 


(5.8) is illustrated below for k= 7 and m= 3. 


Any such path can be described by separate conditions on the sets X1,..., Xm 
and Xinyi, +, Xk. Letting Lem and My» denote the usual variables 
defined for Yi = Xm ) 008%) Yi-m = Xx > 
Ik =0 L,, =m a2 
| = I yeas = Om 
M,z=n; =)Ln=0 Nn )= 
(be = Mm | Se a 7} Mim 2 ve 


Thus, if 


AN ANALYTIC APPROACH TO FINITE FLUCTUATION PROBLEMS... 55 


(5.9) Onn = Pily = 0, Le=m, Sn=n}, [os Sis) 
m=0 
we get 
k 
Pn ,k — Pa-1,k = em Oam Wn, k—m » 
d, 


or equivalently, 
(5.10) Pn — Pr—1 = One Wn. 


' By a similar argument, we find 


(5.11) Wn — War = Bre Pn, 
where 
(5.12) Deas =. il = 0, fat ——atie, Sn — —n} ) (i ca . Ae Pom} : 


Step Ill: We now observe that the known limits ® and V together 
with the difference equations (5.10) and (5.11) uniquely determine , 


and W,. To see this, write 


tet int ; 
(5.13) al = t Se ("*) = Mh Ch 
Wn-1 —p,e" 1 Wn Wn 


Without regard to justifying limits for the moment, let us iterate (5.13) 


to obtain 


Dya—1} ® ® 
== Ny Wingi * n-* = Mi : 
of) bi ‘ (y | lad 


It can be shown using = |a,|<co and 2|B,z|< co that the matrix product 


in (5.14) actually exists and, moreover, the elements mj of St have the 


form 
10) 
7 11 
M14 = iy Ae eu (Aj = 1s 
k=-0 
oO 
2s man on Sap 
k=0 
0 
Mm, = e-int AX eikt , 
k=-0 
ie) 
72 pe 
Mr = yA? etkt (A? =-41), 


k=0 
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where the series converge absolutely. Thus, from (5.14) and (5.15), using 


the fact that 1/® and 1/‘V are “one-sided” Fourier series 


0 0 

(00) m M12 i i 

(5.16) 7r = a “ep i » Lest ) Be om 
k=n 


k=—@ 
A comparison of the constant terms on both sides of (5.16) together with 
(5.7) yields (5.4). This ends the proof of Lemma 5.1. 

The basic mathematical problem of the method we will soon develop 
is to construct functions @, which have a property like (5.4) with respect 
to a given function. The proof above shows that the solutions Pn and Wn 
of a difference system (5.10) and (5.11) have this rather unusual property 
with respect to the inverse product of their limits. A similar result is 
important in the continuous case (See Lemma 5.2). However, in the lattice 
case we can simplify the construction of @, and W, by use of the coefficient 


formula for Fourier series. From (5.4) 
1 E 
(a) “2n i Wn ¢ —_ hp) Cs at = Sino (m = 0, is eee n) « 


Substituting from (0.8) and (0.9) we see that in terms of the notation of 


(5.1) we have the explicit formulas 
Yn = os (A,#) and QQ, = (Dn—1/Dz) f* (A, z). 


Szegé [14] has studied polynomials gn (z) and hn(z) of degree m in z and 
1/2, respectively, which are biorthogonal with respect to an integrable weight 
function f(¢) on —t<t<a. That is, 


i we 
(5.18) oes ip 8n (z) hy, (z) f@ at = Dir ’ (z = et) : 


20 
By direct substitution ome can see that ef - and em f= of (Oys)aanel 
(0.9) have the biorthogonality property (5.18) with respect to 1—Aq. 
For further discussion of this relation to Szegé polynomials see [7 15,201 
As a final consideration of this section we show how the procedure 
of the proof above is useful in obtaining a special but very elegant invariant 


result for joint distributions. 
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Lemma 5.2: Let X;, X2,.. be independent and have a 
common absolutely continuous and symmetric distri- 


bution function. Then, 


(5.19) PIN, =, 1, = ais a 
2n 
Proof: Set 
620) moo fear, (9, 0= Yataxte,o). 
{Mk <x} eo 
[Ze =0J 
Then, using that P{S,;=0} = 0 (R21), 


| “es 1 A 
-—— r —— k = 622 
(5.21) fue Ot 0) exp |) k (@ lbs “ay ak | . 


Ks 


Moreover, by an argument similar to (5.8) through (5.11) we have 


(5:22) es = O(a )e (x, 6), 


where bar indicates conjugate and where 


x 


(5.23) J a(@)di = MP ike=k, Ne=k, Se<x}. 
tT 


0 
Letting ¢=0 in (5.22), we get simply 
dp 


(5.24) Pee a(x), (p(0,0)=1). 
Solving (5.24) we get 
(5,25) (co 0) exp| f a (2) 48] = 0) )L op 

0 a1 


and the result follows from (5.23). 


6. A projection operator. 


The result of Lemma 5.1 can be stated in a more convenient manner 


using the following notation: 
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Notation: For any function 

2 ma! 
(6.1) v= Y Cee with )i|Cel<o, 
k=-@ 
let (m <n) 
(6.2) [py] = oy C,, ef , 
k=m 

In this new notation the results (5.4) become 

(6.3) [Pn (1 —Ap)\" = [Ya (1 —AG)]o, = 1. 


It is apparent that the bracket notation is actually a projection operator 
on the space of Fourier series (6.1). In this respect it is similar to the + 
operator of (2.2). Unfortunately, the closure property P3. of the + operator 
does not hold for the bracket. Nonetheless, the notation together with the 
next lemma will form the basis of a simple yet powerful method for 


working certain problems of joint distributions. 
Lemma 6:1: Let oy be givem asin (G1) and Let 
D, (yp) = det (Cj), (2 ? {= 0, i ey } n). 


lf Do) 0. then 


Co Ci ai (ie 
Cx Co ae Giaes 
1 : . 3 ; 
(6.4) Cn = Dy (W) : ae : (2 = ef) 
C_n+1 C_n+2 aoe Cy 
ae as as 1 


is a polynomial of at most degree min e# which satisfies 
(6.5) [Pn p]® = 1. 


In the arguments below, it will be obvious that the polynomials we 
seek exist and are the unique solutions of equations like (6.5). Thus (6.4) 
will give us the explicit form of our answer. One special case of (6.4) 
which will be of interest later is that in which wp is a power series, i.e. 
Cy=0, (&<0). In this special case there exists a fixed sequence of 


constants {0%} such that for every 1 
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n 
(6.6) Pn = V° az eit, 


We now turn to a few examples to illustrate the use of (6.2) and 
(6.4) in fluctuation problems. 


Example 6.1: Maximum and all non-negative sums. Let 


Gu n a ' "Sk dP ni Mk 
( ) Pn, k 7] é d. > (0 ye Pn k}- 
Mk sil tt) 
lie 


Using to denote as usual the characteristic function of X1, 


PPn k = i e#Sk+1 dP , 
ie 
Lk =0 
It follows that 
[PPn, K]" = i e#Ski1@P = Pn, k+1 5 
eat 
Lk+1=0 

or equivalently, 
(6.8) A[pPr]% = Pn — 1. 
Now n is a polynomial of at most degree 1 in e”, and therefore 
(6.9) [Pn (1 — Ap) = 1. 


By (6.4) and (0.8) the solution is 


De (1 is Ap) 


(6.10) Bete =i) 7,58). 


Example 6.2: Maximum at end-point and range. Consider 


this time 


(6.11) pigs P= ] etSk dP , [oo = Sana): 


lk= ‘ oe 
Resin 
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Let Ly and Ry be the usual variables defined for X2,..., Xn41. Then 


y es us 
PPn,k = | e’k+1 dP , 


Lk = 4 
Regn 


where a step has been added at the beginning of a path. Now, re | 
and Rx: <n are both satisfied for the new path if, and only if, 


1 < Ski Sm (See Fig. 7, below). Thus, for 721 we have 


Pio 


(6.12) [PPn, kl? = Pn, kt1- 
Introducing generating functions and noting that @, is a polynomial in e” 


of at most degree ” with constant term 1, it follows that 
(6.13) [P2(1 — Ap)? = 0 and [p,)? =1. 


The solution of (6.13) is exactly (a= /;*, where f* is given in (0.8). 


ae 

Example 6.3: Distribution of maximum M,. It is interesting 
to see if by the present methods one can derive for lattice variables the 
distributions of N,,M, and Rix found in Part I. We will illustrate how 
this can be done for the variable M,. In the process we will unfold an 


important technique of our method. Let 


(6.14) Qn, k = { e'Sk dP, (re = ME on, : 


so that 


[P@n , age = | | eS +1 aP| SSO Pit 
{Mk Sn} + 
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Thus, noting that [(n|",, = Pn, we have 
(6.15) [PQ — hey], me 


We try a solution of (6.15) of the form 
(6.16) Cn = Pn exp » wae (p*)] = Pn vs (A ) t) > 
1 


where (, is a polynomial in e* of degree at most ”. Now, 


-1 


= — On = 
[Pn (1 — Ap) = ie |. 0, 


so that we are looking for a polynomial @n satisfying 
Pn | 
f+ fo 


Since 1/f; is a power series in e“, it follows from (6.6) that there is a 


(6.17) 


sequence {x} of constants for which 


n 
Ga = rae 
k=0 
Moreover, since Qn > 1/[1 — Ap] as 2 becomes infinite, by (6.16) 


oO 


Yo ei = f+(h,%). 


k=0 
Finally, the generating function for the joint distribution of the maximum 
M,, and Sx is 


@ a (Pn om Pn—1) em 


n=0 


= f-(b, 1) SV @n—Gn—1) 
(6.18) De 
= fel (ISS pate, 


= f(A, t+) f_(Q,?%). 


Spitzer’s identity (0.4) is obviously included in (6.18). 
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As a final remark, let us note that the bracket operator (6.2) and 
the method of this section has an obvious analogue for the non-lattice case. 
The method and arguments of the examples is exactly the same for this 
more general case except that no analogue of the explicit formula (6.4) 


seems to exist. 


7. Applications of the method: 


To demonstrate the power of the “projection” method of the last 
section, we now take up some analogues for joint distributions of the 


identities of Section 3. 


Example 7.1: Maximum and positive partial sums. 
We let 


(7.1) On, 6 = Ss Ue i) em kar. (0, es yi on. 1] ! 


u 


ies Ne= 4 ins 
Mksn 
Then, it can be shown by the usual argument that 
U [Pn el? + (PP, xo,, = Pn, kt 
In terms of generating functions 
GD [%. (1 —AU@)]® + [pn (1 — Aq)? = 1. 
We try a solution of the form 


oO 


Ss a @r|, 


ea 


(7.3) Pp = @n exp 


where (P is a polynomial of degree m in e” with constant term 1. 


For any such polynomial [((1 — Ap)]°, = 1, so that the problem is reduced 


to constructing @, satisfying 
[on and [Pn]? = 't. 
where 


(7.4) ~p = (1 —1U@) exp be w)-| = y Bye. 
i 


k=-0 


Thus, 
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Bo Ibs eee B, 
= 1 % 
(7.5) te! js (ee). 
Des (yp) B nas ais tee B, : 
gn gn! 1 


In summary, the generating function of the quantities in 
(7.1) ¥5§ 


(7.6) On = Pn exp 


where ( is given in (7.5) and (7.4). 
Example 7.2: Maximum and range. To obtain information on 
M, and M,, it is easiest to find the joint distribution of M, and R,. 


Clearly, the joint distribution of M,, and M,, will follow. In this case we let 


k < eo) 
(7.7) Qn, k = ty {ym 3 eM gP ey f = = Ke Pn, : 
m=0 Lx =m k=0 
fe = § 


By the bracket method, adding a step to the beginning of a path, it can 


be shown that 


U [9¢2,4)7 = a Um f i'M) gP 
m1 ib tae 
k1=S= mM 
oe & i 
=n kal fe Let =, aE n} ; 


(7.8) 


The generating function wW,(0) of the second term on the right in (7.8) 
was evaluated in Section 5. We found w,(0)=/7(4, 0), where f7 (1, é) 
is given in (0.9). Thus, from (7.8) 

Pn = Wa(0) + AU [pp]? > 
or equivalently, 
The solution of (7.9) is @n=Wn(0) ft (AU ,t), where ft (A,#) is given 


by (0.8). In summary, the generating function of the quantities 
Betined by (7.7). 15 
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(7.10) Gn = fi GU, 7-1, 0). 


Example 7.3: First positive sum with restricted 


minimum. For our final example we consider the evaluation of 


(7.11) Wak = | eSk dP , (v. = ue AP aie | : 
(Nese nt 
Mk —n 
| Sk > 0 | 


But in Section 5, we showed that 


els = iff Cork dP 
Nk =0 
Mk>-n 


has generating function Py = tis (A, ¢). Thus 


CMe) [PPn, K1% = (Pn, k+1 Sie Wn, k+1 , 


or equivalently, 
(7.13) Wa = 1 — [Gn (1 — Aq)]2. 


Now [Wn]? =n, so that actually 


(7.14) [Pn(1 —A@)]o, = 1 
and 
(7.15) Wa = 1 — IQ -— Ap) Pn] 2 : 


Relation (7.14) is the one which determines that , = f-(A,#). In 


summary, the generating function of the quantities defined 
ier) 4s 


8. Examples: 


To illustrate the results previously derived we consider here a series 
of three specific examples. The computations involved are straightforward 
applications of the method described in [14, § 5.3] and will be omitted. 
We will use the notation 
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Ao A, tee An~1 A, 

AA gt ee Aa 
(8.1) it) 1: ce et 

Ani A_n42 tee Ao Ay 

an git oe Zz 1 


(with a similar formula for i: (z)) to denote the numerator of the expression 
f* (2) given in (0.8). Note that D,(1 — Aq) = Feato) and that 


ft (2) = ft @)/ ft). 


Example 1: Bernoulli variables. Let X, have the distribution 
P\|X,= 1} = p and P{X,= —1} =. The determinant in (8.1) becomes 
essentially bordered. We find that 


PEGE yA BoE ree — 229) | 7) 
k=0 


(8.2) 
rt) _ (Apzyrtt ntl —_ (lpg)! 1 
= | Apz = a Apz (io / 
lal ia V2 
where 


1+) 1—4)? pq b=) a0 by 
i ’ Lf ie 3 


2 2, 


The formula for ifs (z) is found from (8.2) by interchanging p and q and 
replacing z by 1/z. 

Let us examine the results of Section 5 in terms of the formula (8.2). 
From (5.2), (6.10) and (8.2) we see that (z= e%) 


, = S Me if ek dP 


(8.3) Pe ea 
Lk=0 
: | ynt__ (Apayrtl mrt — (pz [ (vnt? — yt?) 
Apz % Ape | ae 
es ee : 12 


Moreover, system (5.10—5.11) will be satisfied by @n and the corresponding 


Wn where O, and B, are given by 
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Mn joe ("1 —_ 12) An q" (“1 _— 12) 


8.4 On = aad Bn = 
( ) n yn =‘ yar ’ ae — rut 


Finally, let us observe that f+(4,¢) and f(A, ¢) of (0.6—0.7) can 
be found from (8.2) by letting ™ become infinite. We have 


f+ @) 1 
= lim — - 
I+ sie 1s (0) 1 Ap elt 
(8.5) " 
nelly, 1 
—) z Wra 
n>o ba (0) (Sd \ge 


It follows that /4 f- =1/(1 —Ape#—Age) and, of course, the conditions 
of Lemma 1.1 are satisfied. Inversions of the transforms seem particularly 


easy in this case. 


Example 2: Two-sided geometric. For our next example we 


take the distribution 


(8.6) wae 2 


P{X,= 0! =p. 


fl 
1 
S 
T 
| 
Ss 
=] 


ad (m= 1) 


It turns out that f,(z) in this case has the form 


fe (z) = (z¢)"3 ( a ey + (1—2q) : =f y [:2 (: = i£)f yn-k 


i Doe i e pie 
(an LE SMe a2 Pe 


(8.7) 


where 


(1— Ip +q%) + Va 1p 4¢) 4g? ( = eS) 


, = 


2 


2 


= ea Ole Vo ip “ry Se ag’ (1 ~i2) 


2 


1) 


By appropriate division, the various quantities Ft (@s. f> @), ete canbe 
n 
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constructed from (8.7). We find ts (z) from (8.7) simply by replacing z 
by 1/z. As ” becomes infinite 


‘Bags 


ft@>fr= if > (2 =s"e")', 
ee 
lat 2 
(8.8) 
ads Se 
fr@>f : ( = el) 
es z2)> —_ == = 5 z= ett : 
HR 
z 2 


Example 3: Two-sided exponential. Finally, we consider a 
sequence {Xx} whose distributions are continuous, each having density 
PAs) = ser (—~ <x<o). The computations in this case can be deduced 
from Example 2 by an appropriate limiting process. We take g = 1—p = e-4* 
a= ee — et mo = ax/ Ax and k=y/ Ax, and then let Ax >0. In this 
way we pass from Fourier series in e in Example 2 to Fourier transforms 
in e®* in this example. The counterpart of (8.1) exists under this limit 


and we find that 


? yh 7 A 
a a ee 
- : . FO ar é : —— ee C 2 
21%, 8) a ree, 
(8.9) 4 oA Gro . MEaViDs | 


ava) aoa) cc ae 
2 ig =e 

ph Grae | ef +V1 bi 
4S) E+ Yi—A 


where 
ee Vin weet = ts, 
The counterpart of the determinant D,(1 — Ap) = +, (0) is found by 
letting 1 > —co. We thus find 
] 2 z 
Co? = = +p)x yw? ns (F+9)* 


4V1—A AS 


Dividing (8.9) by (8.10) gives a number of quantities with very interesting 


(10) Di(s,1—iAg) = 


probability interpretation. By formal analogy with the result 
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ft @ = ft @/ fF 0) 
and its use in Examples 6.1, 7.2 and (5.2), we deduce that for the 


variables X; of this example 
g(*,h= Ne 1 f ef Sx dP 


ee F@,8) 


~ D(x ,1—Ag) 


oO 


= \ii { eedP = P(e, 6). 
a jth 0 
tm 2 bs 


We expect that the p(*,&) and w(x, &) of (8.11) satisfy a system 


analogous to (5.10—5.11). A tedious calculation will show that for 


ae Ca 1) x 


2) eC eae ONG RS TOS) 


the function ~(x , &) satisfies 


pone) 


(8.13) Fr 


= a(xje® p(x, 6). 


Taking limits as * becomes infinite, we find, moreover, 


fa(S) Slim GG 6) = ee 
x0 1+V1i—A i€—-Vi—a 
sh 1 
a 1+V1i-—A - 
1—17& 


Clearly, | f+ (&)|? = [1 —4/(1 + &)]-!, as was expected. 


[10] 
[11] 
[12] 
[13] 
[14] 
[15] 
[16] 
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[20] 
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ON THE BOREL EXCEPTIONAL VALUES OF LACUNARY 
INTEGRAL FUNCTIONS 
By 
T. ROvari 
in London, England 


1. In his paper:“) “Ueber die Wurzel vom kleinsten absoluten 
Betrage einer algebraischen Gleichung” Fejer proved in 1908 that a lacunary 
integral function 


fea) 


f@= Yi yin 


1 


which satisfies the gap-condition: 


“1 
(721 } <0 
Ya: 


must have a zero. (This implies of course that f(z) takes every complex 


value.) 

The question naturally arises to what extent can this interesting result 
be extended or improved. Biernacki® proved in 1927 that an integral 
function subject to the gap-condition (1.1) can have no ‘Picard exceptional 
values’, ic. f(z) takes every complex value infinitely often. On the other 
hand for functions of finite order much stronger results can be obtained. 


Pélya® pointed out in 1929 that for such functions the gap-condition : 
(1-2) lim sup (An+1 — An) = 00 


is already incompatible with the existence of a Picard exceptional value. 
This result was substantially strengthened in 1935 by Pfluger and Polya 


himself who proved), that (again for functions of finite order) the gap- 


condition : 
1. Fejer [4]. 
2. Biernacki [1]. 
3. Pélya [6]. 
4. Pfluger and Pélya [13]. 
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: dy 
(1.3) lim sup Wee ht 


which is only slightly stronger than (1.2) is incompatible even with the 
existence of a Borel exceptional value. 

The main purpose of this paper is to prove that if either of the gap- 
conditions : © 


Anta ez, hy 
(1.4) p (log An) 


hn > co 
(p(n) log log x 


(1.5) 


where @(x) is virtually any function subject to the condition: 
{eax < oor, 
0 


is satisfied, f(z) can have no Borel exceptional value. Both these conditions 
imply the condition (1.1). However it will be seen, that if the growth o¢ 
f(z) is restricted, (1.4) and (1.5) can be replaced respectively by weaker 


conditions, which do not imply the condition (1.1). 


2. The main results, referred to in the introduction, are contained 


in the following theorems: 


Theorem 1. Let 


fe.) 


f(@) = Yanan 
1 
be an integral function of infinite order, which has z=0 
as a Borel exceptional value. (By this we mean that the 


sequence of its zeros has a finite exponent of convergence.) 


Then we have that: 


5. Note that the gap-conditions (1.4) and (1.5) are independent (neither implies 
the other), though, in a sense (1.4) is the weaker (i.e. better) one. It is unfortunately 
inherent in the method used, that (1.5) can not be replaced by the sharp condition: 


A, 
@ (n) 


> © which one would expect. 
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An+1 hier Ae 


" : Ee a ae ee oe fore) 
(2.1) sen (log4,) Q (log 4) 


for any positive, increasing function Q(x), defined for 


x20, and satisfying the conditions: 


r ax ” 
(2.2) | iy < © 
(2.3) Q (x4) < AKQ (x) 


for *>0, A>1, with a suitable constant K. 


Theorem 2. Under the same conditions as in Theorem 1: 


A 
~ i n 
(2.4) See AN) 5e los 


Theorem 3. If in addition to the assumption made 


in Theorem 1, the growth of: M(r) = max f(z) is restricted 


|z|=r 


by the condition: 


—— log log log M (r) 
2h l = 
3) a log r Ds 
then, (2) can be replaced by: 
Anti — An 
(2.6) lim a i < 00; 
eae ORs 


Theorem 4. If in addition to the assumption made 
ip Theorem 1, M(r) is subject to condition (2.5), then, (2.4) 


ean be replaced by: 


hn 
(207) lim 
asa” logn:loglogn 


6. An analysis of the proof makes it clear that while any restriction on M (r) 
leads to a significant improvement of (2.1), a restriction weaker than (2.5), does not 
lead to an essential improvement of (2.4). This is becaure of the presence of the 
factor log log n in (2.4). 
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3. We state now three results, due respectively to Wiener, Turan, 
and Wiman-Valiron, which form the starting point of our proofs. 
Theorem A (Wiener’s lemma): If {Ay} is a strictly increa- 


sing sequence of non-negative integers, and: 


(371) Anti a An rs L n= i on eae 
16% 
fee, wee ee 
Ib, 


and the Fourier series (with complex coefficients): 


ice) 


Q(t) = os a, ent 


1 


converges absolutely, then for every real # 


0+(5/2) 2x 
‘ epee eae 
G2) ih |p (2) |? dt 2 SF Jf vO dt . 
0—(6/2) 0 


Theorem B (Turan’s lemma): © If {A,}| is a strictly increasing 
sequence of non-negative integers, then for every 
Cag = 39. O50 = on 


M 


n=1 


Theorem C (The Wiman-Valiron lemma):® Let {R,} be a 


Strictly increasing sé€quence of positive numbers ama 


M 


48m \M he | 
Ss - max Ay 2'n | : 
=(75 | Danza | 

|zZi=r | | 


O-d/2Sarg2SO+40/2 "=! 


(3.3) max 


|z|=r 


let: R,>R as n> co (R may be infinite). The power series: 


ee) co Zn 
4 F(Z) = — = 
(3.4) (Z) pte ms BRR, “4-0 


will converge for |Z|=R<R. 


7. Wiener [10]. 

8. Turan [8] p. 30. Turan [8] gives numerous applications of this very 
interesting lemma. The constant 48 can be replaced by 4e. 

9. Saxer [7]. The result here is stated only for R<oo, but the proof is valid 


also for R=oo, To the best of the author’s knowledge, the case R=ce was first used 
by J. Clunie ([2]). 
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Let 


ie. ¢) 


(3.5) f(z) im xz 2” 


0 


and 


“ = Gy = 
(3.6) @(f) — La he = yen Ri Re ae Rio 
10) 


n 
0 


be integral functions. (If R< co, then the assumption that f(z) is an integral 
function, will automatically ensure that @({) is also an integral function.) 
foeN@ . f), NR, F), N(p. 0), wr. f), WRF), and uo, g) 
denote the central-index and maximal-term of the functions: /(z), F(Z), 
p<) respectively. 

Under these conditions there exists a sequence of non-negative 


integers : 


TL SR RE ENCE ry TS OR 


and a sequence of positive numbers : 
, , 
Oe git mi fat op els, uo 


such that: 
m-1 Ppa 
(3.7) logos = log Ry, —log Ru, 
ni 


k=1 
and with the property, that for every 7 in the interval %,,<7<7'y,: 


| Cyl | yn! Kgeree eee Rees Ion Ane Ia 


[en |r" - R, A, ke 
8 1 
(3.8) (i) onan | rt Be Anta Ratt 
| Cy ae = Rass Rn+2 tee Rutk - a ie 


for every: J>0, R>0, n=, 


(3.9) (i) NG, f)=N(R,,F)=N 


———— 
Ps 
7S 
Sa 
l 
Ss 
< 


G10) Gi) HO N= Wy oF) (a> 9). 
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The integers: {”e} are referred to as admissible integers, the values 7, 
lying inside one of the admissible intervals: %,<7<1n, (v=1; 2,2) 
are referred to as ordinary values, while the complementary intervals, 
and the values contained in them are the exceptional intervals, 
and exceptional values respectively. 

Corollary I: For every ordinary 7, such that: r2r’, 


where #* depends only on /(2), we have 
Wir) 2 un hws i) 
where N= Vira fe 


In fact lim p(o, ~) =o, hence 
pw 


r r 
uly 7} et if jae =e 
id r 
Teo if N (qe) =N2N" 
Niza (Peep eee ie fred 
Summing up: 


Corollary Il. If R<o, the set of exceptional values is 


of (finite) logarithmic measure log R — log Ry, . 


4. We shall also need a number of additional lemmas (derived partly 
from the above key-lemmas). Some of these lemmas — notably Lemma VIII, 
and Part (i) of Lemma II — are of independent, intrinsic interest. 

Lemma I. Let (x) be any positive increasing function, 
such that 


(4.1) § (Ax) < AK $ (x) 


for every *>0, A21 (with a suitable K, depending only on 
the function). We write 


(4.2) ty ene fae 


log x 
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if 

rt 

J $m 

ae 

(4.3) Or oar iO 
if 

; do 

J $0 
(4.4) and R, = e8), 


We have then for ~>m the following inequalities 


R* n 
4, 1 - 
( 5) os R, R, aa, R,, a 3p (log n) 
= Rees see Ry—1 R,, 
yt Ft Bee 
l=m i 
n (we — 1)’ 
6 ae = Sriieenn 
(4.6) Sea # (log #) exp 2n¢ (log ”) 
ree) R* 
<< 
k=m+1 Rati Rag. Rath 
n+ m\+ m* 
(4.7) cm ( a exe a 2(n+m) ¢ (log Aron 


In fact, (4.5) and (4.6) (but not (4.7)) are valid without the 
assumption (4.1). 

Proof of the lemma: 
Be ee 
d(log*) ° 


Hence xB’(x) and £’(%) are positive decreasing functions, while B (x) 


(4.8) xB’ (x) = 


increases, and «(%x) decreases. 
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=o. ; ‘ dt 
Cee Te Ne) ee ‘ J $ i 
Ps Me aS ae. 
(4.10) im BG?) = +o if ; J) = co, 


Let us write 


x 


be) = xB) — f Koto at = f (BQ) —P(n+o} ae 


0 


h' (x) = B(v) — Bw +4) 
h” (x) = — [i (n+x). 


By Taylor's formula: for * >0 
' 1 Whe 2 1 ” & 2 1 Qe coal 2 
h(x) =h(0)+h CO) ie ()s = ae (eo) eo ice A: (n+é) x 
with O<&<x% 
1 uo ms 2 1 , ad ys 
h(—x) = ee (—')x* = ea (n—E) x 


With O<e <%. 


Since $’(%) is decreasing, we find that, for x >0 


CRED) h(x) < -—= B’ (m+) x? 


(4.12) a=) < = Bn) x. 


Since $(*) is increasing, we obtain now, using (4.12), that 


Ree oe Tp IR Ro eee Rae 
(4.13) log : Rit = = log : RO 
= B(m—l1) + ... +B (w—2) +B (n—1) —1B (n) 
n a] 
< i B (x) dx IB (n) = — 18 (n) — | "B(n+t) dt = h(—) 
n-l 0 


LP 
2ng (log n) 


<—— (P= — 
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Similarly, from (4.11) 
Rt 
Rag Rng2 oo Rats 
= kB (nm) — {8B (n+1) + B(n+2) + .. +B (+h)} 
nk k 


< kB (m— B(x) dx = kB (n) — it B (n+4) dt = h(k) 


" 


(4.14) log 


k? 
"2 (n-th) ¢ (log (n-F8)) 


< = Bi (nth) k < 


Substituting 7=n—1 into (4.13) 


I R, RR ra Hien (n—1)° < nN 
oO ares SS 
NN 2nd (log n) 3$ (log n) 


for sufficiently big ”, which proves (4.5). 


From (4.13) we also obtain that 


n—1 n—1 
Rut... Ry p 
ae) oo ee {2nd (log ”) 


= i xp | tS \ax 


m—1 


Substituting 


x? 


Alon) 


= 
h 


ah 
, dx = nd (logn) a 


we obtain that 


(oe) (m—1)° 


s du np (log n) Sipe eee 
; e“nd (logn = e 2m (logn) 
oe > J p (log) vege: m—1 


(m—1)? 
“any (log n) 


which proves (4.6). 


Further, if we write: 


13) ee 


“= U(x) = =| 


2 
pee Er 


d . 
d(logx) ° 
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we find, by virtue of (4.1), that, for p>1 
xt att x(x» e7K)je-} 
tee > = 
Be d(ulogx) ~ pk ¢ (log *) ¢ (log ¥) 


= A(x) (x- e~K)e—} 
A(x!) —A (x) Grea = 


IN 


xl —% % gel — J 
C = (4 = e~ Kt — 1 
2 “Sloga) wn 1 
7 1 logx —K . 1 
~ (log x) log x 2¢ (log x) 
if *>e24 
du 1 5 xn 
—_—- > M as) | 4 
(4.15) 5 ed NV (n+x) + tx (n+x) 
12 1 


1 Fea are x 
3 I al WOR Ae ( mee | 4d (log ("++)) oe 


Hence, for n>eK 


Zz 


1 Xx 2 x 
(4.16) =F (jae) Met) = 2(n 4) $ (log (n+) 


/ 


is an increasing function, and we have from (4.14) the following estimation : 


= Re 
SY n 
(4.17) a cs 2h Ret Ry+2 see Ree 
00 k2 
< a= 
a “el- GGFR plese FA| 


a6 ee 
= i P | 2 (n+x) ¢ (log (n+-%)) lax : 


Substituting 
2 
% m? 


2(n+x)¢(log(@@tx)) > “" ~ 2b m) Gog (Fm) 


we obtain that: 
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co 
dx 
das J oa 
Now, in view of (4.1) 


(4.18) d (log (w+2x)) < {log (m+x)|K db (A) < : (n-+%)” 


for ”>% and, hence, by (4.16) 


cea \ = n+x Eo Ve 
— E ae oD 
(4.19) Ce 26 (log (n +x) =e | <4 (n-+%)” , 


n+x 


\2 
2(n+x)"2< ees u for >No. 


Finally, from (4.15), (4.18) and (4.19) 


ax nt+x \? n+x \? 
(4.20) Pe = ( . | 4¢ (logn-+x)) < ( = 2 (n+x)” 
4 4 
z ( N+% ce n+m * i x =m 
x m u S No 


Using this estimate, we obtain finally: 


Sy, os me) bee" du = (= ees 


= ntm : vi m | m? 
|| m f 2 (n+ m) & (log (n-Fm)) | WP fe Aaa EEC) 


wich gives (4.7). 

emma il Ver NY=WN, uy) and Mir) denote res- 
mectively the central index, the maximum-term, and the 
maximum-modulus of an integral function: 


ice) 


f@®= »s c, 2” 


0 
(of finite or infinite order). 


10. Somewhat weaker, but more general results of this type were proved by 
J. Clunie ((3]). 
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Then, outside aset of finite logarithmic measure, 


we have the following inequalities: 


N(Y) 
¢ (log N (r)) 


(4.21) (i) < 3log u(r) 


where (x) is any positive increasing function, defined 


fore. 0. and ovch that 


4.22 pdx < © 
or J $@ 5° 
o? N 

AD < — | : 

(4.23) (ii) Cau") & W(1) exp 36 (log N) 
nS(1-p) N 
for N>No 
o° N 

(4.24) Cn2° = Ut) exp [= 

n=(1+o) N 3(1+9) # (log mM) 


for N>WNo(o) 


where 0<p<1, O<o<c and ¢$(%) is any positive increasing 
function, defined for *20, satisfying both (4.22) and the 


Gomidit home 


(4.25) b (Ax) < AK $ (x) 

forevery «>0, (2%. with a suitable K. 

(4.26) (iii) Mi) < Nu) 

(4.27) (iv) N(r) > {1+0()} Sa 
(4.28) (v) log N(r) < {1 + 0(1)} log log M(r). 


Proof of (i)—(ii). 
We define R, as in Lemma I, and F(z) by: 


(4.29) F(z) = ine a 
©) LER Lae 


By virtue of (4.22), lim R,= 1, and hence F(z) is convergent for |2|<1, 
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If we introduce the functions: v(R,F) and (R,F) to denote the central- 


index and maximum-modulus of F(z), we see immediately, that: 
V(R,F)=N, for By SiS Rak fora ae 1 8,3 
From (4.5) we have that: 


N 


(4.30) 3logu(Ry , F) > a 


and substituting 7 = N, m= oN and m=oN into (4.6) and (4.7) respec- 


tively, we obtain further that: 


Ry-ty1 ... Ry-1 Ry oN 
ater] 


N-)S(1-p) N N 


k 
ied S 


[je N 
Ry+i Ryy2... Rye = = 3 (1+0) ¢ (log N) \. 


(4.32) 
N+k=(1+o6)N 
To obtain (4.32) we have used (4.25) to prove that: 
log (1+0) 


(4.33) $(log(1+0)N) = (log (NEN )) = gl(1 + eae) os 


<< eX 


K| +o) 
P| : on : | $ (log N) = {1+0(1)}¢(log N). 


Applying the Wiman-Valiron Lemma, the inequalities (4.21), (4.23) and 
(4.24) follow immediately from (4.30), (4.31) and (4.32) respectively. 


(iii) Putting 90=6 =o, (4.26) is an immediate consequence of 
(4.23) and (4.24). 
(iv) Since ¢,->0O, we have that: 


> u(r) Steyr”, for N(r)2 No. 


Hence, in view of (4.26) 


M 
m® > w(r) > aa) 


N logr > log M (r) — log N 
{1 + 0(1)} N logr > log M (r) 


which proves (4.27). 
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1; dO es 
<M, 


(v) $(x) = 


it 
Ko. Ate “1S aeeon 


satisfies (4.22), hence we obtain from (4.21) as a special case, that: 


log N — 2 loglogN < log log u (7) 


which proves (4.28). 


5: Lemma Ill. bet 
f@ = as 


be an integral function, M(r), w(@) and N(r) its maximum- 
modulus, maximal-term and central-index respectively. 
We assume that the growth M(%) is subject to the 


Comidisenon: 


= M 
(5.1) a log log log M (7) 


Soc a, 
r>o logr 


We have the following inequalities: 


(22) log |¢,| < — + log log (c= 2.3.5.) 
1 
(5:3) +z log log N (7) < logr 


for any A>," > and 4 > 45. 
Proof of the Lemma: By Cauchy’s inequality : 
(5.4) log |¢,| < log M (r) — nlogr < e' —nlogr 


for A> 61> 0, 116, 


We write now: 


1 
log te = log log nN, 
01 


i 


and substitute 7= 7, into (5.4) 
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n ’ 
log |c,| <n — —, log log n< — log logn, for 1>no, 
M1 
which proves (5.2). 
Let us write: O<AV,<A 


us 


log B, = — i, 


log log n nm = 2, 3,.. 


(5.5) log R, = log B,-1 — log B,. 
Then for: Ry S r< Ryyi, and every 1: 

(5.6) log B, + nlogr S log By + Nlogr 
From (5.5) 


logr = log Ry > = log log N 
1 


(5.7) N<e™ 


1 


(5.8) logr < logRy+: = i 
1 


loglog N + o(1). 
From (5.6), (5.7) and (5.8) 


N 
log B, + nlogr < log B, + Nlogr < — 7 log log N 
1 


N 
+ 4—loglogN + 0(N) = 0(N) = o(e"'), 
i 


Hence, in view of (5.2) we obtain, for > 
log |c,| + mlogr < logB, + nlogr < Ce"! 


Or, writing: ¢ = logr, 


(5.9) lopleyl-F Ni < C- e?* 
Since lim 7 = co we find, writing: 
1->o2 
ee re 
(5.10) log |ey| + Nto = log u(%) > 0 


for N >No. 
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Subtracting (5.10) from (5.9): 
NU—t) < Cem. 
If we write: 


i= log log N 


Ay 
et — N 
we obtain finally, that: 
tt—t<C; t = logr > 4, loglog N — GC > q_ loglogN, 


for N>No, which proves (5.3). 
Lemma IV. Let N=N(), w() and M(r) denote respec 
tively the central-index, the maximum-term, and the 


maximum-modulus of anintegral function: 


io.) 


f@= yo en2". 


0 


We assume that M(r7) is subject to the growth-restriction: 


= M 
(IED) fim ce eee Oe ot <. oo. 
logr : 


. o* 
Then for any givens O<e< Il and or a we have, outside 


certain exceptional intervals of 7, whose upper loga- 
rithmic “density” does not ex¢eed e, the followaime 


Umeduwalitie ss 


, N(r) 
Dail H 
(5.12) Gy loa NG) ea 
ae wal aN 
(5.13) (ii) Cy2"| S p(r) exp = Senay 
<foyy 3t log N 


for O<o<1, and N>N,(po) 
2 


(5.14) | c, 2" aus oes 
3(1+0) t:logN 


n=(1+0) N 


< Wr) exp te 


for any 0<o<~, and NSN,(o). 


ON THE BOREL EXCEPTIONAL VALUES... 87 


Proof of the Lemma: We define ¢(¢), B(x), R,, R’, and F (z) by 


so={% ior — CO SF <=} 
wt, for 1st 
1 
log x — log, for LS x56 


as 
ahead oi) 


1 
— G+ log log x), for e<x 


R, = ei ™ = elt (log n)it for n=3, 4, ... 
R; = eB () = 1 : R2 = eB (2) — Qur 
Hie Fe en ur Re 
R’,, = (log )""" fot == 3, 4... 
00 gn foe) 
: F = — A, 2" 
a Wien ie, © Poets es 
F(z) is an integral function. For the coefficients A, we find the estimate 
n F il n 
(5.16) log A, = — 0 log Rn = O (1) —— } log log m 
m1 3 
Le 1 
= =| loglog x dx + O(log log n) = —— t log logn 
= | (2 oglogn) = _ log log : 


é 


We apply now Lemma I. (4.5) gives us the inequality : 


Ry , F) > ———-.. 
(5.17) 3logu(R'y , fF) > aoe 


Further, substituting »=N, m=oN and m=oN into (4.6) and (4.7) 


respectively, we obtain the inequalities : 


Riyetsd ane Rhein oN 
(5.18) i 2 Se - Sa 
N-tS(1-p)N 
ee 0 N 
: <x = ; 
ot?) Ryiit Ryy2 ... Rute exp| 3 (1+6) eas 


N+k=U+o) N 
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Since (5.11) is satisfied, the inequality (5.2) is valid for A=er> 0°: 


n 
(5.20) log |¢,) lg log n for >No. 


Comparing (5.20) and (5.16) we see that: 


(= ss i o 


is an integral function. Hence we can legitimately apply the Wiman-Valiron 
lemma to the function /(z), with the comparison-function F(z). The 
inequalities (5.12), (5.13) and (5.14) can now be derived immediately from 
the inequalities (5.17), (5.18) and (5.19). 

It only remains to discuss the exceptional intervals. The logarithmic 


measure of the exceptional interval (7n, , %n,4,) is: 


Tapa 
= dy Yh 
lL, = i a= 1g —— 
Y Yn, 
tne 
and by virtue of (3.7) 
: m—1 m—1 Voges , ; 
(52211) s = Se log ae kee log R’,,, — log FR, 


= = log log + O(1). 


On the other hand, applying the inequality (5.3) with 


A=et>o* and r=y, 
i m 


ul 
loge  1°8 log Mn 


am 


which gives for the logarithmic measure of the whole segment (fn,5 fae 
m 


the estimate 


Tim 
dr 1 
(5:22) | Br == | — = log Tin aa log ny = 08 log Nm = O (1) s 
Vr, 


Combining (5.21) with (5.22) we deduce that 
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h+htin thar. , 


(5.23) lim sup 


m-> Oo | 
which establishes our assertion about the upper logarithmic density of the 
exceptional intervals. 


Lemma V. Let f(z) be an integral function of finite 


order (at most) 0. Then (using the same notation as in 
Lemma IV) for any Siven 0 e€< 1, and saree we have, 


outside certain exceptional intervals of 7, whose upper 
logarithmic density does not exceed s, the following 
inequality 
(5.24) N(r) < tlogu(r). 

The proof“ of this lemma is completely analogous to that of the 
first part of Lemma IV. 

Lemma VI.“ For any integral function f(z) we have, 
Ggiside en-exceptional set of finite logarithmic measure, 


the following asymptotic formula 
(5.25) Ff oe") = e'N? f (zo) {1 + 0(1)} 
if 
Pa = fey Go) MY) and it << NSM. 
Here N=N(r) and M(r) are defined as in Lemma II. 


6. Lemma VII. If 


ice) 


f(@) = S°ayz’s 


n=1 
is an integral function, satisfying the gap-condition 
(6.1) An+t ad Mn = 2A (An) for An >No 


where A(*) is a positive increasing function, and such 


that 


il, ie (Si, p. 26 
12. Valiron [12] p- 101—102. Stronger results of this type were proved by 


J. Clunie [3]. 
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(6.2) lim A (4) = co, A(A*) & PAC) 


x > 
for every %z%, k21, 


then the inequality 


5 


Q,+4 5 2 

(63) f [fee P aba {1 oC} f | Freeyiias 
Es 0 
0,- 


holds outside an exceptional set of finite’ logaritthmee 
measure, provided that 


__ 162 
A(N (7) 


(6.4) 5, 


INV 


where N(r) is the central-index of f(z). (Otherwise O, and 


0, aferarbitrary functioussod¢ 7.) 
Proof of the Lemma: 
We assume that N= N(v)>2N), and we write 
f@)=G6@%)+H@ 
(6.5) G (2) i Ay Zn > H (2) = : ay zn , 
eet, sin 


Denoting the maximal term of /(z) by (7), we have by virtue of (4.23), 
that 


| G (re®®) | = o( cl 


N(r) 
0+6/2 276 
: | iv)|2 7. a ot ( [Lt (ey 
J IG (ve"*)? db < j| [6 Ge) Fad = of 4] 
—o/2 0 


outside an exceptional set. 


N 
For A, > Se re find that 


Ant ae An > 2A (An) = 2A ea = A(N) = 5 


Hence we can apply “Wiener’s lemma” to ( (t) = A (re) with L = 16 2/8, 
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and obtain that 
0+46/2 m7. 
: Ry 5 ; 
(6.7) | | H (rel®) |? a9 > [Hoe a9. 
6—8)2 0 
Finally we have the inequality 


2x 


(6.8) if | f (re) ? do = an y |an|?724n > 2mu(r)?. 


0 


In view of the inequalities (6.6—8) we obtain now, by means of Minkowsky’s 


inequality, that 


6-6/2 
_ alliage FV Fir-V Fen 
ete Vo V freer + ound, 


a) a 


Speen ci ee — f \fF 


which proves the lemma. 


Lemma VIII.“ Let 


f@= Ay Zn 
be an integral function, and 
(6.9) M(r) = max | f (re"*) | 


|2\=r 


13. This result was first published—in a slightly weaker form—by the author 
in [5]. It generalises a result of Turan [9], who proved 
—— logM(r,9,5) _ 
lim 
r>0 log M (rv) 


under the gap-condition : 
log An 


S21ith>i. 
log 
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(6.10) M(r,9,8) = max |f (re**)|. 
0-6) 4/2 

Suppose that f(z) satisfies the gap-condition: 


hy 
nb (log n) A (n) 


(6.11) 


where d(x) is a positive increasing function, satisfying 


the conditions: 


f oO 
(6.12) SEG 
(6.13) (Ax) < 1K (x) 


with a suitable constant K, for any *>0, A421 and A(®) is 


a positive increasing function, such that: 
(6.14) NO) = 1AG) 
for any vee te 

bea 


log M(r, O85.) 
log M (7) 


(6.15) 


outside an exceptional set of finite logarithmic measure 


provided that: 
(6.16) §, > e-AWV) 


where N(r) is the central-index of f(z). (Otherwise 0, and 


6, are arbitrary functions of 7.) 


Proof of the Lemma: Since (x) satisfies the conditions of 


Lemma II, the inequalities : 


N (r) 
(6.17) é(log NW) ~ a ae 
| An et . 
(6.18) pie Ay 2 cS M (r) ep | 60 (log N) 


are satisfied outside an exceptional set of finite logarithmic measure. 
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We first show that (6.11) implies: 
A 


6.1 See 
(6,19) mb (log Ay) A (A,,) a 
Indeed, suppose that: 
An 
(6.20) mer ar for k= 1, 2, 3, .. 


ta $ (log &n,) A An,) 
log An, < log A + log m4 + log ¢ (log An,) + log A(An,) - 
In view of (6.13—14) 
¢ (log in,) S Clog dn) (1) 
log $ (log An,) S K log log An, + log d(1) = 0 (log An,) 
A (0) log An, 


log Xo 


log A(Ay,) = 0 (log An,) . 


A (n,) < 


Hence 
log An, < {1 + 0(1)} log 1 
(6.21) b (log An,) < £{(1 + 0(1)) log me} < {1 +0 (1)} d Clog ma) 
(6.22) A (n,) = A (e°84n,) 
< A(ef't2 Cy oem = A (nite) = {1 4+0(1)} A(m). 
Substituting (6.21) and (6.22) into (6.20) 


ils 
nk & (log me) A (ite) 


<{1+o(1)}4 


which contradicts (6.11). 


If Pe <hias 


then by virtue of (6.19) 


(6.23) i 0 (Aj) i o(2N) 
~ — d(logi Ay) log 2N) - AQN) 


o(N) 
¢(log N) A(N) 
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since, in view of (6.13—14) 
% 


(log x) A(x) | 


is an increasing function for PAPA Bs 


We apply now “Turan’s lemma”, and obtain 


(6.24) max An zn 


|z|=r 


Mn S2N 
| 

‘ 4 | 

< exp (log ey 1 . oe | ) Ay Zi 


N 7 
-oof tit} = me | Ta 


4, S2N 
6-6/2 < arcz S$ O46/2 “N= 


by virtue of (6.16) and (6.23). Combining (6.24) with (6.18) we obtain 


M (r) < max | Ss ay P| + max Ay, zn | 
Zin he i oN | |z|=r hes oN 
> ee uaa ve } <2N ce | ie: Gf (")) 
@-d/2 < arcz S$ 646/2 “"%- 
N) \ 
Gexp ian er, 0 ,8)+ ae Dae an | | + 0(M (7)) 
o(N) N 
ep 7 ie 7» |» (r,0,8) + M(r) exp} Fier eal + 0(M (vr) 
< 0(N) \ 
= exp if (ee a M (r , O35) + 0 (M (7) 


i1+0(1)} MO Sep ye Tog Nt Mi(r,@, 5) 
_o(N) 

¢ (log o N) 

=o (log M(r)) + log M(r, O, 8) 


by virtue of (6.17). Thus we obtained, that 


0(1) + logM(r) < + logM(r, 0,8) 


log M(r, 9,8) = {1 + 0(1)} log M(r) 


which is the desired result. 
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Lemma IX. Suppose that 


f@= Sa zn 


"=I 
is an integral function, which satisfies the gap-condition 


Jn 
n-+logn + A(n) 


(6.25) 


andis subject tothe growth-restriction 


— _loglog M (7) ° 


(6.26) lim =i 6 < oo. 
ro logr 
Then 
A 
(6.27) eg ie Onto >1 


log Mr 


outside an exceptional set of zero logarithmic “density”, 


provided that 
(6.28) 8, > eA), 


Weassume here that M(r) and M(r,0,5) are defined by 
(6.9) and (6.10) respectively, and that A(*) is subject to 
the same conditions as in the previous lemma. 

Proof of the Lemma: We first note that the only use we have 
made of condition (6.12) in the proof of Lemma VIII was to establish 
the inequalities (6.17—-18). Consequently the conclusions of the lemma 
remain true, if we omit (6.12), but assume that the inequalities (6.17 —18) 


are nevertheless valid outside a certain exceptional set. 


% 


0 
Now, by virtue of the condition (6.26) and Lemma IV, if t> ea 


the above inequalities are in fact true with 
h(x) = 1% 
outside certain exceptional intervals of 7, whose upper logarithmic density 
does not exceed €. Since € can be arbitrarily small, this proves our lemma, 
Lemma X. Given the positive increasing functions: 


v(x), l(~) and ¢(y) satisfying 
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lim v(*) = lim 1(%) = 0 
(6.29) i sie! 
(dy) < MK ob (y) 


for every y>0 and A>1, the inequality 


v (x) TC 
(6.30) @ (log 7 (x) <A-1(x) 


will always imply the inequality 
(6.31) v(x) < 2A -1(x) ¢ (log! (x)) 
forall sufriciently larges7, 

Proof of the Lemma: We substitute } =¢, y =1 into (6.29) 
(6.32) f(t) <t&d(1) ; logd() < Klogt + log ¢d(1). 
From (6.30) and (6.32) we deduce that 

log A + log! (x) > log v («) — log ¢ (log v (%)) 
> log v(x) — K log log v (x) — log ¢ (1) 
log /(x) > log v(x) {1 +0 (1)} 
log v(x) < {1 +0(1)} log! (x). 
Using (6.29) again, we obtain 
(6.33) b (log v(x)) < #{[1 + 0(1)] log! (x)} 
< {1 +0(1)}} ¢(log/(*). 
From (6.30) and (6.33) we obtain finally the desired result 
v(x) < Afi + 0(1)} (2) Cog! (x)). 


Z. We proceed now to discuss the situation referred to in Theorems 
1—4. That is we consider an integral function f(z) of infinite order which 
has = 0 as a Borel-exceptional value (in the sense of Theorem 1). If 0 
is the exponent of convergence of the zeros of f(z), then by a classical 


result of Hadamard, f(z) can be written in the form 
(7.1) f@) =P Gye 


where P(z) is a canonical product of order 0, and g(z) an integral 


function. Let M(r), Mi(r), M2(r) and m(r) denote the maximum-modulus 
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1 
me 7 (s), Pe); P(@ and g(z) respectively; N(r) and v(r) the central 
index of f(z) and g(z) respectively. 
Finally we write 


max |f(re*)| = M(r, ©, 8). 


|t-6|$9/2 


The formulas of this paragraph are understood to be valid only outside 

an exceptional set. These exceptional sets are either of finite logarithmic 

measure, or of zero logarithmic density, or of ‘small’ logarithmic density. 
Under these conditions, and with the above notations, the following 


lemmas hold: 


Lemma XI. 
ee, 
eters (i)8 lim ———- =.c0, forevery ” 
ro «=O 


(7.3) (ii) m(r) = logM(7) {1 +0(1)} 


(iii) For each 7, there exists a @; suchthat 


(7.4) log M(r,, @2, 8) < —{-+0(1)} m(”) 
for 

20 1 
(7.5) ee aie \aa 


Lemma XII. For any ¢(*), satisfying (4.22) 
(7.6) v(r) < 7log N(r) ¢ (log log N (7). 
meete)cs Of finite order at-most.o, (7-6) can be replaced by 
(7.7) v(r) < 120 log N(r). 


Lemma XIII. Suppose that the inequality 
1 
(7.8) EES 34 AYO) 


is true outside an exceptional set, where A(*) is a positive 


increasing function, and-stch that 
(7.9) A (kx) S RA(#) 


forevery *2%, k21. 
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Then, for infinitely many », we must have 
(7.10) hort ee 1 Ke 2A (An) . 
Proof of Lemma XI. 


(i) Since f(z) is of infinite, and P(z) of finite order, g(z) must be 


a transcendental integral function. Hence (7.2). 
(ii)—(iii) If | g(ve™)| attains its maximum for ¢ =, we have that 
g (rei?) = m(r)e'¥ 
and by Lemma VI 
g (rei Ph) = m(r) ett) 11 + 0(1)} for ?= O01 )/ie 


We write now 


Oo, =o —— and QO, = 0, + — 
Then we have for tT = O (-] 
a eh & (re (147) = m (r) evtT {1 + o(1)} 
: g (re(82+7)) = — m(r) e*7 {1 +0(1)} 
ees Re [g (rel(%1+7)} = mr) {cos ve +0 (1)} 


Re {g (re'(247)} = —m(r) {cos vt + 0 (1)}. 
Since P(z) is of order 0, we have not only 
(7.13) log M, (7) = O (ret') 
but, by a classical result of Borel, also 
(7.14) log M2(r) = O(rP*) ; 
((7.14) of course holds only outside an exceptional set). Now 
log| f (ve"®)| = log| P (re*)| + Re {g(re*)} , 
hence, by virtue of (7.12—14) and (7.2) we have 
(7.15) log M (7) < log M, (r) + m(r) = (#4) + m(r) = [1 + 0) mY) 


(7.16) log M (vr) 2 log | f (re) | = log | P (ret) | + Re {ge (re'91)} 
2 O(re*!) + m(r) {1 + 0(1)} = {1 +0(1)} m(r) 
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(7.17) log | f (ret(92*™) | = O(r?+") — m(r) {cos vt + 0(1)} 
= —m(r) {cos vt + 0(1)} < —{2 4 0(a)} mM) for |e] <2/3v. 


The combination of (7.15) and (7.16) gives (7.3) while (7.4) is an immediate 
consequence of (7.17). 


Proof of Lemma XII. 
Using (4.27) and (7.3) we have the inequality 


log M (r) = {1 $0(1)} m (r) 


logr © 


N(r)>{1 =0(1)} 


~ log r 
In view of (7.2) this gives 

(7.18) log N(r)>0(1) + log m(r) — loglogr = {1 +0(1)} logm(r). 
On the other hand, from (4.21) 


v(r) 
YW (log v (7) 


Combining (7.18) and (7.19) we obtain 


(7.19) < 3logm(r). 


vm 


47220) p (log v@™) 


< {3 +0(1)} log N(r) 


and by virtue of Lemma X. 
v(7) < {6 +0(1)} log N(r) wp (log log N(7)). 

This proves (7.6). If g(z) is of finite order (at most) 0, then we can 
apply Lemma V, and (writing t= 119) obtain (outside a set whose upper 
logarithmic density does not exceed a) 

(7,21) v(r) < 11lplogm(r). 
Combining (7.18) and (7.21) we obtain (7.7). 
Proof of Lemma XIII. 
If we write 


Dae 1 16% 


o> 3-3) = AW) 


then, from (7.4) and (7.3), using the same notations, we obtain 


100 T. KOVARI 


6) + 012 


| f (re*) ? dd <8 - e-m(r) {140 (1)} 


6, - 8/2 
aes 0, + 4/2 
J \f (re) dd > J | f (re) |? a8 
0, — 6/2 
> § - em) {1+ (1)} 
ai 62 +8/2 
log J | f (re'®) |? 40: — log ay | f (re?) a8 
6) — 3/2 
(7.22) > {2+0(1)} m(r) = (2 +0(1)j logM (7). 


Suppose now that, contrary to our assertion 
Ans — An 2 2A (An) 
for 4, >No. Then, by virtue of Lemma VII, and the assumptions of our 
lemma we have that 
67+ 6/2 
wx f | f (re**) |? dd — RES i | f (re**) P a? 


— 6/2 


Z 
<o(1) + log a 


=0(1) + log 48v (7) <O(1) + log A(N(”)) 
(7.23) 20) Flog [AO aceol = O(1) + logN (7). 


Comparing (7.22) and (7.23) we obtain 
log N(r) = log M (r) 
which, in view of (4.28) is obviously impossible. 


Having obtained these preliminary results, we can prove now our 


theorems easily. In view of Lemma XII, (7.8) is satisfied for 
(7.24) A(%) = 168 log x » (log log x) 


assuming that w(x) satisfies (4.22). If w(x) also satisfies (4.25), then A(x) 
satisfies (7.3). Hence the conditions of Lemma XIII are satisfied for the 


function defined by (7.24). We can conclude now, that for infinitely many ” 
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Anat — A, 
log A, W (log log A) 


= 336 


which, writing w (log *) = Q(x) proves Theorem I. 

If the growth of f(z) is restricted by (2.5) then — in view of (7.3) — 
&(z) is of finite order (at most) @. Then, again by Lemma XII, (7.8) and 
(7.9) are satisfied for 


A(x) = 2889 logx. 
Hence we can apply Lemma XIII, and conclude that for infinitely many 1 


Angi — Ay 
a = 270 2 


which proves Theorem III. 
Let now ©2(r) and 8(7) have the same meaning as in Lemma XI. 
Then from (7.3) and (7.4) we have that (outside an exceptional set) 


log M (rv , @2, 8) 1 
log M (r) Sa Aga) 


(7.25) 


On the other hand, in view of (7.6) 


2m 1 it 


5, = 
av Ae) 2 log’? N 


and hence (6.16) is satisfied for 
A(x) = 2loglogx. 


This obviously satisfies (6.14). 
Choosing any w(x) satisfying (6.12) and (6.13) we see that all the 


assumptions of Lemma VIII will be satisfied if it is assumed that 


h, 
my (log 2) log log n 


(7.26) 


We can then conclude that: 


log M(r, ©, , 5) 


2D) log M (r) sis 


(again outside an exceptional set). Since (7.27) obviously contradicts (7.25), 


Theorem II is proved if we write: w(log¥) = Q(x). 
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If f(z) is restricted by the growth-condition (2.5), then we can use 
Lemma IX instead of Lemma VIII. In fact all the conditions of this 
lemma will be fulfilled if it is assumed that 


hn 
n log” log log 


We can then again derive (7.27), which contradicts (7.25). This 


proves Theorem 4. 


8. It is clear, that the definition given in paragraph 2 for the Borel 
exceptional value of an integral function of infinite order is unnecessarily 
restrictive, and it is easy to see how one can get a more general definition. 
According to a classical result of Weierstrass, any integral function / (2) 


has the following (non unique) representation 
(8.1) f() = Pe 


where P(z) is an infinite product. If we write 
M (r) = |max| f (2) | 
\Z\=r 
M, (r) = max | P(z)| 
|si=r 


m,(r) = min | P (z) | 
|z|=9 
and analyse the proof of Lemma XI, we arrive at the following natural 
definition. “) 
If the integral function /(z) has a representation of the form (8.1) 


which has the property that 
(8.2) log M, (r) = o (log M (7)) 
(8.3) — log m (7) = 0 (log M (r)) 


hold simultaneously on a set of positive logarithmic density, then z=0 is 
said to be a (generalised) Borel exceptional value of f(z). It is 
clear from the analysis of Lemma XI, that Theorems 1—4 remain true if 


Borel exceptional values are understood in this, wider sense. 


14. Further generalisation — e.g. one involving the Nevanlinna characteristic 
of P(z)— would be possible, but would not suit our purpose. 
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Hayman“) has proved, that for any integral function P (2) 
—log (7) < 3 log M, (7) log log log M; (r) 
holds on a set of positive logarithmic density. In view of this result 
conditions (8.2) and (8.3) can be replaced by the single condition 


(8.4) log M; (r) log log log M, (r) == 0 (log M (7)). 


The following theorem —the proof of which is omitted — gives (in terms 
of the zeros of f(z)) a sufficient (but far from necessary) condition for 


z= 0 to be a (generalised) Borel exceptional value of f(z), 


Theorem 5. Let m(v) denote the number of zeros of the 


integral function f(z) in the disc: |Z) <7, and write 


(8.5) log n” (7) = logy max “OB "10 
(8.6) N(r) = n° (7°) + 2* (27)? log log n* (27) 


z=0 is a (generalised) Borel exceptional value of /(z) if 
(8.7) N (r) log log N (r) = 0 (log M (7)). 


We observe, that if f(z) is of infinite order, and z=0 is a Borel 
exceptional value (in the original, narrower sense) of f(z) (ie. if the 
sequence of zeros has a finite exponent of convergence: 0) then the condition 
of Theorem 5 is always satisfied. In this case 

WF) == 0 (7) 
mn (4) = O (77) 
N(r) = 00+) 
(8.8) N (r) log log N (r) = O (7°0**). 
We can use the inequalities (7.13) and (7.14) (replacing im (7.14) 
log M,(r) by —log (7) owing to the change in notation) and write 
log Mi (7) = O (7?*?) 
— log m;(r) = 0 (r+) 
Re {g(z)} > log| f (2)| — log Mi(7) = log| f(@)| —O(?"). 


15. Hayman [11]. 
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Hence g(z) is transcendental, and for n>0+1 


pice Me > r” max Re {g(z)} +0(1) > 


ue |e|=r 


(8.9) 
as 1 > oO, 
(8.7) follows now from (8.8) and (8.9). 
9. The method developed in paragraphs 4—7 can be easily adapted 
to establish the following (admittedly rather special) result, which we state 


here without proof. 


Theorem 6. If the function: f(z) = Xa,2 is of the 


form 

(9.1) Ol ata 

(here g(z) is a transcendental “® integral function) we must have 
Ay aa An 

(9.2) li 7 < oo 


se (log log 4,)'*® 


fortrany 60, 


10. We think it is not impossible that the Fejer-Biernacky result is 
essentially best possible in the sense that the gap-condition (1.1) can not 
be replaced by any weaker one, unless we restrict the growth of the function. 


However it is not even known whether the gap-condition 
(10.1) Aut =, Ae > coc 


or the slightly weaker condition 


CLOs2) Ay > oc 

n 
(both are referred to indiscriminately as the Fabry gap-condition) is compatible 
or not with the existence of an exceptional value. The only result in this 
direction is due to W.. Hayman, who proved that integral functions 
satisfying 


(10.3) lim (epee) eee 


16. In the case when g(z) is a polynomial one could easily prove that 


lim (Any1 — A) < oO, 
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or even the stronger 


(10.4) a ee 


can have exceptional values. Since this result has not yet been published 


we reproduce it here. 


Given any strictly increasing sequence: {Nm} of positive integers, 


we shall construct an integral function 


fo @) 


(10.5) f(@ = yen 2” 


n—0 


having no zeros, and with the property, that there exists a subsequence 


{mx} of natural integers, such that 
(10.6) C= 0, whenever Nm, ,><" Nm, 


for any k>0. 


Let {Rx} be an increasing sequence of positive numbers such that 


(10.7) Ko — 1, lim kK, — co 
k-> oo 


and {M,} be a decreasing sequence of positive numbers such that 
eo 
(10.8) Mo= 1, Mp< o&. 


We shall construct a sequence of polynomials: {P,(z)}° and a sequence: 


{m;}° of positive integers with the following properties: 


(10.9) (Ps), = Me for 2 3K; 

Ss 

pa P; (2) oo 
(10.10) giz! oe yee) 

n 
n—0 
cfs) = 0 for Ninyg <n Ss Ning; ]= Ws ay ony © 

(£0.11) c'8) = ctl) = cst?) — .. = ¢, for nS Nesai 


We take any polynomial Po(z) satisfying (10.9). (Conditions (10.10—11) 


do not restrict our choice.) E.g. Po(z) =% would be an admissible choice. 


Suppose now that the polynomials 
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Po (2), Pile), a, Fine 
and the numbers 
M, < M2 <= 1... S Map-2 


are already defined, that they satisfy condition (10.9) for 71<k—1, 


condition (10.10) for s<k—1, and the condition 


(10.12) cl) - elf+?) == ae) 
for nN, and j= 1, 2,5, eee 


MI 75+1 


Let us write 


h-1 
(1013) max | exp Pe} = A, . 
wismi | & 
Since 
Rad 
> 12 (z) i) 
e °? ee NS clk-1) gn 
n 
n=O 
is an integral function, we have that 
El | 
lim max e4-1) 0) =o. 
N09 |z|SR, Borer n | 
Thus we can define 24-1 such that 
= M 
(10.14) M27,-1 > Ma-2 and max ys cR—1) gh) sie 
\z|/SR, * | 34% 
Nag tt 


We define now the functions: i (z) and Qx (2) by 


Nays 


ae saree Foe ' es 
= Mk —1 
mo = B= eal Bre ne 


c(k- 1) gn i=0 n—0 
n 


n=0 


Qx (2) = log ha (z) 


(log w standing for the principal value of the logarithm.) 
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Since 


c(R-1) 2” 
n 


n=N yy, = +1 


elk=1) 2” 1=0 


n—0 


we obtain, in view of (10.13) and (10.14) that 


M 
(10.15) max li —hiots — 2a" 
|z|SR, 3 3 
Since 
jw)? eal - 
|log(1 — w)| < |w) Ree rpm en OR ry 


“ = op {-Y a 


ive) 


Pee 


"Nyy, _ yt 


1 


107 


clk-1) gn 
n 


we find that, by virtue of (10.15) Qe(z) is regular in |z2| << R,, and 


(10.16) max | Q,(z)| = max |log{1 —(1 —fa(z)}| < ad Vieg 
|z|SRp 3 


|z|SRp 


Since 


ic) 


O, (2) = Sdn" is regular for |z| < Ry, 


n—0 
[o@) 
lim max Gn2"| = 0. 
N>o |2|SRy | S| | 
Thus we can define m2, such that 
co 
(10.17) Mr, > Mo,-1 and max S Ine” 
|z|SRp eave vt 
2k 
We define now Px (z) by 
Ningk 
P; (2) = y Gnk”. 
n—0 


From the inequalities (10.16) and (10.17) we obtain that, for [2] < Rp 
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o fo 0) 
(10.18) | Pa (z)| = | Qn @)— y Gn2"| S| Qu(2)| + ne 
n=Nm pt} No), | 
ye 1 
<2m+tm = Ms; 
3 3 
(10.8) is thus satisfied for 7=h. 
Further 
} i 
ePp (2) — Oz (2) = exp | — Vn | =1+ b, 2” 
"ES Pi@+0r(@) P ete 
- Pats RN\Z iat zt 
ei = hy (2) xp| Fy ch = eel at 
k 
SPi@Z)  « E Nm 
e 1=0 a Ey gh 1! as ye bah | y agonal ) 
n=0 r—=Ny,,+3 n—0 
2h 
From this we deduce that 
EN) for nS Nw, 
cf) => 10) for Ninyp 1 << n < Nin, . 


Thus we have proved by induction the existence of a sequence P;(z) 
satisfying conditions (10.9—11). 


Now, in view of (10.8) and (10.9), = P;(z) converges for every 


= 


complex z. Thus 


6) = YP@ 


i=0 


is an integral function; and by virtue of (10.11) 


Ss 
D> P; (z) 0 © 
i} (2) 728 ON lima = lim ) c's) gn = yen zt 


s>00 sS>oo 
n=0 n—0 


Finally ~in view of (10.10—11) —the sequence {c,} obviously has the 
gaps, specified by (10.6). 
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Writing /(z) in the form 


FO) =e y a, 240 


it can be seen immediately that (10.3) will hold, whenever 


Nin+1 = Nin Sr gS, 


and (10.4) will hold, whenever 


(1] 
[2] 
[3] 
[4] 
(5] 
[6] 
(7] 
[8] 
[9] 


[10] 
[11] 


[12] 
[13] 


Nk 1 


Nin 
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THE ZEROS OF INFRAPOLYNOMIALS WITH SOME 
PRESCRIBED GOEFFIGIENTS © 
By 
. O. Shisha and J. L. Walsh 
in Cambridge, Massachusetts, U.S.A. 


Introduction 


The concept of infrapolynomial™® [Fekete and von Neumann 
1922] is defined as follows. Let A(z) be a (complex) polynomial of the 
form 2" + @—12""'+ ...+a(m21) and let S be a compact set in the 
z-plane containing at least 1 points. An underpolynomial of A(z) 


on S is a polynomial 

B(z) = 2" + Dg_12""! +... + bo (FA (2)) satisfying 
(1) | B(z)| < | A(z)| whenever z€S and A(z)#0, 
(2) B(z)=0 whenever z€S and A(z)=0. 


We call A(z) an infrapolynomial on S if and only if it has no 
underpolynomial on S. For example, if A(z) is the Tchebycheff polynomial 


of degree » for S (ie, if A(z) minimizes max [| P (z) 


, z on S] among 
all polynomials P(z) of degree®) with leading coefficient 1), then A (z) 
is an infrapolynomial on S. 

Let ” and 1 be integers, OS/<™m, and let S be a compact set in the 


z-plane containing at least »—/ points. A polynomial 
ALN = 2 = a ee ap 


is called an J-Fold restricted infrapolynomial on S® [Walsh 
and Zedek 1956] if and only if there is no polynomial B(z) (4A (z)) of 


1. This research was supported (in part) by the U.S. Air Force through the 
Air Force Office of Scientific Research. 

2. Originally called “extremal polynomial”. 

3. Dates in square brackets refer to the bibliography. 

4. We deal throughout this paper with the open plane of complex numbers. 

5. Degree of a polynomial will always mean its exact degree. The polynomial 
0 is assigned the degree —1. 

6. Originally called “infra-(n , !)-polynomial”. 
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degree m satisfying (1) and (2), whose coefficients Of 2” 29. nae 
equal the corresponding coefficients of A (2). 

The genesis of restricted infrapolynomials lies in the general theory 
of polynomial approximation to an arbitrary function on a given set 
[Walsh 1959, §3]. Let f(z) be a complex function defined on a finite set 
S in the z-plane, let m(20) be a given integer and consider the problem 
of minimizing || f(z) — P(z)||, where P(z) ranges over all polynomials 
of the form 2 cy2z”, Here || f(z) —P(z)|| is some classical measure of 

v=0 


approximation. For definiteness we assume it to be 


(1a) max [1 (z)| f(z) — P(z)|, 2 on S] 
or 
(2a) ye @|f@)—P@/, 

zes 


where >O and where (2) is a positive function. 

Let L(z) be Lagrange’s interpolation polynomial to f(z) on S. If the 
degree of L(z) is Sm, P(z)=L(z) provides a solution to our problem. 
Moreover, in this case, a polynomial P(z) is of degree <m and satisfies 
\|f (2) — P(2)|| = 0 if and only if P(z)—L(z) is a polynomial of degree <m 


vanishing throughout S. Thus, we assume 


L(z) = )iLy2", mnt ||| Chat 


v=0 
(and so, S contains more than m+ 1 points). The problem is to minimize 
|| L (2) — P(2)|| ie. to minimize 


| 3 (Ly — cy) 2” + ss ieee 
v=0 


v=m-+1 


Pp (Co > Cy 3) Sitieicg) Cm) = 


The choice L,=1 involves merely an unessential normalization of f (z). 
Suppose we hold f(z), S, and m fixed, but vaty our measure of 
approximation over all norms (Ja) and (2a), for all positive p and uw. 
To study simultaneously the corresponding polynomials of best approximation 
we introduce the concept of restricted infrapolynomials. We consider the 


class M of all polynomials of the form 
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Ay 2” Lye 

An element A(z) of M may have the property that no B(z) (EM , 4 A(z)) 
exists, satisfying (1) and (2). Indeed, if P*(z) is any one of the polynomials 
of best approximation considered, then, as is easily seen, L (z) — P*(z) (€M) 
is such an A(z). Thus, it is appropriate to single out the elements of M 
with the above property. This leads to the definition of restricted infra- 
polynomials cited before. Each of the aforementioned polynomials L(z) — P*(z) 
is an (%—m—1)-fold restricted infra-polynomial on S. Thus the study of 
restricted infrapolynomials enables one to find properties shared by a whole 
class of polynomials of best approximation. 

A similar instance giving rise to restricted infrapolynomials is the 
following [Walsh and Zedek, 1956]. Let 


S (2) FH ay 2"! + 0... + a 


be a given polynomial, m an integer (0S m<n), S a compact set in the 
z-plane containing at least m+ 1 points, and u(z) a function, continuous 
and positive on S. If P*(z) minimizes max [p(z) | f(z) —P(z)|, 2 on S] 
among all polynomials P(z) of degree <m, then f(z)—P*(z) is an 
(n—m—1)-fold restricted infrapolynomial on S. Here we are concerned with 
best approximation to a polynomial of “high” degree ” by a polynomial 
of “low” degree (<™), on a compact (and perhaps infinite) set. 

Conversely, every restricted infrapolynomial on a set S which vanishes 
nowhere on S can be written in the form f(z)—P*(z) where P*(z) 
minimizes a suitable norm (1a) [see Walsh 1959, §1]. 

The concept of a restricted infrapolynomial can be generalized by 


applying (1) and (2) to polynomials 


n Wn 
A(z) =) aya! BG) = yo bn 
yv=0 v=0 
with a;=b;, where 7 ranges over some subsequence of (0,1,..., %). 


Thus we arrive at the following definition [Shisha 1958, and for the case 
including 4,=6,=1, Walsh 1958]. 
Let ~ and qg be natural numbers (<7), m1, %2,..., %q integers such 


that OS 11<m< ...< Mm, and S a set in the 2-plane. A polynomial 
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B(z) is called an m-th underpolynomial of a polynomial A(z) 
on S with respect to (m, M2,...,%q), if and only if A(z) and B(z) 


are of degree [” 
(say A(z) = = ae , BR= = by”), Be) ZAC), bh =a, 


(v= 1,2,..,9), and (1) and (2) hold. An n-th infrapolynomial 
on S with respect to (m, m,..., %q) is a polynomial A(z) of degree 
<n having no ”-th underpolynomial on S with respect to (M1, 12,...,%q). 

To illustrate, and to motivate some results of §1, we consider the 
following. Let (22) be a natural number, S($0) a finite set of 
N(=n—1) points of the z-plane, and let aj be a given complex number. 


We want to study those polynomials 
(1b) A (2) = 2 + dire" +... + az +45 


which are m-th infrapolynomials on S with respect to (0, 7). Such -th 
infrapolynomials (on arbitrary compact sets) were studied in great detail 
by J. L. Walsh in a recent paper [1958]. 

Throughout S we have for every polynomial A(z) of the form (1b), 


z+as ize = 
A(e) = 2[— = + Vite] = 12@) + Yaar] 
y=) 


v—0 


where L(z) = Sen z” is Lagrange’s interpolation polynomial to aes 
on S. If the degree 5 of L(z) is <m—2 then, as is easily seen, 
z"—zL(z) +a (which vanishes throughout S) is the unique -th infra- 
polynomial on S with respect to (0,) of the form (1b). Suppose now 
5>n—2 (and thus NZ). For each A(z) of the form (1b) we have 
throughout S 


n—2 6 
Iy+a L 
MOVs apy a) ya fe, “| . 
v=0 ( Ls sh Ls 


One can show from the definitions that a polynomial (1b) is an m-th 
infrapolynomial on S with respect to (0,2) if and only if the expression 


in the last square brackets is a (6 —2+ 1)-fold restricted infrapolynomial 


on S. 
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Consider, in particular, the case N= which implies 6 =» —1. 
We thus arrive at 0-fold restricted infrapolynomials (i.e., the infrapolynomials 
we mentioned in the first paragraph) of degree »—1 on the -point set S. 


These polynomials are exactly those of the form 


n " 
g (2) 
) 1 = where A,y>0, of Ay=1 
= v= 


[Motzkin and Walsh 1957a, Theorem 13]. Here 
Se tay ha ek Ral g() = [[ @—»). 
Vv=1 


From this it easily follows that the -th infrapolynomials on S with respect 


to (0, 2) of the form (1b) are exactly the polynomials of the form 


(2b) zm 4 “| 0 i so ) may. @)| “ot a 


where 


| Paco te ye = 1. 
Vva=) 


By taking in particular 
te mal 
W=leeal ly |ge@dT  W=12 99), 
5 


(2b) becomes the (unique) polynomial minimizing max [| A(z)|, z on S] 
among all polynomials A(z) of the form (1b). This can be proved by a 
reduction similar to the one just made, using a formula of Motzkin and 
Walsh [1953] for the Tchebycheff polynomial of degree —1 for an 
m-point set. 

We return to a more general situation. 

For every natural number ”, we define a “simple m-sequence” 
to be a sequence having one of the forms (0, 1,...,%, 2—l, n—1+1, ..., ”) 
(0-8) 20) h+14+2< 7), (0, 1...,.%) [oS k<n], (—), »—-141, ...%) 
[0 <l<n]. Thus the complement with respect to (0,1, =, #)eof*a simple 


. s > 
m-sequence is a sequence without “gaps”. 


116 O. SHISHA and J. L. WALSH 


In the present paper we deal with 7-th infrapolynomials with respect 
to simple m-sequences, and our main aim is to obtain information on the 
geometric location of the zeros of these polynomials. 

It is to be observed that every ”-th infrapolynomial on a set S with 
respect to a sequence (M1, 2, ..., mq) is also an m-th infrapolynomial on 
S with respect to a simple m-sequence 0. Indeed, as such a 6 one can take 
any simple ”-sequence containing (7% , 2, ..., %q) as a subsequence. 

In Theorem 1 we show that given a simple m-sequence 6 of s 
elements and a finite set S(O if 0€6) of N elements, the problem of 
locating the zeros of the m-th infrapolynomials on S with respect to o is 
essentially trivial whenever N<n—s+2. Furthermore, for the first non- 
trivial case N= n—s-+2, we determine explicitly these m-th infra- 
polynomials (Theorem 1, c). 

We get similar, but more precise information from Theorem 2. We 
prove this theorem by the method we have illustrated above for the case 
Cs (One)e 

With the help of Theorems 1 and 2 we are able to obtain various 
results on the location of the zeros of m-th infrapolynomials on sets of 
n—sS-+ 2 points, with respect to simple -sequences o [Theorems 6, 7, 8, 
14 and 15]. 

In Theorems 3 and 4 we show that such m-th infrapolynomials are 
closely related in their structure to certain combinations of a polynomial 
and its derivative. This generalizes an observation of Fekete and von 
Neumann [1922] as elaborated by Motzkin and Walsh [1953]. 

There is a further reason for emphasizing m-th infrapolynomials on 
sets of %# —s-+ 2 points. Let A(z) (40) be an m-th infrapolynomial on a 
compact S, with respect to some simple #-sequence o of s elements 
(O€S if O€6). We set A(z)=B(z) D(z), where D(z) is a polynomial 
all of whose zeros belong to S, whereas B(z) is a polynomial vanishing 
nowhere on S. Assume that the degree 7 of B(z) is Ss. By an unpublished 
result of O. Shisha generalizing a theorem of M. Fekete [1951; Theorem I, 
cf. also II, 12] B(z) is a divisor of some Q(z), an m-th (ry <m< 2r—s41) 
infrapolynomial on an (m—s+2)-point subset So of S, with respect to some 
simple m-sequence 61($0 if 0€So) having s elements. By studying the 


location of the zeros of Q(z) with respect to So one may obtain results 
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on the location of the zeros of A(z) with respect to S. We prove a number 
of theorems by this method. 

After discussing in §1 general #-th infrapolynomials on some finite 
sets (with emphasis on (”—s-+2)-point sets), we devote §2 to m-th infra- 
polynomials with respect to (0,”). In §3 we treat m-th infrapolynomials 
with respect to (n—1, 1%). 

Very important tools in §§ 2,3 are theorems of J. L. Walsh on the 
distribution of the roots of certain equations [1922, Theorem VI, 1958 
Corollary 1 to Theorem 8]. We continue in the latter direction in § 4, 
and obtain results on the geometric location of the zeros of polynomials 
and other rational functions, closely related in their structure to the -th 


infrapolynomials discussed in §§ 1—3. 


§1. The n-th infrapolynomials on some finite sets with respect 
to simple -sequences. 

Theorem 1. 

Hypotheses : 

1. m is an arbitrary natural number, o a simple n-se- 
quence, Sits numberof elements, 

2, SGs)™ is a finite set inthe z-plane, Nits number 
of points, 


N 
ety [TL ¢- 


where O:= 12), ..., 2m}. 

peenecace G=-(0, 1,.....4)00r 0= (0, 1,...,.4,0—),u—1-+1, 2,2) 
we set K=k+1. In case 0€0, we set K=O. Thus 
Ke min Vi Veo, v= 0, 1, 2,...|- 

4. In case 0€0, we assume 0€ 5S.) 


7. There exists no n-th infrapolynomial on the empty set @ with respect to 9. 

For let 

n 

A(z) = & ay 

y=0 
be any polynomial of degree <7. Let » be an integer such that Of pon, pea, 
Then 

B(z) = (@u+1) 2" + & ayz” 
veo 


is an n-th underpolynomial of A(z) on @ with respect to 9. 
8. We shall discuss at the end of this section the case 0€a, 0€S. 
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Conclusions : 
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a. 
b. 
cS 
(3) 


If N<n-—s, there exists no mth infrapolynomial 
on.© with respect to a, 

If N=n—s+1, a polynomial A(z) of degree Sm is an 
n-th infrapolynomial on S with respect too, if and 
only if it vanishes throughout S. 

If N=n—s+2, a polynomial A(z) is an th infra- 
polynomial on S with respect too if and only if 
itis af the form 


é (2) 


oh 


N 
P (z) g(z) + azh .e dy 
ma 


where A,...,4y are non-negative reals with 


N 
Pini, 
yv=1 


a is a complex number, and P(z) a polynomial of 
degree <s—1 such that P(z) g@)-- aa" Gseae 
degree <n, 


It may be noted that there are N unprescribed coefficients of a 


possible 2-th underpolynomial of A (z) in case b, N—1 in case c. 


We defer the proof until after that of the next theorem. 


Theorem 2. 


Hypotheses : 


il 


The hypothesesiat Theoremat: 


2. ay isa given complex number for each veo. II deno- 
tes the set of all polynomials of degree Sn, 
whose coefficient of each 2 Wea)us a. 

Bi. he (2) SE ey 2 ol ope 8 Lagrange’s interpolation 
polynomial to 

g-K> ay 2” on 5, and Ao (2) =( % ap 2”) — 2K L (2). 
veo veo 
9. In case o is of one -of the forms (0,1,...,.4,2—1,n—I+1,.., m), 
(1—1, n—I+1, .., 1), the conditions on P(z) can be formulated more simply: P(z) 
is a polynomial of degree <s—2. In case o is of the form (0, 1, ..., ), they can be 


formulated: P(z) is a polynomial of degree <s-1, whose coefficient of 28-1 is —a. 
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Conclusions : 
a If N= m—s+1, A(z) is the unique m-th infra- 
polynomial on S with respect too, belonging to II. 
b. If N=n—s+2, a polynomial A(z) is an mth infra- 
polynomial on S, with respect to o, belonging 

to Il, if and only if itis of the form 
(4) As(@) ++ Enos thy £2 


2—Zv 
v=1 


N 
where A,>0, DA=—1. 
— 


Remark: Observe that Ao(z) vanishes throughout S. Thus in case 
N=n—s+2, we may set 


s—1 


(s) Ao (2) = (> at *) e(2). 


yv=0 


imeparticular, if Gis of the form (0,1, 4., 4%) of (0; 1, ...,%), we have 


(6) Ao(z) = (ds ay 2) — 2611 (2) = (S: Oy 2’) g(2). 


veo 
For j=0,1,...,%, we get from (6) by Leibniz’s rule for differentiating a 


product 
Lay me ds ae 
Sas (a - v ca | eee Oy, 2” == 9! MO; ; 
dzi ( g (2) d rile dk. | dz % i Ss f f 
4 (v) 
. 1 1 * 
= a. 
7) a % vy! ( & (2) es Ue 


From (6) we observe also that if o=(0,1,...,%,), then Ly1= ETT 


so that (4) can be put in the form 


8) 
(8) (S eG, ”) 8 (z) + (aq — og ) 24 y Ay ae 
y=0 
If o=(0,1,...,%), we have Ly-1 = — a . 


Proof of Theorem 2: We consider first the two cases (i) N=n—s+1; 
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and (ii) N=n—s+2, Ly-1=0. If B(z) is a polynomial belonging to II 


and vanishing throughout S, we can set 
BY) = ( as) — 2X12), 


where /(z) is a polynomial of degree <”—s which equals coe 2” One 
Thus /(z)=L(z), and therefore B(z)= Ao(z). Hence Ao(z) is the unique 
polynomial belonging to II and vanishing throughout 5. Thus, Ao(z) has 
no #-th underpolynomial on S with respect to o, but is itself such an 1-th 
underpolynomial of every A(z)(€ I], # Ao(z)). Hence the desired conclusion. 

Let now N=n—s+2, Ly-140. Let II denote the set of all 
polynomials of degree ™—s-+1 with leading coefficient 1. For every 
A(z)€II, let A(z) be the element of II satisfying 


(9) A(z) = iS hs | + 2®[—L(z) + Ly A(z). 
vEo 


We observe that for every B,(z) ell, 


B (z) (y ay | + 2K [—L (z) + Ly_s B; (z)] 
vEo 
belongs to II, and B, (2) =B(z). 

Equation (9) implies 
(10) A(z) = Ly— 2* A(z) throughout S. 

From (9) and (10) it follows that if A(z), B(z)EM, B(z) is an 
m-th underpolynomial of A(z) on S with respect to o, if, and only if, 
B(z) is an underpolynomial of A(z) on S. Thus, an element A(z) of II 
is an m-th infrapolynomial on S with respect to o, if and only if A(z) is 
an infrapolynomial on S, i.e. [Motzkin and Walsh 1957a, Theorem 13] 
if, and only if, A(z) is of the form 


ya EO) (20, Y=1). 


From this (observing that every polynomial of the form (4) belongs to II) 
the result follows. 


THE ZEROS OF INFRAPOLYNOMIALS... 121 


Theorem 2 includes the cae N=n—s+2, s=1, o=(n), a®=1, 
K=0, whence L(z)=Ly1.2"+...=2", Ao(z)=0; thus an A(z) of II 


is an #-th infrapolynomial on S with respect to o if, and only if, 


’ 


<5 Pe ae 
AQ) =AQ) = Vb 


—Zy 


v1 
which is the theorem of Motzkin and Walsh just cited. 


Proof of Theorem 1: Let 


A(z) = ay 2 
(@) DES 
be an arbitrary polynomial of degree <m, and let II, L(z), Ly—1 and Ao (z) 
be as in Theorem 2. 

Suppose N<n—s. 

We define B(z) as follows: it is Ao(z) if Ao(z)AA(z), and 
otherwise it is Ao(z) + 2% g(z). Then B(z) [AA(z)] vanishes throughout 
S, and belongs to I]. Thus, B(z) is an 7-th underpolynomial of A(z) on 
S with respect to 6, which proves (a). 

Let now N=u—s+1. We saw in the proof of Theorem 2 that 
Ao (2) is the unique element of II vanishing throughout S. By conclusion 
(a) of Theorem 2, A(z) is an -th infrapolynomial on S with respect to o, 
if, and only if, A (z)=Ao(z), i.e. if, and only if, A(z)=0 throughout S. 

Consider finally the case N=n—s+2. If A(z) is an n-th infra- 
polynomial on S with respect to 6, then by Theorem 2 it is of the form (4), 
and therefore, by (5), it is of the form (3). Conversely, let A(z) be of 
the form (3), so that 


n 


A(z) = ya 2’ = P(z)g(z) + azktN— + ast (—24 +h e). 


e—hy 
v=0 


Consider the polynomial 


oem eet(-att + Sk) 


o— By 


It is of degree <1, and its coefficient of 2” is 0, for every V€o. Therefore, 


R(z) = P(e) e(2) + azktn—! 
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is also of degree <m, and we can write 
RQ) = ( at) — 2M (2), 


where M(z) is a polynomial of degree <n —s(=N—2). Throughout S 


we have 


KUM (2) 4-02") = Ns ay | — R(2z) + azk+9—! = Yap 2’, 


veo veo 
and therefore by the definitions of L(z), Ly-1 and Ao (z) we have 
M(z) = oe4— a Lh () Fa = La. 
Thus, 


Ea 


Z—Zy 


22) (Yia 2’) — 2K [L(z) —az¥-"] + Q(z) = Ao(z) + Ly-12K S hy 
veo 
By Theorem 2, A(z) is an m-th infrapolynomial on S with respect to 6. 


This completes the proof. 


Theorem: 3 Let the bypotheses of Theorem tenor 
with N=n—s+2. For every complex number B, and every 
polynomial P(z) of degree <s—1, P(z)g(z)+ Bz" g’(z), if of 
degree Sm”, is an mth infrapolynomial on S with respect 
to o. More generally: let G(z) be a non-constant poly- 
nomial all of whose zeros (not necessarily simple) belong to S, 
B an arbitrary complex number, and P(z) an arbitrary 


polynomial of degree Ss—1. Then 


he feo G' (z) g(z) 
A (2) = P(z) g(z) + Bek a 


if of degree <n, is an m-th infrapolynomial on S with 


respect toc. 


Proof: For v=1, 2,...,.N, let my(20) be the multiplicity of z, as 


My 


N 
a zero of G(z), and let A, = yea where M =)" mj. Then 


j=1 
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G’(z) = > My, — 


G (z,,)=0 


so that 


A (z) = P(z) g(z) + p Met \*1, £2) J 


and we can apply Theorem 1. 

Remark: The polar derivative of a non-constant polynomial 
f (2) with respect to a point 2 of the z-plane is defined as 

mf (z) — (2-20) f’(2), 

where m is the degree of f(z) [Laguerre 1898. We use the terminology 
of Marden 1949.] From Theorem 3 we get: if f(z) is a polynomial whose 
degree m is 22, and whose zeros are simple and 40, then its polar 
derivative with respect to 0 is an (m—1)-th infrapolynomial on the set of 


zeros of f(z) with respect to (0). More generally: let f(z) be a polynomial 


of degree 22, and 21, %,...,2%n its distinct zeros, and suppose N22, 
O¢€S = |4,..., zw}. Then for every complex number B, fh AOE). 


is an (N—1)-th infrapolynomial on S with respect to (0). Here 


N 
g@) = [[@¢-4), 


and f(z) is the polar derivative of /(z) with respect to 0. 


The following is, in a limiting sense, a converse of Theorem 3. 


Theorem 4: Let the hypotheses of: Theorem 1 hold, 
let N=n—s-+2, and let A(z) be an mth infrapolynomial on 
S with respect to o. Then there exists a sequence (G;(z))i 
of non-constant polynomials all of whose zeros belong 
to S, a sequence (f,;)f21 of complex numbers, and a poly. 
mpomiol 2 (2) of degree =—s—1, such that 


CG; 


converges uniformly to A(z) on every bounded set. 
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Proof: Write A(z) in the form (3). For v=1, 2,..,N—1, let 
(AD)2, be a sequence of non-negative rationals <hy, converging to Ay. 
v 
Letsfot 7 = 15 2.0, 


Nat 


WD = 1 - Sw (S15 Yet 0): 
y=1 


pol 


Then also lim MD = Ay. 
j>© 
mi) A . 
Set A) = 3 ; By ia SA ca Ne 7 = 1; 2,...) where 
j if 


ms) (> 0) and d;(>0) are integers. Finally, for 7=1,2,..., define 


G;(z) = IL¢ EY ie 


Then 


G’; (2) g (2) 


7) _&&) 
Gh es = P (z)g(z) + azk yx AF) = —— 


2— hy 


A; (2) = P(z)g(z) + By 2k 


converges uniformly to A(z) on every bounded set. Observe that by 
Theorem 1, each Aj(z) is itself an m-th infrapolynomial on S with 
respect to o. 
Theorem 5:- Let the hypotheses of Theorem 2 -hold, 
and let w(z) be a function, defined and positive on S. 
a. If NSou—s, there exist infinitely many polyno. 
mials T(z), belonging to II and satisfying 


(11) max [u(z) |T @)|, 2 on S| max (WG) AG) ieee ons! 
for every A(z)Ell. 


b. lf N=a—s-+1, Aj@) is the only such 7). 
c If N=n—s+2, 


N 
To(2) = Ao) + Ly att 13 @ 
Vv) 


a— By 


is the only such T(z). Here 


_N 
AS = | wea’ Ca)" [S"| ua) ake’ OS Ea 5) 
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Proof: If N<m—s, then for each number a, 


To (2) = Ao (2) + ark g(z) = (> ay * + 2*(—L (2) + ag (z)] 


veo 
belongs to II and vanishes throughout S. This proves (a). 

Consider next the two cases: N=n—s+1; and N=n—s+2, 
Ly-1= 0. Ao(z) is, as was shown in the proof of Theorem 2, the unique 
element of IT vanishing throughout S. From this follows the result. 

Suppose finally, N=n—s+2, Ly-14#0. We use notations of the 
proof of Theorem 2. Equation (10) implies that for every A (z) EI], 


(11a) max [p(z)|A(z)|, z on S] = | Ly—s | max [ (2) | 2k A(z) |, 2eONes)|: 


As mentioned in that proof, every B,(z) € IE is a B(z) for some 
B(z) € II. 

From (11a) it follows that a T(z) belonging to IJ satisfies (11), 
if, and only if, 


max [«(z)|2* T(z)|, z on S] < max [u(z)|2% Bi(z)|, z on S] 


for every B,(z)€ II, ive., [Motzkin and Walsh, 1953] if, and only if, 
N 


t@= pute, 


a—fhy 


v1 
that is, if, and only if, T(z)=To(z). Since To(z)€II, this completes 
the proof. 

Theorem 5 determines explicitly, in the cases N= nm—s+1 and 
N=n—s+2, the polynomials T(z) of least Tchebycheff norm (1a) on S 
with weight function 4(z) among all polynomials of II. Theorem 5 extends 
readily to include the polynomials of II minimizing the norm (2a); see 
[Motzkin and Walsh, 1955, 1956]. 

We now illustrate our results by an example. Let 21,...,2,(" 2 2) 
be distinct points of the 2-plane, set 


n 


gZa= [[ ¢-). 


y=1 
and assume 04S = {z1.22,...,%,|. By Theorem 1, a polynomial A (z) 


is an ”-th infrapolynomial on S with respect to (0, ”), if, and only if, 
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it is of the form 


&(2) 
arty, 


aog(z) + az hy 
ifs k 


where a) and a are complex numbers, and Ay are non-negative reals with 
Ay = 1. In particular (cf. Theorem 3), for every pair % , B of complex 

ih 

numbers, Og(z)+(ze'(z) is an m-th infrapolynomial on S with respect 


to (0, ”). Let a> and a, be any given complex numbers. By Theorem 2 
and the remark following it, a polynomial A(z) is an 1-th infrapolynomial 
on S with respect to (0,) having a> and a, as its coefficients of 2° 
and 2" respectively, if, and only if, it is of the form (cf. (8) and (7)) 


0 ; 3 . ) 
Gi hae (a: -' anh >» ae 


(12) 


est 
n 
where Ay =O, yoy = (Pe 
(sen 
We turn now to geometric properties of the zeros of infrapolynomials 
with some prescribed coefficients. Given a set E in the 2z-plane, we denote 


by E* its convex hull. 


Theorem 6; Let the hypotheses of Theorem 2 hole 
with N=n—s+2. Denote by II, the set of all mth infrapo- 
lynomials on S with respect too, belonging to II. 

a If o is of the form (0,1,2., 2. %—2 “-—t-1t, Hoe 

(n —1,n—1+1,...,m, if } >0, and if 


n 


v=n—[+1 


then there €xists 2 positive 2, such that every zero of 
every A(z) eé II,, is of modulus<dZ. 
b. If ois of the form (0, 205k 2 — (7 
(Ost eoae Re one 


a, 7) ONE 


k 
yl ah] > 0, 
v=0 
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and if 0€S*, then there exists apositive @ such that every 
zero (#0) of every A(z) € Il, is of modulus2h. 
We shall use in the proof (as well as in later sections) the following 
Demme: Let dy, 21, «, au (HS 1, so for V=1;2,...,m) be 
points of the z-plane, and let Ay, A2,..., Am be non-negative 
reals with 


yn, sak, 
v1 


Then there exists a c* (F2%) belonging to {z, 22,..., 2m", and 
ma OA 1, such that 


Proof of the Lemma: Set 


m i 
(13) co by Sapeae er, 
v=1 


If a=0, we may take c*=2,, A= 0. We suppose therefore that a~ 0. 


From (13) we have 


™m™ mm 
&=% Ere A Saar oe 


==) v=1 
Let 
m 
—_ ae —_ 
Le No \25 2, |), Zo — 2; | | Cian 2 eer?) 
j=l 
m 
— y Pee 
pv=1 
Then 
ce = \z1, 22, > 2m)» 
and 
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Thus 
1 = Pak 
(14) a=|ap aa) ble als 


From (13) we get 


ers(Yes) = -(VEq Ws aya 


Setting 


Ve larl) lett 


we have 0< A<1. Also, by (13) and (14), 


Proof of Theorem 6: Let the hypotheses of part (a) of the Theorem 
hold. Then K<s—2. Also, since the degree of Ao(z) is >n—l, (5) 
implies that 


Sao 


ye ant 0. 


DK 
We choose a positive H (2 max [|z|, z on S]) such that 


s—1 


(15) (ESOS e a2 Lea 


v=0 
whenever |z| > H and c € S*. 
Let % be a zero of an A(z) € Ili. Suppose first that zo ¢ S. By 
Theorem 2 and by (5), an equality 


s—1 


N 
jr. 
yi at 22 + Ly 2k) = 
V 0 2 — Zy 


y=0 ps1 


holds for some Av(= 0) with 
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By the Lemma, for some c* € S* and some A (0 <A<1) we have 


s—1 


(16) (), 052) + Ly_12k 


v= 0 


=0. 
% —c* 


Therefore, by (15), |%0|< H. If 2 € S, then |2|<H by the definition of H. 
Suppose now the hypotheses of part (b) hold. Then 


k 
Y [as | > 0. 
v=—0 


Choose an h (O<A<min [| 2], z on S]) such that 


s—1 


(17) |@—)z-* Yat | > 


n=O 


Lyi | 


whenever 0 < |z|<h and ce S*. 

Let 20(#0) be a zero of an A(z) € Ih. If 2% € S we have again a 
relation (16) with c* € S*, O<A<1, and by (17), |%| 2A. If 2 € S; then 
|20| 2h by the definition of 2. 

We conclude § 1 with the following remarks“, concerning especially 
sets S containing 0 and sequences (”;) containing 0. 

Poletti tien, Mt ee 0S 1 Se < a. = Ng Sm) be 


integers, and S a set in the 2-plane 


a. If O€ S, every polynomial Z a,z” with 4940 is an m-th infrapo- 
v=0 


lynomial on S with respect to (#1, 12, ..., 1g) 


b. If g2=2, a polynomial 2 a,z” is an m-th infrapolynomial on S 
a 


n 
with respect to (71, ..., %,), if, and only if, 2D ay 2’-! is an (n—1)-th 
y=1 


infrapolynomial on S —- {0} with respect to (m,—1,..., %q— 1). 
To prove (a), we observe that if B(z) is an 7-th underpolynomial of a 
polynomial A(z) with A(0) 0, on S(3 0), with respect to (11, %2, «.. . M4), 
then we have both B(0)=A (0), |B(0)| < | A(O). 
(b) is easily proved from the definition of an infrapolynomial with respect 


to a sequence. 


10. Compare with [Walsh 1958], Jast paragraph on p. 297 and the one following. 
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II. Let be a natural number and S a set in the 2-plane. 
a. Suppose that either (i) S contains fewer than points, or (ii) S 


contains exactly ” points one of which is 0. Then there exists no 


n 
J 

n-th infrapolynomial on S with respect to (0) of the form by: hg ae 
qyva1 


b. Suppose S (finite or infinite) contains more than ™ points. Then 


the polynomial 0 is the unique -th infrapolynomial on S with 


n 
respect to (0) of the form Nea) m, 


Vv—1 


Proof. In case (a), given any polynomial 


n 


AZ) = y aye", 


y= 1 


we can find a polynomial B(z) (FA (z)) of degree , vanishing throughout 
SU {0}. This B(z) is an m-th underpolynomial of A(z) on S with respect 
to (0). In case (b), 0 is obviously an 7-th underpolynomial of every polynomial 


n 


S ay 2” (0) 
v=a1 
on S with respect to (0), but 0 has no ”-th underpolynomial on S with 


respect to (0). 


II. In Theorem 1 we assumed that if 0 € 6, 0 € S. Suppose now 
that hypotheses 1—3 of Theorem 1 hold, and that 0 € o, 0 € S. We want, 
as in Theorem 1, to determine all m-th infrapolynomials on S with respect 


to 6, whenever N is smaller than some bound. Because of Ia, we can restrict 


n 


ourselves to polynomials of the form y ayz", and because of Ila and IIb 
(ha | 


we may assume 6 ~(0). Let 
@ =5( 0) 70s tae ee) 
Then 
O1=(%—1, —-1,..., Ms— 1) 


is a simple (%—1)-sequence, and by Ib, a polynomial yy ay2" is an m-th 


v=) 
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infrapolynomial on S with respect to o, if, and only if, ya geet 45° an 
p=1 
(n—1)-th infrapolynomial on S— {0} with respect to o,. By applying 
Theorem 1 to the polynomials yaya —' one easily shows: 
v=1 
a. If NSn—s+1, there exists no m-th infrapolynomial on S with 
n 
respect to 0 of the form >% tte 


v=] 
b. If N=n—s-+2, a polynomial S’a,2” is an -th infrapolynomial 
v=1 


on S with respect to o if, and only if, it vanishes throughout S. 


c. If N=n—s + 3, a polynomial >% 2” is an ”-th infrapolynomial 
: p=1 


on S with respect to o if, and only if, it is of the form 


1 e@) 
P (2) g(z) + azk- ya = 
2,60 
where A, are non-negative reals with 
“- 
yay =1, 
y=1 
ty 40 


a@ is a complex number, and P(z) is a polynomial of degree <s —2 such 
that P(z) g(z) + azKt+N—? is of degree <n. 

IV. Similarly, with the aid of Theorem 2 we can show the following. 
Let hypotheses 1—3 of Theorem 1 and hypothesis 2 of Theorem 2 hold, 


let O€ o, OE S, and let a= 0. 
a. If N=n—s+2, (2) (see below) is the unique #-th infra- 


polynomial on S with respect to o, belonging to II. 
b. If N=n—s+3, a polynomial A(z) is an »-th infrapolynomial 


on S with respect to 6, belonging to II, if, and only if, it is of the form 
N g 
Qo (z) _ Awn-2 ger iS dy —-—— 


v1 
Zy £0 


where A, are non-negative integers with 
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pal 
y= 0 
Here (z) = (( x ay a 2K A (2) Fi where A (z) = Axes ide +... + Ao 
v€ 


Oo 
Nie: a = 
is Lagrange’s interpolation polynomial to z~* - ane” on 5S = 4077 
VEO 


§2. On the zeros of »-th infrapolynomials with respect to (0, n) 


Many results on such polynomials Saye (with a, = 1) were given 


recently in a paper devoted primarily to fee study [Walsh 1958]. 

We begin by considering the location of the zeros of m-th infra- 
polynomials on sets of ” points with respect to (0, ”). 

Theorem 7. Let be an integer 22, S(O) a set of 
distinct points of the z-plane: S = {2:, 22, ..., 4s), ama 
A(z) = ap ta2+..+ a-12"' + a,2" an nth infrapolynomial 


on S with respect to (0, ”). Set 


gi) = Il ¢-»). 


I. If a =0, a0, then every disc F such thas 
SCr, 041), comtains all zeros of 4 (2.03 


ay 
Ii, Sw ose @,7-0, and denote o* = ———_—.. 
ae a § (0) 
ao 
a) If a*=1, A(z) =—~ (2). 


b) Let a” be #1, and let T be a dise containinos.s 
Then all zeros of A(z?) belong to FUT, where f isthe 
dise oF “(ie the set of all @%%, 2eE9[30 Vf F aad meee 
disjoint, the number of zeros of A(z) im F and inte 
respectively, ~—1 and 1.) 

11. If a} = a¥ =0, then by (18) (below), A (2) = 0. 

12. A “disc” will mean a set of the form {2: |2—y,| <7, where 0< r<o, 

13. If ar = 0, A(z) is easily seen to be an (n—1)-th infrapolynomial on S 


with respect to (0). By Theorem 10 (below), if aj 40, all zeros of A(z) belong to 
the “convex hull of S with respect to 0”. 


14. Obviously, if Fr has center Y) and radius r, a*1r will have center a* Yo and 
radius |a*| r. 


15. When we speak of “number of zeros”, multiplicities are always counted. 
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We shall need in the proof the following theorem [Walsh, 1958, 
Corollary 1 to Theorem 8]. 


Theorem. Let %,%, .., % be points of the z-plane 
Ns 


lying in adiscT. Let C be a complex number, 41, A:,.. 


non-negative reals with SAy=1, and let 
v=1 
= z 
R@)=C— Si. 


2—2y 
v1 


Then 
I. If C=1 and O4F, all zeros of R(z) belong to F. 
Il. Suppose C41. Then all zeros of R(z) belong to 


C 
TUF’ where I’ is the disc mae If ff and F are 


disjoint, then the number of zeros of R(z) in F is 1. 


Proof of Theorem 7. We set, in accordance with (12) 


© 4% ol 48) 
(18) A(z)= Ak e(z) + (an — Soy) X Mees 


n 


where the A,y’s are certain non-negative reals with Shy =r 4h, 
ed 


y=1 
I, Let a, = "0, 44-20, and lec F (0) be a2 disc containing S. Let 
Z be a zero of A(z). If g(%)=0, 2%€S, and therefore 2€T. 
If g(%)AO, then by (18) 


" z 
0 
1— yoy = 0, 
20 — ey 
v=1 


and by I of the previous theorem, 2 €I again. 


Il. Let a0. If a*=1, then by the definition of a* and by (18), 


A(z) = Fy 8: Suppose, now, that a”=41 and that F is a 


disc containing S. From (18) we get 


(19) A@ = [ - at |[ce@ — 2) £2) 
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* 


ao ao * 
= me : d therefore —-— =a 
where C mar Fl0) pee ee erefore G5 
Let 
. z 


val 
By the previous theorem, all zeros of R(z) belong to rire 
Since the same is obviously true of g(z), all zeros of A(z) belong 
to TUL’. If F and F’ are disjoint, then the number of zeros of 
A(z) in YF’ is the same as that of R(z), which by the previous 
theorem, is 1. This concludes the proof. 
Theorem 7 will be generalized (to arbitrary sets S) in Theorems 11 
and 12 below. 
The next theorem relates the zeros of an -th infrapolynomial on a 
set S of m points with respect to (0, ), to the convex hull of S (rather 
than to a disc containing S, as in Theorem 7). For this purpose we need 


the following 


Lemma. Let’ 21, %,..,% be points of the 2-plaqe 
n 

Ai, 42, ..54, non-negative reals with ikea atid \C ara 
— 
v=1 


arbitrary complexmumber Let 


= 
Sense) oo eal 


ony 


AG = Il¢ — 2y), 


and 


a ee g (2) 
PG@)=C2G) ate a, 
Let berany zero of P(z). Then: 
Lae CaO SCe louse: 
Il. If C0, CE(o}uUs)*. 
It]. In each of the following cases: 
17 2G 05) -O'dio- 
2 C= O0.0r cris 
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3. C is not real, 
¢ can be written in the form pc* with cte€S* and 
with 0 satisfying: 

In cage 1: p<0 or 9621. 


In case 2: o (is positive and) belongs to the closed 


interval whoseendpoints are 1 and ——— 


—1 
In case 3: © belongs to the image T of the closed 
interval [o , 1] under the transformation wan. T isa 
—Z 


circular arc and can be represented as 


qety 
Te Sear eet. ter,\ 


2sin 7 2sin 7 ie 
Also 
(21) T = ee tet} 

2sin 7 


. . TU 
I, is the closed interval whose endpoints are Se oth and 
Tu ; f : 
eel Game Le Iz is the closed tnmterval whose endpoints 
mee and fo.. 7 aud fe ate, respectively, the arguments of 


C 
Cand of fo (whey a, ot). As a tesult of (21), 


sin(y—t) | : apse 
< ee Se ey his 
as max | ae ero | [sin 7'| | Im (C) | ° 


Proof. I, II and III are trivially true if ¢€S (in III we can take 


then c*= £, 0 =1). We assume, therefore, that €€S, and so 


n Vee 
(22) Cs aan co 
ms = ce 


We make use of the well-known fact that an equality of the form 


16. Therefore, every set in the z-plane containing S* , and containing together 
with each of its points all its real multiples, contains §. 
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q 


Ey 
X—Xy 


Vy=1 
where % ,%1,..., %q are complex and pf, are non-negative reals with 
q 
‘S he shy, 
Vim 
. . . . \* 
implies that * lies in {[%1, %2, ..., %aj- 


From this and from (22), I follows immediately, and so does II, 
for, if C0 and ¢-—0, 


Cl ty 
ane 6h 
C—O T y C—Zy 


To prove III we set, in accordance with the lemma preceding the 


proof of Theorem 6, 


- Boe (0 SA<1, eS). 


From (22) we get 


Ag 5 : 
as tek Bags €(C—A) = Ce*. 


In each of the cases 1,2,3 of III, AA0, C—ASO, and by setting 
(23) ==> 


we have ¢ = oc". Moreover, in case 1, O0<O or 0 >1 (depending on whether 


Cc 
C=<i or G=A)= in case 2 1SpSez if CS1, and ee) 


if C<0. Finally, in case 3, (23) shows that @ belongs to the image of 


: ¢G 
the closed interval [0 , 1] under peepee The rest of the lemma is obtained 


by some elementary considerations which we may omit. Compare Walsh 


[1950, § 4.2.3]. 


Theorem 8. Let S($0) be a set of m(22) distinct points 
of the z-pla net: S917). 2250.5 2p let 


THE ZEROS OF INFRAPOLYNOMIALS... 137 


A(z) Sap t+ az t i. + ayy Zz"! + at zn 


be an n-th infrapolynomial on S with respect to (0,%). 
Suppose a —4,g(0)40") where 


n 
g() = [J @--). 
mes F 


ay 
a3 — ay g (0) 
I, I and III of the preceding lemma hold. 


and denote C= . Then for every zero ¢ of A(z), 


Proof. We set, in accordance with (12) 


where the A, are certain non-negative reals with 


n 


Then 


where 
Pz) = Ce (2) —2 S (poe 


The conclusion of our theorem follows now from the last lemma. 
As a direct consequence of our last lemma we have also the following 


result on the location of the zeros of polynomials of the form Ag (z) — zg’ (2). 


Theorem 9. Let 


n 


e@=][e-%) 2) 


v1 


be a polynomial, C an arbitrary sane number, 


17. If aj —an g(0) =0, then by (12), A(Z)=——-g (2). 


g OF 
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) 
Sea (29, Zt amg ones 


and 
h(2) = nCg (2) — 2e'(2). 
Let € be any zero of A(z). Then I, Il and Hl of the last 


iS 
enmimlanhonld: 
Proof. The theorem follows at once from the last lemma upon 


noticing that 


n 


h(z)= n\Ce(e)—2 ys -- zone 


re 
v1 


Before turning to the study of infrapolynomials on arbitrary (not 
necessarily finite) sets, with respect to (0 ,”), we consider a narrower class 
of n-th infrapolynomials, namely, that of ”-th infrapolynomials with respect 
to (0). Such infrapolynomials are related in a simple way to ”-th infra- 
polynomials with respect to (n). This relation, essentially due to M. Fekete, 


is as follows. 


Lemma. Let S be a set in the z-plane, 0€S, and let 
A(z) = as (7 2 1) 
be a polynomial. Then A(z) is an m-th infrapolynomial on 
» With respect ta (0), if, ancdeom lye: 


n 
Vv 


A(z) ee 
v=0 
is an #th infrapolynomial on S-* with respect to (m). 
(S-" is the set ofall 2 zeo). 

Proof. Let A(z) be an m-th infrapolynomial on S with respect to (0). 
Suppose A(z) is not an ”-th infrapolynomial on S~' with respect to (n), 


and let 
Bi) = Dare 


be an m-th underpolynomial of A(z) on S~' with respect to (7). Using the 
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fact that 


n 
A(z) =2" A(z), B(iz)= 2 Bs"), [Bo = Ss b, =|, 
v=0 

one easily shows that B(z) is an m-th underpolynomial of A(z) on S with 
respect to (0), which contradicts our hypothesis. 

This proves one half of the lemma. The other half is similarly proved. 

More generally: let , #1, %2, ..., % be integers, 1595, 
O0OSm<Im<..< Mm Sn, let S be a set in the z-plane, and A(z) an 
n-th infrapolynomial on S with respect to t= (m1, %2,...,%). If 0€S, 
then 2" A(z~') is easily seen to be an -th infrapolynomial on S— with 
respect to (n—,,%—M_1, ..., N—11). Also: let @ be an arbitrary complex 
number. One shows readiiy that if @~0, then A(az) is an m-th infra 
polynomial on a-'S with respect to t, and that if t is of the form 
(n—l ,n—1+1,...,”) [20], then A(z—a) is an n-th infrapolynomial 
on a-+S with respect to t. (We denote by a+S the set of all a+z, z€S). 

Before using the last lemma, we make the following observation. 
Let S be a set in the z-plane such that 0 does not belong to S, the 
closure of S. Let C be the intersection of all circular regions R such that 
R>S, O0¢€R. (Circular regions are discs, closures of complements of 
discs with respect to the Z-plane, and closed half-planes). Let D be the 


intersection of all discs containing S~'. It is not difficult to see that 
C = [D—{oj]-' = ((S"' — fof} 


(Gf. footnote 4 of the introduction). C is called the convex hull of S 
mith respect to 0. 

Using this concept we have the following hitherto unpublished theorem 
due to M. Fekete : 

Theorem 10. Let S beaset in the z-plane, 0€S. Let 
be an arbitrary natural number, 


n 


A(z) = Ds Ape 


y=0 


an n-th infrapolynomial on S with respect to (0), and let 
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ap = A(0) 40.8) Then all zeros of A(z) belong to C, the 
convex hull of S with respect to 0. 

Corollary. If S lies in a circular region R which does 
not contain 0, then all zeros of A(z) belong to K. (Fos, 
obviously, CCR). 

Proof of Theorem 10. By the last lemma, 


n 


A(z) = Yo anmy Ze 


v=0 


is an ”-th infrapolynomial on S~' with respect to (”). A(z) is a fortiori 
an m-th infrapolynomial on ‘S—' (containing S-!) with respect to (x). 
Therefore, by a well known theorem of Fejér [Fejér, 1922], all zeros of 
A(z) belong to (Sys If Zo is a zero of A(z), then 740, 


Aas) =z" A (Ze) = 0), 
and therefore, 25’ € (s=) — {0}, which implies that 


z€[(S~)* — fol" = C. 


We turn now to #-th infrapolynomials on general sets S with respect 
to (0,%). The following Theorem 11 was motivated by an earlier, but 
weaker result by J. L. Walsh [1958, Theorem 9]. 

Theorem 11. Let S be asubset of adisc A(0¢@A), and 
let A(z) (#0) be an mth (22) infrapolynomial on S with 
respect to (0,#), Then there exists a complex numperses 
such that 

a, All zeros of A(z) belone tq AUe A, 

b. If A and a*A are disjoint, the number of zeros of 


A(zjin a Adis at most 4. 


Remark. For every disc A not containing 0, and every complex 
number a (40), A and aA subtend the same angle at 0 [cf. Walsh 1958, §5]. 
In the proof of Theorem 11 (and of some other theorems of §§ 2, 3) 
we use the following structure theorem due to O. Shisha [1961], which 


is a generalization of a previous theorem of M. Fekete [1951, Theorem t]2 


18, a)~ 0 is easily seen to be equivalent to 4 (z)40 F 
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Theorem. Let # and s (1Ss<4) be intepers, and o a 
Simple w-sequence of selements, Let S be acompact set 
in the z-plane, and in case 0€0, assume 0€S. Let A(z) (40) 
be an mth infrapolynomial on S with respect too, and 
let B(z) (0 throughout S) be a divisor of A(z) of degree 72s, 
Then B(z) is a divisor of some 


m—S-+2 
O@=P)ay+e S180, 


ead 
an m-th infrapolynomial on {Z, 22, ..., Zmsy}GS with respect 
mamor. tere M if anh integer satisfying rams 27—s+1, 
Ene, 2, are distinct points of S, 


m-S+2 


e(z) = itl (z—2y), 


the A, are positive reals with 


m—-s+2 


v1 


Meets a polynomial of degree SS—1 such fhat 
P(z) g(z) + zK+™+1 is of degree <m, Kis min[v,v¢o, v=0,1, 2,...] 
and 6, is that simple m-sequence of s elements for which 


min iy, VE0,, V—0, 1, 2,...)= K. 


Proof of Theorem 11. Let A(z)=B(z) D(z), where D(z) is a 


polynomial all of whose zeros belong to S, and where 


B(z) (=y 2, by # 0) 
y=—0 


is a polynomial which is 0 throughout S. 


Our theorem is trivial if r—=0. If r=1, let B(z)=0,(2—4), 
and choose an arbitrary point d of A. Then @ = a fulfills (a) and (b) 


of the Theorem. 
We assume, therefore, y= 2. A(z) is obviously an ”-th infrapolynomial 


on S with respect to (0, 7) (since S>S). By the structure theorem stated 
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above (with our S in place of S of that theorem), B(z) is a divisor of some 


O@)= agi) +2) Wo, 


Z—Ly 
yv=1 


where & is a complex number, 


m 


g@) = [[e-4), 


i! 


all zy€S, and where the }, are positive numbers with 


m 
yidy =]. 
v=1 


OL 
Setting a= 1 if a=—1, and Gf = ——— if OF “1, we getany 


a+1 


Walsh’s Theorem stated after Theorem 7, that all zeros of B(z) belong to 


AU(a" A), and that if A and a* A are disjoint, the number of zeros of 


B(z) in a* A is at most 1. From this Theorem 11 follows. 


The following is a modification of Theorem 11. 


Theorem 12. 


Hypotheses; 
1. Sis a subset of a disc A, 0€S. 


n 


Dae =) ay2" (122, 4,40) is an #-th infrapolynomial 


yv=0 
on Oo with “respece «oO (0,%), “but 1s net 


infrapolynomial on S with respect to (0). 


3. Every zero of A(z) which belongs to S isa limit 
poine of S (this is fulfilledeg, 1£ A@)) toe 


throughout S, or if S is a perfect set). 


Conclusion: Same as that of Theorem 11. 


For the proof of Theorem 12 we need the following 


Lemma. Let S (0€S) be a set in the Z-plane, amduiee 


19. If S is a subset of a disc A, if O&A, and if A(z) (0) is an n-th (nZ=1) 
infrapolynomial on S with respect to (0), then by the corollary to Theorem 10, all 


zeros of A(z) belong to A. 
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be a polynomial. 
a. Gz) is an. #-th infrapolynomial on S with respect 
to (0) if and only if it is an mth infrapolynomial 
on S with respect to (0), 
b. If C(z) is an mth infrapolynomial on S with respect 
to (0), and if 


p 
D@)= yids zy (dy = 1) 


is a polynomial all of whose zeros belongto SNS’ 
(S’ being the derived set of S), then A(z)=C(z) D(z) 
is an (w+)-th infrapolynomial on S with respect 
to (0). 


Proof of the Lemma. 


a. Obviously, if C(z) is an m-th infrapolynomial on S with respect 
to (0), it is also an m-th infrapolynomial on S with respect to (0). Suppose 
C(z) is an n-th infrapolynomial on S with respect to (0). We shall show 
that C(z) is an m-th infrapolynomial on S with respect to (0). We may 
assume that S is infinite (otherwise S=S). If co =0, then C(z)=0 
(cf. footnote (18) of this section) and, therefore, C(z) is an m-th infra- 
polynomial on S with respect to (0). We thus suppose that ¢ #0. By the 
Lemma following Theorem 9, CZ) =o, 27 + .. + ¢, is an %-th infra- 
polynomial on (S)-! (= S-') with respect to (7). This implies [cf. Motzkin 
and Walsh 1957a, Gorollary, p. 410] that C (z) is an #-th infrapolynomial 
on S~' with respect to (”). Using again the same Lemma, we get that 
C(z) is an m-th infrapolynomial on S with respect to (0). 

b. Let C(z) and D(z) satisfy the hypotheses of part (b) of the present 


Lemma. Let C (z) be as before, 


= P n+p y n+p 
D(z) = > 4-0 2, A(zj= oD a,z” and A(z)= > App Z” 
y=0 v—0 v=0 


From A (z)=C(z) D(z) it follows that A (z)= 6 (z) D(z) . We may assume 
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that ~>0, which implies that S’ is not empty, and that therefore 
S is infinite. As before, we can assume that Co70, since otherwise 
A(z)=C(z)=0. It follows from our hypotheses regarding D(z), that all 
zeros of D(z) belong to (S"')A (SY. Also do#O0, for otherwise 
D(0)=0 although 0€S. Since C (z) is an ”-th infrapolynomial on S7! 
(and therefore on S-!) with respect to (7), and since every zero of D(z) 
belongs to (S-1) ‘a (ae then by the second part of Theorem 2 of the 
paper last mentioned, and by the Corollary on p, 410 of that paper, A(z) 
is an “+ /-th infrapolynomial on S~' with respect to (”). Hence the desired 


conclusion follows. 
Proof of Theorem 12. We set again 


A(z) =B(2) D&), 


Bi) = byz (b, = an), DEVS yi de 2" (ie ye 
Fe==(0) Vv=0 


where all the zeros of D(z) belong to S, while no zero of B(z) belongs 
to S. By hypothesis 3, every zero of D(z) belongs to S Q (S)’. 

We may assume, as in the proof of Theorem 11, that)722 247) 
is not an r-th infrapolynomial on S with respect to (0). For otherwise, by 
parts (b) and (a) of the last Lemma (with B(z) and A (z) taken in place of 
C(z)) A(z) would be an m-th infrapolynomial on S with respect to (0), 
contradicting hypothesis 2. 

We use now the structure theorem following the statement of 
Theorem 11 (with our S replacing S). By that theorem B(z) is a divisor 
of some 


m 


Q(z) Sog(z) +z 51, EC) (a4 eee (im 22). 


> 


44) 


= 


yal 


an m-th infrapolynomial on {Z1, 22, ..., Zm) GS with respect to (0, m). 
If @-+ 1 were zero, then Q(z) would be an (m—1)-th infrapolynomial on 
S with respect to (0). This, however, would imply, as is easily seen, that 


B(z) is an y-th infrapolynomial on S with respect to (0), contradicting the 


conclusion just made. Thus —a~1., 


By Walsh’s theorem stated after Theorem 7, every zero of Ee} 
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belongs to AU (a*A), where a* = raat , and if A and a*A are disjoint, 


the number of zeros of B(z) in the latter disc is <1. From this our 


theorem follows. 


Theorem 13. Let the hypotheses of Theorem 11 hold. 


Letc be the center of A, and?v its radius. Then: either all 


zeros of 4@) (= Saez) belong to A except, perhaps, for 


one, ¢, whichis simple and satisfies: 
(23a) [S| S| ao] [lan] le] — re] 


or there exists an a’, 
(23b) Gait) Cel ry Ses (el 7) (el—1)-*. 
such that all zeros of A(z) belongto AUG*A. 


Proof. Let a* be a number satisfying (a) and (b) of Theorem 11. 


I. Suppose A and a*A are disjoint. If not all the zeros of A(z) 
belong to A, let € be the unique zero of A(z) which does not 
belong to A, so that 


n—1 


A(z) = a,(z pelle Zy) (z,€A, v=1, 2, ...,%—1). 
We have 
ao] = Jan! IC] [eel = lal IC i |e—(—0)| 2 fal (61 (lel, 


and (23a) holds. 
Il. Suppose A and a*A are not disjoint. Then |a*e—c|<ja*|r+r 


and therefore: 


le| (\a*|—1) S |e| | a*—-1 | Sr 


Otitis; 
le (1—lo*)) < le] |e’ —1 | Sr (la*|+1); 
hence 
ja*|(jel—r) S|e|-+r, fat (el+r) 2 [el —7, 


from which (23b) follows. 
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§3, On the zeros of n-th infrapolynomials with respect to (v—1, 7). 


Many properties of such polynomials 2"+... +4 (and of related 
and more general ones) were given in various earlier papers [for instance, 
Zedek 1955, Walsh and Zedek 1956, and Fekete and Walsh 1957]. 

We begin by considering -th infrapolynomials on sets of ” points 
with respect to (#—1, 7). 

Lemma. Let S = (zi, 2, «> 2nj (422% ZaxZe for Gz pb) bee 
finite set-in the z-plane, and let a, and 4,1 be given 
complex numbers. A necessary and sufficient condition 
for apolynomial A(z) to be an m-th infrapolynomial on S 


with respect to (n—1,”) of the form 
fo +. + yu 2 * + ag 2? +. 2, 


is the existence of non-negative reals A,,d2,...,4, with 


Sh=1 


v1 
Gime lay ney 


n n 


A()=ah g@) + (atstar Sa) Shy a 


Z—Zy 


v1 v1 


where 


g(z) = Tle —Z,). 
Gi | 


The Lemma follows easily from Theorem 1. 
Theorem 14. Let be a natural number 22, 
S — iz 


a a 
9 225 es Sus 


a set.of # (distinct) points of the z-plane, contained jam 
disc F. Let A(z)=ao+4,2-4 ...+a,-22"-? +a,_ 12%" + a* 2" be ae 
nth infrapolynomial on S with respect to (n—1,™m), and 
suppose @, 0. 29 Sex 


20. If ay = 0, then by the last Lemma, 


o(z n 
les (420, >= 1), 
y=1 aie: v=1 


In this case, if @?_, = 0, A (z)=0, while if lee = 0, all zeros of 4 (z) belong 
to S* and, therefore, to 7. 
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Then all zeros of A(z) belong to FU(y*+P),@ and if F and 
y"+F are disjoint, the number of zeros of A(z) in them is, 
respectvely, *—1 and 1. 

Theorem 14 follows from the following Theorem due to J. L. Walsh 
[cf. 1922, Theorem VI] and from the last Lemma. 


Theorem. Let 72,...,2, be points of the z-plane lyiag in 
a disc fF. Let y be a complex number and A,,4,,...,4, non- 
negative reals with 


Saye: 
i 


v=1 


Then all zeros of 


g (Zz) 


Zoey 


£i(2)= 22) —7 SE 


Pelone taef UG+1T). lf fT wad y~--IT are disjoint, the 
member of zeros of 2:(Z) tn them is, respectively, #—1 


and 1 
o=Tre-s). 
Vi 
For the next theorem we need the following 


Demme el et 71-52). -..5 2, bes pointes of the zplane, yaa 


complex number, \,,A2,...,4, non-negative reals with 


AMideket: Zoubesa zero of 


gi(z)=e(z)-7 > hy &@) 


ay 


==1 


21. If [ has center c and radius 7, ae +7 is the disc with center t+ Cc 
and radius /. 
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where 


n 


e(z2) = [[¢-~ : 


v= 
Then z has the form c+Ay where Ce \2, 22,58) 3 One 


where O0OSAK1. 
1 , 
Remark. In case each Ay is ae (so that a@=s@—teg (z)), 


this result was given by T. Takagi [1921. See also Walsh 1924]. 
Proof of the Lemma. We may assume that 20 is different from 
all zy (v= 1, 2, ..., ”). By the Lemma following the statement of Theorem 6, 


we have 


(Cetzia Bains eal 


(= 


ian lbenase! 
and the result follows. 


Theorem 15. Let ~ be a natural number 22, 


a set of (distinct) points of the z-plane, and 
AZ) = Gg een cl One 29 On oe en (a; #0) 


an n-th infrapolynomial on S with respect to (w—1,%). 


Then every zero z of A(z) is of the form ¢+A;* where 


G10 (Z)E.S* SA (2) 


poms 


satisfies 0<A<1 and where (as in Theorem 14) 


n 22) 
a An-1 ( 


/ ii 


yee | 


This theorem follows from the last two lemmas. 

We proceed now to the study of m-th infrapolynomials on general 
sets with respect to (7 —1, 7). 

Theorem 16. Let S bea subset of a disc A, and let 
A(z)(40) be an mth (n>2) infrapolynomial on S with 


22. This implies that every zero of A (z) belongs to [SU(7*+S)]*. 
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respect to (™—1,”). Then there exists a complex number 
7" such that 
a. All zeros of A(z) belong to AU(7*+A). 
b. If A and 7*4A are disjoint, the number of zeros 
of A(z) in y* +A is at most 1. 
A slightly less precise result, contained in §§6—9 of Part II of 
[Fekete and Walsh 1957], motivated the present Theorem 16. 


Proof. We set A (z)=B(z) D(z) where D(z) and 


Be) = 2 Shy (6, 0) 
v=0 
are as in the proof of Theorem 11. The theorem is trivial if y= 0, and 
easily verified if 7—1. We thus assume that 722. By the theorem 
following the statement of Theorem 11 (with S replacing S), B(z) is a 


divisor of a polynomial 


m g (z) 
Q(2)=Ce@) + SS, 


v 


ta 


where C is a certain complex number, 


e@) =[[e-*). 


all zy€S, and where A, are positive numbers with 


If C=0, every zero of B(z) belongs to {21, 22,..., Zm\" which implies 
that all zeros of A(z) belong to A. 


In case C0, set 7* =—1/C, so that 
0 =Ccle@—r ee £0) 


By Walsh’s Theorem stated after Theorem 14, all zeros of B(z) belong 
to AU(7*+A), and if A and 7*+A are disjoint, the number of zeros of 
B(z) in 7* +A is at most 1. From this the theorem follows. 
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Theorem 17. Let S be acompact set in the z-plane, and 
let A(z)(%0) be an wth (122) infrapolynomial on S with 
respect to (v—1,”). Then there exists a complex number 
y* such that every zero ¢ of A(z) is of the form e(f) + AZ) 7*, 
where c(f)ES* and o<A(Q) 51. 

Proof. We define D(z) and 


B= v3 byZy (by 0), 


as in the preceding proof, and once again we can assume 722. Again 


B(z) is a divisor of a polynomial 
Zz 
Q (2) =Ca(2) + See 7 


where C, zy, g(z) and A, are as in the last proof. If C=0, every zero 
of B(z) belongs to {2Z1,22,...,2Zm}*, and therefore every zero of A(z) 


belongs to S*. In case C#0, we have 


oS Zz : 1 
O(2)= cle— 1 yh a (7 --1). 
By the last lemma, every zeto € of B(z) has the form c(f) + A(f)7* 
(c(Q)ES*, OSAC)S1). Since every zero £ of D(z) has obviously this 
form, our theorem is established. The last two theorems, as well as some 
of the previous ones, can be considered as generalizations of Fejér’s result 
[Fejér, 1922, Theorems I and III]. 


§4. The location of the zeros of polynomials and rational 
functions of some special types. 
We study here the location of the zeros of certain polynomials and 
rational functions, whose structure is related to those of #-th infrapolynomials 


considered in previous sections. Specific applications are left to the reader. 
Let 


£ (2) Il = Zy) 


23. Thus, CE [SU(7*+S)]*. 
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be a polynomial, and let 


fase sito 


A 
Z—Zy 


n 
(is =o, S'4y=1, @ some complex pumber) 
v=1 
If s={Z1,..., Z,} is a subset of a disc [T, we know by Walsh’s Theorem 
cited after Theorem 14, that all zeros of f(z) lie in TU(a+T). We ask 
now whether there are sets S(>s), more general than discs (so that s 
may be fitted by such an S more closely than by a disc containing s), 
such that all zeros of f(z) lie in SU(a+S). The next theorem shows 
that, under a certain condition, sets S (2s) which are the intersection of 


discs, have the desired property. 


Theorem 18. 


Hypotheses: 

[wPerssa hon-empty family-of discs, S== (1 C, d-is the 
supremum ofthe set of diameters ie elements 
oe ae ce 

Pate ge kPFeMPOInts Of ©, Ai, 4,4, are non-negative 


reals with 


n 
Sy hy = 1 5 
v=1 


and @ is a complex number satisfying |a|>d. 
ou et) = [[@- 
yv=1 


Conclusion: All zeros of 


ee) 


f(=e@-—a Syste 


belong to SU(a@+S). The number of zeros of he) a) 
and in a+S are, respectively, »—1 and 1. 
Remark. In case F contains exactly one disc, Theorem 18 follows 


from Walsh’s Theorem just mentioned. 
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Proof of Theorem 18. We first observe the following: let Zo be a 
point of S, and z a point of some 4+ C (CéEF). Then 


(24) |z—Zo| 2 jal —d. 


Indeed, since 2EC and z—aEC, d2|2%— (z—a)| 2 |a| — |z—2Zo]. 
In particular it follows that S and a+ S are disjoint. 

Similarly, (24) holds whenever Zo is a point of +S and z is a 
point of some C(€F). 

We choose an arbitrary point € of S. For every real 4, OS?#<1, 
we define g:(z), f(z), Ni(4), N2(é) and N3(é) as follows : 


n 


#@) = [[e-i+#@—OW, 


y=1 


fiz) = &(a — a> hy ae eo ‘ 


Ni (¢), N2(f) and N3(¢) are, respectively, the numbers of zeros of /;(Z) 
in S, a+ 5S, and in the complement of SU(a-+S) with respect to the 
z-plane. 

Since fo(Z=(— Cl)" [z —(a + OH], and since S and a+S are 
disjoint, Ni(0)=n—1, N2(0)=1. 

Since f(z)=/1(z), our theorem will be proved if we can show that 
Ni (1) = Ni (0), N2(1)=N2(0). For this purpose it is enough to show 
that Ni(¢) and N.(¢) are continuous in the interval O<t<1. 

Let 4 be a point of that interval. We shall show the existence of a 


positive 5 such that if O<¢<1 and |f—%| <5, then 


(25) N, (t) = N; (to) , N2(#) = N, (to) . 
Set 
Pp 
(26) fy (Z) = IL¢- £,)ey 


(ky natural numbers, Ca #fg whenever af). 


Let 7, (v= 1, 2, ..., £) be positive reals such that 


(27) (i) AS (Of 
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as 1 
(27a) (ii) if pal ts main [ta Cy 
215js 
TAY 
(thus, the circles |2—€a| < 7q are mutually disjoint), 
(27b) (iii) if Cv@€SU(a+S), tm is < the distance of C, 


froom SU (a+S). 

Let 5 be a positive number such that if O<¢#<1 and |t —t|<85, 
the number of zeros of /;(Z) in each of the circles |z—€,|<7y is hy. 

Let ¢ be a number satisfying OS ¢<1, |t—t)|< 8. We shall 
prove (25). 

Since M(t) + N2(t) + N3(t) = » for every t, O<t<1, the desired 


equalities (25) follow from the inequalities 
(27¢) Ni (t)2 Nilo), N2() 2 Nr(to), Ns (t) 2 Ns (to) 


which we proceed now to prove. 

Let €; be any one of ¢: ... fp. We assert: 

a. If €;¢€S, all zeros of f:(z) lying in |2—C;|<7; belong to S. 

b. If €;€a+S, all zeros of f:(z) lying in | z—¢;|<7; belong 

io 24-5. 
c. If £; belongs to the complement T of SU(a+S) with respect 
to the z-plane, all zeros of f;(Z) lying in |z—£j|<7; belong to T. 

Using the defining property of 5 and (27a), we infer from a,b and c 
the relations (27c). 

Now, c follows from (27b). We prove a. 

Let €;E5, lee f;(C*)=0, |¢*—¢;|<7j;, and let C be an elemeny 
of F. We shall show that €*€C, and this will prove a. By the convexity 
of C, all zeros of g;(z) lie in C, and therefore, by Walsh’s Theorem 
following Theorem 14, £* belongs to CU(a+C). If &* belonged to a+C, 
then by (24) and (27), jao|—d <|¢* —;| <7; < |a| —d. Therefore C* EC. 

The proof of b is entirely analogous to that of a. Theorem 18 follows. 

In the special case where all the 4y of Theorem 18 are equal, f(z) 
is a linear combination of g(z) and g’(z). We can get a more general 
theorem, dealing with a linear combination of g(z), g(Z),...,g(Z). We 
shall state this theorem (Theorem 19) without proving it, as the proof is 


quite analogous to that of Theorem 18. In fact, the proof of Theorem 19 
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makes use of part A of the following theorem [Walsh 1922, Theorem VI] 
in a way similar to that in which the proof of Theorem 18 made use of 


the first conclusion of Walsh’s Theorem mentioned there. 


Theorem. Let 


n-1 
Ao, At, «+ An (we, >| 4: > 0] 


v=0 


be given complex numbers, and let 


e@) = T[e-2) 


be a polynomial all of whose zeros lie in a disc C: |z—a|<y. 


Denote 


UT (@) =Ave@) Are @) .. + A, e™ (Zz), 
p(z)=Aoz™ + nA,2"-14 n(n —-1) A,2%?+4+...4n!A,, 


and consider the dises having the zeros of @(@—e)uag 
centers and 7 as radii, 

A. Every zero of f(z) belongs to (at least) one of these 
discs. 

B. lf such a disc D:|z-4|a4 er re disjaing foam eae 
other ones, then the number of zeros of {Zan 2 
equalsthe multiplicity of 6 as a zero of p(z—a). 

An easy consequence of the last theorem is the following 

Corollary. 

A. Every zero of f(z) belongs to W+C (the set of all 
wc, wEW, cEC) where W is the set of zeros of Q(z). 

B. If mEW and if wt+C is disjoint from every w+tC 
(wEeW, wAw), then the number of zeros of f(z) in 
WotC equals the multiplicity of wo as a zero of (2). 

Theorem 19. 

Hypotheses. 

1. F is a non-empty family of discs, S= (\ C, dis the 
supremum of the set of diameters ee elements 
of FF. 
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2, Ao, As,..,4, (421) are given complex numbers, 


n—-1 


>| 4»| > 0. g(z) = [][ G2) is a polynomial all of 
v=0 Vv==1 
whose zeros lie in S. We denote 

f(z) =Aog(z) + Arve’ (z) +... + An eM (z). 

@p (z) = Ap2” + nA, 2"! + n(n--1) Ape"? +...4 1A, 


Conclusions: Let (wi,..., Wp} WafAwp for a=) be the 
set of zeros of (2). 

A. If a certain wj is such that |w,—w;|>d (which implies 
that (w+ S)N(wj+S)=9) for every Vv among 1,2,...,p 
whichis #7, then the number of zeros of f(z) in 
wj+S equals the multiplicity of wj as a zero of 
p(z). In particular: 

B. Suppose that |Wa—we|>d whenever 1Sa<P<p. 
Then the number of zeros of f(z) in each wy+S 
(v=1;72, ...,f) equals the multiplicity of wy as a zero 
of g(z). Also {witS,...,wp+S} is the set of compo- 


p 
nents of >= U (@,+5S). All zeros of f(z) lie in &. 
y=1 
The method of proof of Theorems 18 and 19 yields also 


Theorem 20. Let S be a disc: |jz—a/<yz, let hypothesis 2 
of Theorem 19 hold, let W denote the set of zeros of (2), 
and let Wo be a subset of W. 

A. If Wot+tS and (W—Wo)+S are disjoint, then the 
number of zeros of f(z) in WotS equals the number 
Obezeras of ©) in Wo. Slightly differently 
formulated: 

B. If |wi—wo|>2r for every wo belonging to Wo and 
every w, belonging to W—Wo, then the number of 
zeros of f(z) in Wot+S equals the number of zeros 
of m(z) in Wo. 


We turn now to the study of the zeros of functions of the form 
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(28) S Ae =f ae ie > a 
v= = 


v=0 


(Ay By. t6atiehg 0) 


under certain conditions, and obtain results related to Jensen's Theorem 


[Jensen 1913. Proof in Walsh 1920]. 
The expression (28) includes, as special cases, many of the functions 


encountered in the preceding pages. 
Theorem 21. Let At,...,4, be positive, Ag real, A1,A2,..., Ap 
non-positive reals, and 8, B,,.., By; nom-negative reala 


Let 2):,%2;.-.52, bearbitrary potots of the 2-plane ama vee 


v 


_ P < q = = 1 1 
f (2) = > Av = > Bye = ales pms : 


y=0 v=] 


Then every non-real zero % of f(z), satisfying 


1, ee 
| arg zo| S min{— , —}, 
ja 
belongs to at least one of the discs 
fy 
Zz Pi as il | zy — 2,| 
2 = 2 


(in particular in case f—G— 1. every non-real zero of f(z) 
belongs to at least one of these discs). 


The proof relies on the following Lemma [Walsh 1920]. 


Lemma. Let € and % be points in the z-plane and let 
Im (%) be #0. If % does not belong to the disc 


|, €+¢ 


then 


1m ( Jam +- aes 
®—¢ 20 


24. arg denotes the principal value of the argument. 
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is not zero and its signis that of Im (2%). [See the last mentioned 


paper for the physical interpretation of this result]. 
Proof of Theorem 21. Let 2 be a non-real zero of f(z), let 
| fog Pon ce 
larg Z| < min ( — 
. pq 
and suppose that 2 does not belong to any one of the discs mentioned 
in the Theorem. 


By the last Lemma (with ¢€ = 2y) 


Im (20) Im ( = OF 12 ey 2 


Our assumptions about 20 imply also that: 


Im (Zo) Im (2”) < 0 (v= 1, 2, ..., P) 
Im (20) Im (25%) = 0 (VET 25. 9): 
Therefore 
aes ay La 
0 = Im (2) Im(f (z0)) = >A Im (20) Im (2?) 
v=0 
q <—s n 1 1 
+ SB, Im (20) Im (z5”) + > dy Im (20) Im ( = + === ) Oe 
c= v=1 20 — By 20 — 2y 


a contradiction. This proves the theorem. 


Theorem 22. Let ’1,....4, be positive, Ao,..., 4p non- 
mositive reals, and -B,,..,5, (¢22) non-negative reals. 
otc weat,n be points of the half-plane Re(z) > 0,,and let 
y (2) be defined as in Theorem 21. 


Let % be a non-real zero of f(z) satisfying 


: ; 7 1 

| arg Zo | < min (Fy : xa 

Then there exists a v, 1<vS” such that Im (%)40, and 

mucouchatecs pelonegs to the closed interior of the circle 

passing through % and z, and tangent to the line Ozy. 
Similarly to the proof of Theorem 21, we rely here on the following 

[cf. Walsh 1955] 
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Lemma. Let £ and % be non-real points of the z-plane, 
and let a(#Re(f)) be real. Let M be the circle passing 
through € and Cand tangent tothe line af. Suppose that 
z lies exterior to M. : 

Let a,b be reals defined by 


et et el eee eo) eee 


Sone, Zz — 


Then 640, and the sign of b is that of Im(%)[Re(¢)—a]. 
Proof of Theorem 22. Suppose there exists no ¥ as claimed in 


the theorem. 
Let v be any one of 1, 2,...,%. If Im(%y)40, then by the last 


Lemma (with €=2z,, 0=0) 


Im (Zo) 1m [as*( ——— aa ; = )| = 0% 


20 — 4y 20 — 2y 


This relation is easily seen to hold also if Im(z,)=0. 
For V=0,1,..., 2, Im Ga) = | 20)” Im(z>°t"), and the right 
hand side, if not zero, has a sign opposite to that of Im (Zo), so that 
Im (Zo) Im (25! 2”) <0. 
Similarly, for v= 1, 2,..,¢, Im(z>' get): if #0, has the sign of 
Im (%0), so that 


Im (20) Im (25? 2-%) 2200 


From the last three inequalities and from our hypotheses on the A, 


and the B,, we get: 


—— p —_ 
0 = Im (20) Im (25' f (20)) = S Ap Im (Zo) Im (25? 2%) 


v=0 


val y=1 Zo—2%y a — 2, 


q Ww 
+ D Belen (Go) Im G5495%) +S tam Ge) nls? (= 


a contradiction. This establishes the theorem. 
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CURVATURE PROPERTIES OF TEICHMULLER’S SPACE* 
By 
Lars V. Ahlfors 
in Cambridge, Massachusetts, U.S.A. 


Introduction 


For background we refer to the author’s paper [3] and to a joint 
paper with L. Bers [4], to be quoted as (A) and (AB). 

Without details, a point in Teichmiiller’s space T, is represented by 
a closed Riemann surface of fixed genus g(>1) together with an outer 
automorphism of its fundamental group. Intrinsic definitions lead to a 
metric on 7, introduced by Teichmiiller, to a Riemannian structure whose 
use was suggested by A. Weil, and finally to a complex analytic structure 
of dimension 3g—3. It was proved by Weil, and again in (A), with very 
little computation, that the Riemannian metric is Kahlerian with respect to 
the complex structure. 

It was reasonable to conjecture that the metric has negative curvature. 
The main purpose of this paper is to verify that the Ricci curvatures and 
the curvatures of holomorphic sections are indeed negative. The proof is 
by explicit computations which turn out to be less formidable than might 


have been expected. 


1. Instead of using the unit disk, as in (A), we shall work with 
the upper halfplane H = {z=x+7y|y>0}. The advantages are purely 
formal. 

We use the familiar notations 


Of oles Se 


iia dz 2\ ox oy 


2 ie a xis 
bh ee ee 


where Of/0x, Of/0y are weak L’-derivatives. Let 4 be a complex-valued 
measurable function on H with ||u||o<1. There exists a unique homeo- 
* Work supported by the Air Force Office of Scientific Research. 
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morphic mapping of H onto itself, to be denoted by f", which satisfies 


(1.1) Of! = pose 
and is normalized by 
(1.2) FMCG) oD aes ECL) mak amr os) es 


The normalization makes sense, for /“” has a unique extension to a homeo- 
morphism of the closed half-plane. 

The mappings f” are quasiconformal. Conversely, any quasiconformal 
mapping has weak L’-derivatives which satisfy an equation of form (1.1) 
with ||tU\|. <1. There is thus one-to-one correspondence between normalized 
quasiconformal homeomorphisms and elements of L*® (H) with norm <1. 
One finds that f*= f?° f” if and only if 


(1.3) =| = 5 Ofer] (fy. 


This relation may be ais as defining a group structure on the unit 
ball of L®(H), and we set A=o-uw. 

Throughout this paper the extreme generality which results from 
considering functions # which are merely bounded and measurable is 
completely unnecessary. We shall therefore assume, henceforth, that all 
functions | are real analytic. As a consequence the functions f“ will also 
be real analytic. What is more, if & depends analytically on a number of 
parameters, then f(z) will be simultaneously analytic in z and the 


parameters (see (AB)). 


2. Consider a function F on L®(H) with complex values that we 
denote either by F” or F(u), according to convenience. We say that F is 


differentiable if F(u+t:¥1+...+¢e Ve) is a differentiable function of the 


real variables ¢,,..., ¢ for all wu, vi, ..., VekEL°(H). We set 
bs 0 
(2:1) Fe[v] = —-F (wt tv) | 20 
ot 
and 


DF« fy] = Laie pq — ibe ivy 
(2.2) 
DF¥[y] = = (he [v] + ¢ Fe (iv). 


CURVATURE PROPERTIES OF TEICHMULLER’S SPACE 163 


Here FH [v] is linear in v over the reals, while DF" [v] is linear and DF¥ [v] 
is antilinear over the complex numbers. 

For simplicity, when the differentiation is at {t=0 we suppress the 
reference to «t in the notations. All differentiations can be reduced to this 
case. Indeed, define a function Fy by setting Fy(o)=F (0+). It then 
follows by (1.3) that 


c2:3) Fe [v] = Fy [L! v 
where 
(2.4) bey = [ae (pe/lafe pt] > (fay, 


and similarly 
(2.5) DF“[v] = DF, [L“v], DF#[v] = DF, [L“v]. 
In particular, f“ is differentiable, and because ie = fPo fH we obtain 
(2.6) fev] = f Levy fe. 
The normalization implies i (0) = f(a) =0 and lars >0O for z<>o. 


Moreover, f [v] is real on the real axis. 
It follows from (1.1) that 


7) of [vj sy 
and hence 
(2.8) IDf(vi=v, ODS[v]=0. 


The last equation shows that Df [v] is an analytic function. 


The solutions of (2.7) are of the form 


Q9)  f#MO=-— f Pe, Ov@)drdy + OO 
H 

where 

(2.10) P(z,0)= a fa =. = oe 


and ® is analytic. Because of the boundary conditions it follows easily by 


use of the reflection principle that 


Qu) AMO =-— [ CE.DVO+PE, Dv @)deay 
H 
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and consequently 


Df wl) = —— f PE, Oe adedy 

(2:12) e 
DIM) =-— | PE, Oy@aray. 

H 


For an arbitrary 4 we obtain from here, by use of (2,6), (2.4) and 


a change of integration variable, 


DfHvy( = —+ f PUH@), MOY ASM ev @axdy 
(2713) a 


Df#v]©@ = —— f PH). fH CAF eV aedy. 
H 


3. Let I be a discontinuous group of lineer transformations of H 
onto itself whose quotient space W—=AH/L is a closed Riemann surface of 
genus g>1. We say that 4EL*(H) is a Beltrami differential on W (or 
with respect to [) if it satisfies 


(3.1) (uo A) A’ (z) == uA‘ (2) 


for all A€T. The linear space of Beltrami differentials is denoted by B(F), 
its unit ball by B, (LT). If we Bi (LT) we can form /”. It is found that 


(3.2) fe ofA = Alo fl 


where A“ is a linear transformation. The A” form a group FP“, and the 
mapping A > A” is an isomorphism. These isomorphisms may be identified 
with the points of 7’,. In other words, if R denotes the equivalence 
relation [41 ~ M2 defined by A“ = A“2 for all AET, when T, can be 
canonically identified with the space B,(F)/R. 

Let N(P) be the linear subspace of B(T) which consists of all 
Beltrami differentials v satisfying the condition Df [v] =0. By (2.12) this 


means that 


(3.3) | P@,Dv(@)dxdy =0, 
H 


and by (2.11) a further equivalent condition is that f(y vanishes on the 
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real axis. One proves also that ve N(I) if and only if 


(3.4) [ 9@ v@dxdy = 0 
HIT 
for all quadratic differentials ~. We recall that @ is called a quadratic 
differential on W if it is analytic and satisfies 
(3.5) (pc A) A GY =— 
for all AEP. 


4. It is worth while to give a brief proof of the equivalence of 
(3.3) and (3.4). Although it is essentially the same proof as in (A), the 
form we give it serves to emphasize some points which will be needed 
in the sequel. 


We introduce the notation 


(4,1) K (el) =(@—-0)"? 

and observe that 

(4.2) OP Lol = 6K (20)”. 

One verifies that 

(4.3) K (Az AC) A’) A’(Q2) = K (20) 
for all linear transformations A, and that 

(4.4) K (Az AC) A’ (2) A' (2) = K (22) 


for linear transformations which leave the real axis invariant. 
We collect in a lemma the following information: 
Lemma 1. 
a) For vE BiF) the formula 


(4.5) p(t) = =. bi (20)? v (2) dx dy 


H 
defines a quadratic differential p= @[v]. 
DelG Grissasquadratic differential, then Vv = yy? is 
in B(F), and 9[v]=@. 
c) If v1, w2.EB(T), then 


(4.6) fu p[v])dxdy = f welnaray. 


H/T H|v 
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Part a) follows by use of (4.4). Part b) amounts to a Bergman type 


reproduction formula 


Ne ey ght 
(4.7) (0) = —— { K@O eG) y*axdy, 
H 
which is easily proved by means of Stokes’ formula and residues. To prove 
c), let H/E be represented by a “fundamental region” A. In order to 
exhibit the complex integration variable we shall henceforth denote the 


area element by do(z). By utilization of (4.4) we obtain 


ib v1 @ [v2] do (2) = 


HIT 


= J vi(@)do() { K Ez) v2 €)de() 


cb 


i] 


f @do@) [ K@¥: £) do (2) 
A AA 


ik v1 (Az) do (A2) i K (Af Az)? v2 (AL) do (AC) 
A 


AET 4-1A 


ih v1 (2) do (z) i K (€2)? v2 (£) da (2) 


AEF 4-lA A 


i 


= if v1 (2) do (2) ii K (2) v2 (0) dé (0) 
H 


A 


= [ nelv)do(. 


HIT 


We remark that (2.12), (4.2) and (4.5) imply 
(4.8) ® Df [vy] = — =o : 


In other words, the third derivative of the analytic function Df is always 
a quadratic differential. 

Suppose now that v belongs to N(F). Then (4.8) shows that 
p[v]=0. By Lemma 1b any quadratic differential @o is of the form 
[vo], and c) gives 
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[ vovdo = { %@[v]do = 0. 
H|T HIF 
We have thus shown that (3.3) implies (3.4). Conversely, if (3.4) holds 
we find by c) that 


| vo p [v] do = 0 
AIT 


for all Vo, and in particular for vo=@[v]y?. Hence @[v] must vanish 
identically. But then Df[v] is a polynomial of at most second degree, and 


the normalization shows that it must reduce to 0. We conclude that 


ve N(f). 


5. If we write 


ra 


(5.1) ee | vi @ [v2] do 
HIT 
it follows by c) that <v1, ¥2> = (¥2,¥%>. The Hermitian character appears 


more clearly if we use the fact that v—@[v]y’°@N(L), or as we shall 


also write, v=@[v] vy’ mod N(I). We conclude that 
(5.2) Mie ve = f ote [v2] y? dx dy 
H|T 
and in particular 
(5.3) Vv,D= ff ipl] \?y?dxdy. 
HIT 
The latter relation shows that <v,v¥>=0 if and only if ve N(F). Hence 


the inner product <¥i1 , V2> defines a Hermitian metric on the quotient space 
B(F)/N(f). Because there are ~=3g—3 linearly independent quadratic 


differentials this space has the complex dimension 1. 


6. We choose now a relative basis ¥Vi1,..,V, of B(E) modulo 


N(r). If t=(h,.., tn) denotes a complex vector we set 


t| = ((é,|? +... + |ta|?)” 
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and 
v(t) Se. Vite eee tt Lave 


By elementary reasoning (see (A)) one proves the following: 
1) There exists €>0 such that if |é|, |f|<e, then v(é) and v(¢’) are 
equivalent in the sense that A”? = A’ for all A€T only if 


t=. 

2) There exists 550 such that every #EB(F) with |M).<5 is 

equivalent to a v(t), |é|<e. 

We conclude from this result that 7, has a manifold structure, and 
that #1,...,¢, serve as local coordinates in a neighborhood of the initial 
point H/I. Indeed, the construction can be repeated for an arbitrary initial 
point H/T“, and it is easy to show that overlapping coordinates are con- 
nected by bicontinuous relations. 

What is more, the coordinates ¢:,...,¢, define a complex structure 
on T,.“ To see this, we observe that a function F(u), defined near 
u=0, is a function on Ty if it has equal values at equivalent points. 
The coordinate functions ¢,({t) have this property, and one shows (see (A)) 
that they are complex analytic functions of u in the sense that Dé, (u) [vy] = 0 
for all ve B(T). It follows easily that F(u) is analytic in uw if and only if 
F (v(¢)) depends analytically on 41, ...,%,. As in 2, we introduce the function 
F, with values Fy(0)=F(o-w). As a consequence of (2.3), F and Fy 
are simultaneously analytic, and ome concludes that the coordinates 
i”, ...,¢% which correspond to the basis elements L“v;,..., L“v, at the 
point H/T” depend analytically on 4. ..., ty. 

With respect to the complex structure the tangent space at the origin 
is spanned by the derivations 
(6.1) OF | dt, ==" DE (va) 
and there is thus a natural identification of the tangent space with 
B(ft)/N(1). To define a Riemannian structure we must introduce a 
Hermitian structure on the tangent space, and it is natural to do so by 
use of the inner product <V%, v2> defined by (5.1). More generally, the 


derivations at a point u = v(¢) are 


(6.2) OF | Ot = DF" [vu] = DF y [L“ va] 


1. This was first proved by L. Bers. 
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and we are thus led to set ds? = % gaj(t)dtudtg with 

(6.3) Gap (t) = <L" vq , LH Ve, 

where we remind the reader that p=?,¥, +... +¢,V,. 
Explicitly, (5.1) and (4,5) give 


(6.4) gag (i) = —— 


| | K (uv)? LY vq (w) L# Vp (v) do (u) do (v). 
ayrlt H 
Formula (2.4) suggests changing the integration variables, and on introducing 
the notation 


(6.5) K# (uv) = K (f# (u) f# (v)) Of (u) 0f# (v) 


we find that (6.4) can be rewritten in the form 


(6.6) &ap (t) = aa if tk K (uv)? vq (1) Vg (v) do (w) do (v) . 


H|If H 


In view of the Hermitian symmetry we may also use the alternate formula 


(6.7) &ap (2) =— f f Ke Gn)? vp () Va (v) do (w) do (v) . 


H|? # 
To obtain a third formula we use (5.2) instead of (5.1). We find that 
(6.8) gap=—> | i { K (uz)? Koay? y® L! yQ(u) L“ v¢(v) do(z) do(w) do(v) 
HIF H H 


and when the variables are changed this becomes 
(6.9) bap (4) = 
" Ke (uz)? K¥ (vz)? ak 
=— = J ale ey) (1—| 10(2) |?) Va(w) Vp (v) do(z) do(w) do(v). 


K"# (zz) 
ele Gal aah 


One proves easily, for instance by use of Lemma Ic, that the right 
hand side of (6.9) does not change if we let any one of the integration 
variables range over H/F, while the others range over H. This remark 


applies to all future formulas of the same kind. 


7. Our next task is to compute the partial derivatives of fap. 
As we have pointed out before, we lose no generality by assuming that 


the vz, are real analytic. It will therefore be legitimate to interchange 
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the orders of derivations and integrations as soon as all integrals are 
uniformly convergent. 
In analogy with (6.5) we shall write 
(7.1) K# (uv) = K(f" (u) f¥ (e)) Of (w) af" (vr) 
and we observe that 
2 


Ke (uv) = ~ 9 — log (f# (uw) — f# (2)) 


Ou ov 


(7.2) 


= AY = 
K" (uv) = Wer log (f4 (#4) — f#(v)). 


To determine the derivatives of AK” we start from formula (2.13), 


and obtain 


Sie log (f#(u) — f¥(v)) = 


=e P(f#@), fH) — PU, /*) 
z f* (uw) — fe () 


H 


Of! (2)? vy (2) do (2). 


Differentiation with respect to % offers no difficulty, and it is a standard 
result that we may also differentiate with respect to v, provided that the 


resulting integral is interpreted as a principal value, We find in this manner 


OS, te 1 IE a mE 
C73) Oy KE (40) = — a [5 (zu) K# (2v) v, (z) do (2), 
H 
and by a similar calculation 
(7.4) “_ Kew) = —+ {Ke (eu) KH (ev) vy (2) do (2) 
. Oty cae 3 ; 
H 


With the help of this result (6.7) yields, at least formally 


0 
(7.5) ia 
Oty 2 ok 


24 — - ~ 

es J Lie (uv) K" (wu) K? (wr) Vg (4) Va (v) v,(w) do(u) do(v) do(w), 
HiT H H 

and to justify the procedure we need only prove uniform convergence. 


The triple integral can be rewritten as 
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ib f i K (uv) K (wu) K (wv) L vp L! vq L! vy do (u) do (v) do (w). 


Hyjrl H H 


Set 


(7.6) Ty (uv) = 1 K (wu) K (wv) L" vy (w) do (w), 


H 


and let H(R) denote the set {v| |v} SR}. We have to show that 


C7.7) if if K (uv) Ty (wv) L" vg L" vq do (uw) do (v) 
Hirt A(R) 
tends uniformly to 0 as R>o. 


The kernel AK has the familiar property (isometry of the Hilbert 


transform) 
fl [K@A@a@) ao) < { |h@ Pao). 
Hi H 


We apply this inequaliiy to (7.6) and observe that L'v is bounded for 


small values of |||... In this way we obtain 


(7.8) [ | T, (wv) 2do(v) < C? [| K (wu) 2 do (w) , 


H H 


where C is a constant, and hence 


dis K (uv) T, (wv) | do (u) do (v) 
A(R) 
= Y2 = Yo 
<— c| fix (un) |? do ©) ( {|x (wu) | da (w)| : 
H(R) H 
The first factor on the right tends uniformly to 0, and the second factor 
remains bounded, when ” ranges over a compact set. This proves that (7.7) 
tends uniformly to 0, and (7.5) is established. 
We note at once that (7.5) is symmetric in @ and 7. In other words, 


Iap 98 vp 
(7.9) Ot, om ie ? 


which means that the metric is Kahlerian. In (A) this property was proved 
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rather indirectly, namely by showing that there exist geodesic coordinates 
at each point. Indeed, if the Va are of the special form ‘Pay? it was found, 
almost miraculously, that all the derivatives Ogag | Oty vanish for t=O. 


According to (7.5) it must consequently be true that 


“K(uv) K(wu) Kw) | an aN wo Be COCA a 
(7.10) il J Tao Kon) tomy MOOD THC) a) da(#) dale) daw) = 0, 


which by use of the representation (4.7) is equivalent to 


C71) 
[ i db K(uv) K(wu) K(wv) K(ua)’ K(vb)* K(we)? do (u)do(v)do(w) = 0. 
HIT HOH K(uu) Kivv) K (ww) 


Our efforts to verify this formula by direct computation have been 
unsuccessful. It seems quite likely that the method might lead to still other 


nontrivial identities of the same nature. 


8. It is clear that higher derivatives can be computed in the same 


manner. For instance, we obtain by (7.4) and (7.5) 


O06 24 i ree = 
LS K (zu) K (zv) K (wu) K (wv 
ema [K (@u) K @) K (wu) K (we) 


H/ FX H3 


(8.1) + K (uv) K (zw) K (zu) K (wv) + K (uv) K (wu) K (zw) K (z0)] 
Ye (1) Va (V) Vy (w) v3 (z) do (u) do (v) do (w) do (z) . 
In this formula we have omitted the superscripts, thereby indicating 
that we are mainly interested in the values at ¢=0. For arbitrary ¢ the 
derivatives are obtained by replacing each K with the corresponding K". 


The convergence is proved exactly as before. For instance, with the 


notation (7.6) the first term is 


| Ya (w) do (u) | Ts (vu) Ty (uv) Va (v) do (v) 
HIP H 
and we find by use of the estimate (7.8) that the integrand converges 
uniformly when w is restricted to a fundamental region. 
Again, it is irrelevant which variable ranges over H/F. For reasons 


of symmetty we prefer to write (8.1) in the form 
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O Zap 24 — — - 
—— = K (wu) K (wz) K (vu) K 
dt, dts “3 f [K (wu) K (wz) K (vu) K (vz) 
HIT x H3 
(8.2) + K (uz) K (wv) K (wu) K (vz) + K (uz) K (vu) K (wv) K (wz) 


Va (Z) Vg (4) Vy (¥) Ys (w) do (2) do (uw) do (v) do (w). 
In order to draw the conclusions we shall need it is desirable to 


write (8.2) in still another form which results by use of the reproduction 


formula 


(8.3) EG) = — = J K(@) K 9 do (a). 
H 
We apply this to K(wz), K(vu) in the first term, to K(uz), K (wv) in 
the second term, and to K (vu), K (wz) in the third term on the right 
hand side of (8.2). In this way we obtain 
Og op 24 


ees i [K (wu) K (wa) K (az) K (vb) K (bu) K (vz) 
y O65 


HIT x HP 
(8.4) + K (ua) K (az) K (wb) K (bv) K (wu) K (vz) 
+ K (uz) K (va) K (au) K (w2) K (wb) K (62)] 
Va. (Z) ¥p (#4) Vy (v) vs (w) do (z) do (u) do (v) do (w) do (a) do (2). 


Once more, the integration variables can be interchanged in an arbitrary 
manner. We choose to let a range over H/T, the others over H. Then, if 


we introduce the notations 


Lag (ab) = i K (uv) K (ua) K (vb) vo. (2) Vg (v) do (u) do (v) 
(8.5) H? 


LaB (ab) = Af K (uv) K (ua) K (0b) ve (¥) ¥p (v) do (w) do (0) 


2 


m2 
we find that 
Oro nn 24 i ih 
<A =f (Lay (ad) Lap (0b) 
ee) Qe) Ht XH 


+ Ley (ab) Lgs + Lag (ab) Ls (ab)] do (a) do (0). 


A more symmetric result is obtained when we observe that 
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Lap (ab) = Lpa (ba), 


and that we may interchange a and 0 in any term. The final formula reads 
gag | ty ty = 
oa) =e a if [ (Lay at Lya) (Les + Ls) oo 2Lap Ly] do (a) do (d) 5 


H/IFXH 


all arguments being ad. 


9. We recall some fundamental notions of differential geometry as 
applied to Kahlerian manifolds (see Bochner [6]). By agreement, Greek 
indices will run from 1 to , while Latin indices will run through 
Uso Oy 1 nae n. We make use of the summation convention whenever 
applicable. 

The fundamental metric tensor is extended to all pairs of subscripts 
by setting Zap=£ap=O0O and gpe—=8ap- To conform with Bochner’s 
notation we write ds? = 2gug dtqdt®. The matrix || g‘/|| is the inverse of 


|| gij||; hence Zap gY® =0 ifaAy, 1 if a=y7. As usual, we set 


l O81 O81 08:3 
| k a kl é& Sit ae 61] 
(9.1) La a et ae 


and we find that these quantities are 0 unless all indices are barred, or all 


unbarred. For unbarred indices we obtain, in the Kahlerian case, 


(9.2) Le eve A ge é 


From now on we assume, for simplicity, that the coordinates are 
geodesic and orthonormal at the origin. Then the curvature tensor (in 


Bochner’s notation) is given by 


(9.3) RM ee ee 
fat Ot, Ote 


and, except for conjugation, its only nonzero components are 


Dine tee 
(9.4) R¢ = — R4 = — aes 
Oe Ot, Ot, 


When the index is lowered we obtain 
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- eaR 
9.5) Rogy3 = R*_ = stot 
( a Byd Ot, Oty 


and the contracted curvature tensor, defined by 
(9.6) Rix = BF Rize, 


has the components 


o2 . O2o — 
(0.7) Ree ig en ee 
Ots te Ots Ot; 
The scalar curvature is 
oe? = 
(9.8) r= Raa = — = Saa ‘ 
Ot; Ot; 


Let # be a selfadjoint vector of unit length at the origin, i.e., suppose 
that #* = #* and G*P* = 1. The Ricci curvature in the direction @ is 


then given by 


es np 
(9.9) Rap 8% 96 = — —®°* go 98. 
Ot; Ot» 
A holomorphic section is spanned by two selfadjoint unit vectors with 
unbarred components A* and iA“. According to Bochner ([6], Theorem 4) 


the curvature of a holomorphic section is 


(9.10) — Rapy3 A* AB AYP. 


10. In the case of Weil’s metric on 7, it is now easy to prove: 

Theorem. The Ricci curvatures, the curvatures of 
Holomorphic sections, and the scalar curvature are 
negative. 

Indeed, with the help of (8.7) and (9.9) we find the following 


expression for the Ricci curvature: 


Rap 8% oe = 


NO es oat 4 ((LastLsa) (Lop +Lpo) + 2L05 Ls] 8% 9° do (a) do (0) 
AITXH 


|2 


do (a) do (0). 


176 LARS V. AHLFORS 


Similarly, the sectional curvature is given by 


ies i (SGert tye) it 42S Lap4i¥ | do a dot). 


HIPXH ‘' %Y «,B 


Both expressions are clearly SO. 


To see that the curvatures are strictly negative we observe that the 


vanishing of (10.1) would imply 


> La Naas = 0) 
104 


for all 5, identically in a and b. We choose b= a which gives 


» (0° i K (wo) K (ua) K (va) Va(u) vs (v) do (u) do ©) = 0. 


a H2 


Integrate with respect to @ over H/T. Because of the reduction formula 


(8.3) we obtain 


> ( i K (wv)? Vo, (4) Vs (v) do (u) do ()] =O: 
o A/T XH 
and this is nothing else than ga39*=0, an absurd relation. The proof is 
similar in the case of (10.2). 
It is a corollary that the scalar curvature is negative, for R= Rg% 


is a sum of Ricci curvatures. The explicit formula reads 


(10.3) R=— <3 > i, (| Las +Loa) |? + 2 | Los |?) do (a) do (0) . 


0,6 H|UXH 
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VARIATION DIMINISHING TRANSFORMATIONS 
AND ORTHOGONAL POLYNOMIALS“) 
By 
Lt. Hirschman, Jr. 


in Saint Louis, Missouri, U.S.A. 


1. Introduction. 


Let P*: (x) be the Jacobi polynomials in the usual normalization, 
that is if a>—1, P>—-1 


2" 0 POOB) (x) = (—1)" (1—x)-* (1+x)6 (eels (1-+%)b+") . 


These polynomials satisfy the orthogonality relations 


1 


{ P(.B) (x) PO>B) (x) Qa p (x) dx = hap (1) By, 


where 

(1) h (2) = 2hrbe'T(ntat ir (at+B+1) ~ 
Ne (On ta 61) mit (eo) 

and 


On 9(X) = 1a)" (1Ex)8. 
Let 1? 8 consist of those real functions / (7) defined for m = 0, 1, 2,... 
for which 


WZ 
V2 
<= es 


(2) le = [S17 Oe.) 


n=O 


Py 


and let L? 8 consist of those real measurable functions (P)(¥) on —1<%¥<1 


for which 


1 
v= | f eC? 2a,e@ex]* < . 
=f 


1. Research supported in part by the Air Force Office of Scientific Research 


and Development Command under contract No. AF 49 (638)—218. 
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For le. we set 
(3) f@) = VF) PP). 


It follows from the orthogonality relations above that the series (3) con- 
verges in the mean in La and that 
FO) |e = IF) IIe. 
Let M(x) be a real bounded measurable function defined on 
love). ior er a we define 
1 
(4) Taf (0) = [haem [£7 @) Pl” (x) M (x) Qa,p (x) ax 
“1 
then it is evident that Ty is a bounded transformation of ae into itself; 
moreover 
|| Par |] = |] 4 (*) | 
where ||M(x). is the essential least upper bound of M(x) on 


—1 S$%<1. Transformations of the form Ty will be called multiplier 


transformations in I 8: 


Let us denote by V[/] the number of changes of sign of f(m) for 


m=0,1,.... M(x) will be called a variation diminishing multiplier in 
ye if for every felr . 


In the present paper we will show that M(x) is variation diminishing 


in UB if and only if it is of the form 


Ie + dp %) 


MG) =e 
ike — bh x) 
1 


where €¢20, 12420, 1>de>0 and Es (ay + by) < co. Analogous results 


are also obtained for Laguerre and Hermite polynomials. 
In earlier papers the author dealt with the same problems for Hankel 


transforms and for ultraspherical polynomials. In both these cases there 
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exists a convolution structure. In the present paper these problems are 
taken up from a different point of view using methods which do not depend 
upon the existence of a convolution. The method used here is very general 
and depends very little on the special properties of the classical orthogonal 
polynomials. It will, for example, certainly work for any orthogonal set of 
polynomials relative to a fairly well behaved weight function on a finite 


interval. The method is also applicable to some Sturm-Liouville systems. 


2. The theorems of Schoenberg and Edrei. 


In this section we reproduce two basic results which we will need 


later. 


Definition. A matrix® [a(n,k)] m<n<m, ki<k<k2 is said 


to be variation diminishing if 


w(n) = Y a(n,k) p(k) MINN, 
ky <k<ky 


implies V[w]<V[q] for every function (Rk) which is zero 
except for finitely many R&. 

Theorem 2b. (Schoenberg). If a(u) is a measurable real 
function defined for —~w~<u<c such that for every 
Posrtiye integer # and real numbers s1:< 527... Sn, 
N<t2<...<%, the matrix [a(%—s;)] is variation diminishing 


andif lim a(vu)=—0 then 


u-—>+t 00 


oO 


ati - ; Lee 
a (uw) = [ [der + iB a Il Gl ae 1 on x) ae eh dy 
k 


— 


where all the constants %,B,7,95 are real and in addition 


720 OS oO, 


Theorem 2c. (Edrei). If a(m) is a real function defined 
for »=0, £1,+2,... such that [e(m—hk)] —o<n, Roo isa 


variation diminishing matrix and if lim a(v)=0 then 
n> £0 


2. Here mn, and k, may be finite or —ce and n, and k, may be finite or +c. 
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at 


[Lo +ae] (1 + fxe-**) 
= € xpz %) 1 ity ey -~id oe 
me s ae oe a cone [0B 10) 


Here the a’s, B’s, y’s, 5’s, &’s and € are real and in addition 
1 Oe Os lee ie 0 nt 0 


1 z= op > 0; 
Di (Oe Be 7a + On) SO," 


ey > 
Finally m is an integer 


ls ees 


For the demonstrations of these theorems see the papers of Schoenberg 
and Edrei listed in the bibliography 


3. Jacobi polynomials. 


We recall that the Jacobi polynomials satisfy the recursion relation 
(1) 


PEP) (x) = (A, x + B,) PP (x) — C, PUP) (x) 
where 


2(n+1)(n+a+B+1)A, = (2n+0+8-+1) (2n+0+8+2), 
(2) 2(m+1)(n+a+fB+1)(2n+a+8) B, = (a?— B’) (2n+04+641) 


(m1 +1) (7+a4+B+1) (2nt+a+B)C, = (n+a) (n+f8)(2n+a+f8+4+2) 
We define the operator A by 


Af (x) ¥ [ nti / Anti] f (n+1) =F (1 / Ans] f (#1) = (Bik A,,] f (”) 


Here f(—1) is to be taken as 0. Let I be the identity operator 


If -(n) = f(n). 
Lemma 3a. If £51 then 


(A -ED/>VU 
fomevery ) Gl) 8: 
To prove this let 


us introduce the operators 
f (nt) — f(n) 
= f(n) 


54 f+ (”) 
af Go) 
here f(—1) is to be 


= 10, Ign 
— f(n—1) 


it == (0). ile 
taken as 0. We further define the functions 


a(n) = [Piese) (€)]-3 
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B(n) = POP) (2) P(E) {Ul Cal 
~k=0 


(m= [TP Ca] a Pee, 


h=0 
We assert that 
(3) A — EI = (al) 5 (81), (7D). 
It is evident that 
(a2) 8_ (61) 84 (7D) p = @(n+1) [a (2) B(m) 7 (n+1)] 
~ p(n) [a(m) Bn) 7 (n) + a(n) B(n—1) 7] 
+ @(n—1) [a (2) B(n—1) 7(r—-1)], 
so that proving (3) amounts to verifying that for 1 = 0, 1, ... 
a(n) B() 7 (#+1) = Cay: AZt,, 
a(n) B(n—1) 7(n—1) = AZ 


n—1? 


a(n) B(m) y(m) + a(n) B(n—-1) y() =F + B, Am. 


With the help of the recursion formula these identities can easily be checked. 
It is evident that if ¢(m)>0 n=0,1,... then for every real function 


p(n) defined for 7=0, 1, ... 
Vito] 2 V (pls 
If »(n)>0 and if in addition 7 (n) p(n) >0 as n> oo then 
V [54 (7) ep] = V [4]. 
Since || f (m) ||2 is finite it follows that | f (”)|? ha,p (7) > 0 as n> co and 
thus that f(”) = O(Vn) as 1 > co. Now 
eer (EY C2) (Cm Gs) 20) Ce) 
Fs ie a ea. 


see [4; vol. 2, 10.8 (12)]. Since 


= fe (2n+o+B+2)F(mtatiF(@tbrl) | ¢ 
II a F (n+a+p+2) (n+1)! 


where S is a constant independent of ”, we have 
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TL = O(n-') 
0 


and since A>! = O(1) it follows that 

v(m) = O(n 24(& + 1)-*] N> oo, 
Thus 7 (2) f(n)>0 as m+. The various remarks we have made taken 
together prove our lemma. 


Theorem 3b. The multiplier M(*%)=(*—&)-' where &>1, 
is variation diminishing in /) .. 
It is evident from (1) that 


(A—€1) Tu f -(n) = f(r). 


By Lemma 2a 


Vis] [A — &)T mf] 


Vv 
2V([Tu f] 
as desired. 


Lemma 3c. If €>1 then fot any real function spre. 


VIAFEDS/I SVU. 
We introduce the operators 


anf (n= f+ +f(n) 
o- f +(n) = f(n) + f(n—1) 


here again f(—1) is to be taken as zero. We assert that 


(A + £1) = (al)o_ (BD) oy GD). 


1 = (0) eines 


This can be verified exactly as before. If €(7)>0 then for every ( 


V [o. (De) <V[e] 
V[o-(De] s VI). 
See Pélya and Szegd [8; vol. 2, p. 38]. Our lemma is an immediate 
consequence of these assertions. 
Theorem 3d. The multiplier M(x)=(*+6&), where &51, 
is variation diminishing in l’g,5. 


It is evident that in this case 
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Tu f + (nm) = (A+ El) f + (n) 
etc. 
Lemma 3e. If M,(x) and M(x) are variation diminishing 
multipliers on a then so is M(x)=M, (x) M2(x). 
This is because Ty f=Tm, (Tu, /]. (The verification of this relation 


depends on the fact that the P(“-?) are complete in Lx, .) 


Theorem 3f. Let c>0, 


eed = de x ce, 0% and {Sh 2, 2. 


IV 
° 


where Sx(a,+hi)< oo. If 


[La+ax 
M (x) = e* a ee ——-— 
[La-4&» 
k 
then M(x) is a variation diminishing multiplier on 2 8: 
If M(x) is of the form 


N 
I[¢ + ay x) 


MiG) = = = 


M 


[[G-%” 


R=1 


then M (x) is variation diminishing by Theorems 2b and 2d and Lemma 3e. 


In the general case let 


(1 + ax) 
M,(x) = —> - ieee | 
cr 
[Jc — b,x) 
[| 
It is evident that M,(x)> M(x) uniformly on —1S5*%*S1 as 1>oO, 


This implies, using Parseval’s theorem, that | Tu f—Tu,f \l2>0 as 
y > co and thus that Ty, f - (1) > Tu f -() for each ». It follows that 
Vt tieeli Vite fs time Vij) = 17): 

ro ro 
We now turn to the problem of establishing the converse result. 
Theorem 3g. If M(x) is a variation diminishing multi- 


plietiin }; , and if 
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m(k) = 5 _[ Mos 1) cos kit dd —o <ck<o 
A 
0 
then 
[m (k —J)] —o <k,j< 
is a variation diminishing matrix. 


If finvely . is zero except for a finite number of integers m then 


Pu f= J £m) hg -* | MG) PEP (x) PHP (1) Qe, 9 (4) a 


iz y hap (n)—” K (n , m) ha, pg (m)? f (m) 


m—0 


where K(n,m) is 
[ha,p (1) ha, (m)\-? ju (cos &) P{*-8) (cos 9) Pt?) (cos #) 
0 


-Q. 8 (cos #) sin Fd. 
The following asymptotic formula is demonstrated in Szeg6 [12; §8.21]. 
(4) P&B) (cos #) = 
= V 2/x hyp (n)? [Qz, 8 (cos #) sin BJ-” cos |N (n) P+ 7} + O(n-22) 
where N(n)=n+(a+B+1)/2, y~y=—(a+1/2)a. The bound for 
the error in (4) holds uniformly in the interval e<%<a—e for any fixed 
€>0. Formally we have 


(5) lim K(R+r , k+s) 


ko 
ee 
== jim = | M (cos #) cos (N(R+r) # + 7} cos {N (k+s) 0 + 7} ad 
> OO ; 


es J AZ (cos 9) [cos (r—s) 9 + cos {[N (k-+r) + N (k+5)] 9+ 27}] a9 


k>o TW 


we 


ee 
aa | M (cos #) cos (r—s) Pdf , 


0 
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by the Riemann-Lebesgue lemma. This argument fails to be rigorous in 
that (4) does not hold uniformly in the entire interval O<%< x0. In what 
follows we shall show by a simple argument that the endpoints 0 and x 


do not matter. We have if 6 >0 


lim hy, g ()7? | [pi*®) (cos )]’ Qa, 8 (cos #) sin Fadl 
: B, My 
= lim — | [cos {N(m) &+ y}]? dd = (x — 28) /n. 
n—> 90 IU & 
Since 
he, p(n)7! { [P&:®) (cos #)]? Qa,p (cos #) sind dd = 1 
0 
for » =0,1,..., it follows that 


Tw 


lim hep (2)-! a1 + j [P'-) (cos 9]? Qa, 6 (cos #) sin FdP = 22/a. 
0 Jo—-& 


An evident application of Schwarz’s inequality now yields 

ee 1 r : 2€ 

lim | K (B-tr , b-+s) —— {- f (cos 8) cos {(r—s) 9} 4) < ||| 2. 

k->oo | Tw. IU 
Letting ¢€>0O+ we obtain (5), this time rigorously. Since obviously 
“variation diminishing matrices go into variation diminishing matrices in 
the limit” our theorem follows. 

Theorem 3h. If M(x) is a variation diminishing multi- 


plier in/,, then 


Ila + ay, X) 
k 
TLa-%2 


k 


M (x) = de* 


where @ is real, C20, 124>0, 1>0,;>0, and De (Ga On) co. 
By Theorem 3g the mattix [m(k—j)] is variation diminishing, and 


by Riemann-Lebesgue lemma ™ (k)>0O as R>+o. By Edrei’s theorem 
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we have, taking imto account the fact that m(k) is even, 


m IIc —ay, e') (1—a, e~**) 
(6) mO)=f [explo +09] — 80a 
‘ [00+ Bae!) + Bie) 


1 


where € is real, €20, 12 0%>0, 1>Pe>0, Ue(Oe + PBs) < ©. Setting 


2e=¢, 20, /(1+02)= an, 2Be/(1+ Bx)’ = dx, etc., this can be rewritten 


x Ifa — a; cos #) 
1 ( ( 
m(k) = — | dexp[ccos J] — coski di. 
z ! ‘TTas + by cos 8) 


in the form 


Recalling the definition of m(&) we see that our desired result is a con- 


sequence of this relation. 


4. Laguerre polynomials. 

In this section we shall establish results for generalized Laguerre 
polynomials analogous to those previously established for Jacobi polynomials. 
Interestingly enough both the results and the details of the proof are 


significantly different. For a> —1 let 
L() (4) == (m!)-* e* 2-* (d/dx)" [e-* ant] t= O1n ae 


We have the orthogonality relations 


io) 


[ hie ECG T O gee eee 
AE n m LP (n + 1) 


0 


n,m s+ 


We denote by /° the set of those real functions f (7) defined for m= 0, 1, ... 


for which 


= 2 PC ) "2 
ver tees 


is finite. If we denote by 1B the set of those real functions (P(x) for which 


ie.) 


lwle=[f eeoresaraa] 
0 
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is finite, and if for fel. we set 


PO) = VL) 12% 


n=0 


then f EL? and |lf\l2=||f7||2. As before let M(x) be a bounded 
measurable function defined for O0< x< ~~. For fel’ we set 


ae T (a+ 1) { rs 
i oF . i eee ee / (&) % p-% 
uf + (x) T(n+a+1). fF (%) M (x) L0) (x) x* e-* dx. 
0 ‘ 
Then 7, is a bounded transformation of 5a into itself. 


Theorem 4a. If M(x) is of the form 


(1) M(x) = afer TLo a of” 


ic.6) 
mere @ is real €>0, 20 F=0,1,..., and -Da;<2o, then 
i 
M(x) is variation diminishing. 
It is enough to prove that (+ %)~', €>0, is a variation diminishing 
multiplier, since the result above can then be obtained from this special 
case by a now routine argument. 


The L'*)(x) satisfy the recurrence formula 
(m + 1) LO) (x) = (—% + 2n +1 + a) LO (x) —(m + a) LO) (x). 
We define the operator A 
Af -@) =(@+1+4)f(@+1) + af (m—1)—(2n+14+ 0) /(m). 
Let 
9) = (E(B 
%(n) = Li) (—€&) LO, (—F) (Cnet / (@)nta) 
 (m) = [LZ (—E)}-* (Cntr / nt - 
We assert that if € >0 then 
(A— EI) f+ (n) = [ol 8-41 3,61) f «(). 
We omit the verification of this identity. From this it is easily proved 
that (& + x)~' is a variation decreasing multiplier. 


Theorem 4b. If M(x) is a variation decreasing multi- 


plieron 2 then M(x) is of the form (a 
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It is evident that the product of variation diminishing multipliers is 
again variation diminishing. Thus M, (*) = e~* M (x) is variation diminishing 


if M(x) is. We set 


ny 1, M(x) L0 (x) LO (x) x e-* dx 
0 


Note that if f(”) #0 for only finitely many values of m then 


Tuf-(n) = lar eta K(n,m) f (nm). 


It is clear that [K(", m)] 0<n, m<o~o is a variation diminishing matrix. 


Let N be a positive integer and 7 and s any integers. We define 


(2) my (r,s) = lim (NR)'—** K (N? k? +- kr , N? h? + ks). 
k>ao 


We will prove that this limit exists and that 


(oa) 
{ie 


(3) my (r,s) = —{ M;, (x) cos ( fe 


yal xn. dx. 


Leto >0 be givens We set 
(Nk)'-7* i CN? BP + hr, N? Rk? + ks) = I, ++I 


where 


w 


I, = (Nk) | “My (x) L® (x) L@ (x) x e-* de, 
0 


Be 
I, == (VR ieee { M, (*) HBS (x) ro) (x) x% e-* dx : 


«) 
Ty = (Nk)! [My (x) L1 (2) L@ (a) a e-* de, 
2 
Here n=N’R’?+kr, m=N’* kh? + ks. 
By Theorem 8.22.1 of [12] 


(4) Le) (%)= n— V2 e/2 4-%12-1/4 ge/2—u4 cos {2 (qx)? = an/2 Ss m/4\ 
+o0(1) as g> oo 
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for 0<*%<co,. By Theorems 7.6.5 and 8.22.8 of [12] we see that for 
OS*S9 


(5) | L( (x) | = Berl? xa %/2—1/4 quivetis 
| q = 
where B is a constant independent of x and g. Using Lebesgue’s convergence 


theorem and the Riemann-Lebesgue theorem we find that 


wo 


d 1 f r—s 
(6) jim I; = a i M, (x) cos ay} wl ede 
0 
Next 
(7) lim | Io] S||M jo BP f e-*x-*dx. 
k>oo 


o 
Finally using Schwarz’s inequality we find that 

T| S (WR) e-¥ |] M |]. |] LO Ife |] | 
from which it follows that 


(8) lim i, = 0. 


k>oo 


The relations (6), (7) and (8) taken in conjunction prove (3). Let us set 
ive ‘ 
(9) m(u) = a] M, (x?) cos ux dx . 
0 


We have proved that for every integer ” the matrix 


W see One yaeesS 
ple arses 


is variation diminishing. Since m is continuous it follows that if 


lit WAS os SP 
SS OOS oot SOO 
then the matrix 
[m (7; — s;)] Ree fh errr) 


is variation diminishing. 


Applying Theorem 2b to m(w) and taking into account the fact that 
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m(u) is even we find that 


ive) 


(10) m(u) = “ { ales {Lo + a,x’) 
) k 


0 


—1 
cos xu du 


where C, = 7, 4 = @;, etc. Comparing (9) and (10) we find that 
-1 
M,(#7)=d leur Ke + ap *)| . 
vk 


: =i 
M(x) = a |e [[¢ + a,x) | 
k 
where C= ¢;—1. Since M is by assumption bounded it is evident that ¢2 0. 


5. Hermite polynomials. 


let 
H,(#) =(-1y*e" (d/dxyte* = _»=0,1, 


Then 


ive) 
a 


/ An (x) Ay, (x) oe ax = 122" | Ona 


If we denote by /’ the set of those real functions f(”) for which 
ne Pon eae 
fl =| TAY ee nt] <cor 


and if we denote by L* the set of these measurable real functions (x) 


for which 
P| |2 == | | @ (x) e-* ax|" ee 


then for /El’ the series 
@) = VF) A) 


converges in L* to a function f~(*) in Lz and ||f\l2=||/f7\\2. Let M(x) 


be a bounded measurable function for —~<x< ~; we define Ty in the 
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usual way, etc. The following result asserts that here the only variation 
diminishing multipliers are the trivial ones, if we restrict slightly the class 


of multipliers considered. 

Lemma 5a. Let M(x) be a real bounded measurable 
function for —~<%x< om and let in addition: 

1. | |M (x)|\dx < ox, 


2. M(x) = 0(|x|-%) %> too, 


Then if M(x) is variation diminishing in 7? it must be 
identically zero. 
If we set 


ica) 


K(m , ») = | M (x) H, (%) Hy, (x) e-* dx 


then [K(m,n)] OSm,n< co is a variation diminishing matrix. Let 


nm = N*k? + kr .m=WN’k? + fs. 


> 


Then we assert that if 


b= r@tn/r(s +1] 


we have 

(1) lim AA K (m , n) = T; i= 1,2, 3,4 
k-+>oo 
REC; 


where C; is the set of integers congruent to ? modulo 4 and 


(2) I; = 1/2 J M@)cos|(—— 


VY 


Sey ee 
Vani. (7 —s) : je 


To establish (1) and (2) we recall that 


60) 


(3) Ait e-#? H,, (x) — cos 1 n+ 1% — eal = 0(1) 


as 2 > oo for each %, —o<x%< 00; see [12; § 8.22]. On the other hand 


the relations 
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Hom = (—1)™ 2?" m! LO") (x7), 
Hamar (%) SS G1)" 2m x Ee (x), 


see [12; §5.6], together with (5) of §4 imply that if O0<¥*< 1/2Vn 
(4) I |e-?? H,(x)| <B, 


where B is independent of m and x. With (3) and (4) available the 
demonstration of (1) and (2) can be completed along the lines of § 4. 
Let 
m, (uv) = { M (x) cos ux dx. 
Let 71<r2 and si<S2. Let &: and & each be O or 1. Choose integers 


Oe On! Re, == eeu sthat 
WN) = ¢, (mod 2) s™) = 0 (mod 2), 
= ie 
AN) /V2N > 1h SOE aN os, as N>ox, 
Then using (1) and (2) with 7 = 2 we see that the matrix 
bee Me (71 — $1) (—1)®t m.(r71 — $2) 
(—1)®2 m. (72 — $s) (—1)*2 m, (r2 — $2) 
must be variation diminishing no matter how & and &2 are chosen. This 
is possible only if m,(#)=0. A similar argument shows that if 


fo 0) 


My (U) = i M (x) sin ux dx 


u 


te) 


then #19 (%)=0. These together imply M (w)=0 as desired. 

Theorem 5b. Let M(x) be a real bounded measurable 
function for ~e<*x oo and let im addition 

M (2) =O Gi-®) x > + co 

for some &>0. Then if M(x) is variation diminishing in V’ 
it must be.identieally zere, 

Choose a positive integer ™ so large that m¢ +1 and apply Lemma 5a 
ton May, 


It seems probable that the only variation diminishing multipliers 


VARIATION DIMINISHING TRANSFORMATIONS... 193 


M(x) in P are of the form M(x)=d. However Theorem 5b falls just 
short of proving this. 


[1] 


[2] 
[3] 
[4] 
[5] 
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ASYMPTOTIC DEVELOPMENTS III: 
AGAIN ON THE FUNDAMENTAL THEOREM OF ASYMPTOTIC 
SERIES ©!) 
By 
J aevan der Corput 
in Berkeley, California, U.S.A. 


The fundamental theorem on asymptotic series %)» ©) can be formulated 
as follows. 

Theorem 1: A series @+4:-+.. converges asympto- 
tically if and only if a tends asymptotically to zero ash 
approaches infinity. 

In this theorem, the terms a, = a,(w), where = 0, 1, ..., are defined 
for each point w of an unbounded set 2 lying in the complex plane or 
on a Riemann surface. A number or function which is independent of w 
is called “fixed”. That a, tends for 4 > c asymptotically to zero means 
that there exists a fixed integer No 20 with the property that for each fixed 
integer 42ho it is possible to find three positive fixed numbers ¢;, 7, 
and g, such that g,>co as h>oo and that each point » of Q with 
| > 7, satisfies the inequality 

|| Se |ol™. 

Without loss of generality we may assume that g, is for h2ho a 
monotonically nondecreasing function of 2, for otherwise we can replace 4, 
by 9g, = min gq, where q}, is a monotonically nondecreasing function <q of 
h which pas to infinity as h>o. 

That the series @ +4,+... converges asymptotically means that it 


is possible to define on {2 a function s = s() such that 
Si (0g Gy we. ah) 


1. This report has been facilitated by a grant (G 5228) from the Nationa 
Science Foundation, Washington, D.C. 

2. J. G. van der Corput, “Asymptotic Developments I (Fundamental Theorems 
of Asymptotics)”, Journal d’Analyse Mathématique, Vol. 4, 1954—56, pp. 341—418. 

3, J. G. van der Corput, “Asymptotic Developments II (Generalization of the 
Fundamental Theorem on Asymptotic Series)’, Journal d’Analyse Mathématique, Vol. 5, 


1956—57, pp» 315—320. 
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tends asymptotically to zero as 4 approaches infinity. A function s with this 


property is called the asymptotic sum of the series and we write 


Let us consider the special case that {2 is a set formed by real 
numbers which has a lower bound & but does not possess an upper bound. 
A function f() defined on @ is called differentiable on @ if for each 
point @ of 2 and for each sequence of points w*#@ of 2 which tend 
to w the fraction (f(m*) — f(@))/(w*— w) tends to a finite limit ; this 
limit, called the derivative, is denoted by /’(m). If @ is an isolated point 
of ®, then each function defined on ® is differentiable at w and we may 
assign any value to the derivative at that point, since it is impossible to 
find on 2 points @*~@ which tend to o. 

Now we assume that each term a, =4,(@) (A =0,1,...) is on Q 
infinitely often differentiable with respect to w and that for each fixed 
integer k2>O the k derivative a) (w) tends asymptotically to zero as 
h-> co. According to the fundamental theorem, it is possible to define on 
Q functions s,(@) (k= 0, 1, ...) such that for each fixed integer k > 0 


© 


Sp (@) ~ “a (co) 
The deeper question arises whether it is possible to define on Q an 
infinitely often differentiable function s(w) such that for each fixed integer 
k=0 


(oa) 


(1) s) (@) ~ = al) (w). 


ho 

That the answer is affirmative follows from: 

Theorem 2; If the ter ms-u, (wm) (4=—0;1,,..) are infinitely 
often differentiable on Q and if for each fixed integer 
R20 the & derivative a") (w) tends for h>oo asympto- 
tically to zero, then it is possible to define one cman 
infinitely often differentiable function S(o) whien 


satisfies on @& the order relation (1) for each fixed 


pate cere 20% 
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This theorem reminds the reader perhaps of the fact that under certain 
general conditions an asymptotically convergent series with only analytic 
terms has an asymptotic sum which is also analytic, but the two said results 
belong to different branches of mathematics. 

In the proof of Theorem 2, I use a fixed monotonically nonincreasing 
infinitely often differentiable function o(t) (~~<t<oe) which is equal 
to 1 for #0 and equal to 0 for #21. Such a function is called a 
smoothing function. 

For each fixed integer k 20 it is possible to find a fixed number I; 
with 
(2) |o® (¢)| < Tr (R=s0 1, a) s 

Lemmai: Let @ be areal fixed number. If a function 
@(@) defined for w>a is >0 andtends for W>~ to infinity 
then it is possible to find for 24 a monotonically 
nondecreasing function p(@)<P(@) which is 20, infinitely 
often differentiable, tends for ®—>°co-to infinity end 


satisfies the inequalities 

(3) yO(o)|<STe  (&=1,2,..), 

where the constants Tx denotethe numbers occurring in (2). 
Proof: Let %(m) (w 2a) denote the lower bound of ~(u) for uo. 

Then 7(@) is for ®2a a monotonically nondecreasing function 20 and 

< p(w) which tends for @ > o to infinity. Let B be an integer 2Da+1. 


Put w()=0 for each integer h <<; furthermore, for each integer h>f 
(4) Wh + 1) = min (7 (A), wh) +1). 
The inequality 
(5) ywt1) 2 (A) 
holds for each integer 4. This is obvious for <P. If h>6 and if 
w(h)>w(h—1), then (4) gives 
wahti1)> min{fy@—1), pA—-1)+ 1}= yp), 


so that (5) holds for each integer. 
The function w(/) tends to infinity as the integer / approaches infinity. 
Indeed for each positive integer p there exists a positive integer h*>PB such 


that y(h)= Pp for each integer > h*, consequently 


198 J. G. VAN DER CORPUT 


Wh +1) 2 min, pH) + 1), 
hence 
p(h+p)2 min (p, p(4) + p) = h 

so that the monotonic function w(/) tends to infinity as h>~. 

For each integer 4 we put in the interval AC M<A+1 
(6) wo) = p(r) + {pht+1)— p(Ajo(h+ 1—@) 
where o(¢) denotes the smoothing function introduced above. This formula 
holds also for =f and for o=h+1, since o(1)=0 and o(1)=1. 
The function p(w) (—co <@< c) is a monotonically nondecreasing function 


of w with 
po) < p+ 1) <x7(4) SZ (®) S PO) 
by (4). Moreover, w(@) is infinitely often differentiable with 
yo) = (Fp +1) — WMJo(+1—0) (21) 
which is in absolute value 
<{yh+1)— pT. <tr 

according to (2) and (4). This completes the proof. 

Lemma 2: Jf c@) and W(@) are infinitely often ai. 
ferentiable functions with (2) and (3), respectively, then 
wehave for R= 0, 1,..°and for each real constant A 


_doth+1—w(@)} 
7) dw* 


where Ce denotes a suitably chosen number depending 


OmMiyp Oi Woo Wits «og VARs 


Proof: Formula (7) holds for k=O, if we choose Co=To. 
Furthermore, 


do {h+1—w(@ , 
2G igs pao ael = —6 |h+1—w(o)} y’ (o) 


is according to (2) and (3) in absolute value <T‘, so that (7) holds for 
k=1, if we choose C; = I?. Moreover, 


@olh+1—w(a)} ks P 5 ; B 
so = <0" {hi (0)} {y'(@)}? — 0" {h-F1—W(o)} W" (@) 
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is according to (2) and (3) im absolute value <F2.F?+TI,T2. so that (7) 
holds for k = 2, if we choose C,=T?¥2+J,02. Continuing in this way, 
we obtain the required result. 

Proof of Theorem 2. 

From the fact that for each fixed integer k >0O the function a) (w) 
defined on Q tends for > co asymptotically to zero, it follows that for 
each fixed integer k2>O it is possible to find an integer Ny =O such that 
the inequality 


(8) | al) (ww) | < Cyy 7 Ihk 
ar | 


holds for each fixed integer h > hy and for each number > 7x, belonging 
to Q; here Cy, 7ne and ge denote suitably chosen fixed positive numbers 
depending on / and k with the property that for each given integer k the 
exponent gj. tends to infinity as # approaches infinity. 

Let C, (k = 0, 1, ...) denote the fixed numbers mentioned in Lemma 2. 
Clearly it is possible to find a function p(@)20 which tends for woo 
to infinity such that for each 2 (a is the lower bound of Q) and each 


integer k with O<k< p(w) the inequalities 


k 
k 
(9) S | j )Cr1en S © 
0<h<o(W) 1=0 


and 


(10) max 7p. SW 
0Sh<—@ () 


hold. Notice that this condition is certainly satisfied by the numbers w 
with @~(m)=0, because then there does not exist an integer k with 
Oo<k< go). 

According to Lemma 1, we can construct for W244 a monotonically 
nondecreasing function w(m)<(m) which is 20, infinitely often dif- 
ferentiable, tends for > to infinity and satisfies the inequalities (3). 

After these preliminary remarks, it is easy to show that the function 


oO 


(11) s(o) = So fh +1—y(o)} a (a) 


h=0 
defined on 2, possesses the required properties. Notice that the series 


occurring in (11) is finite, since o/4+1—y (w)}=0 for h2 po). 
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We must prove that s(w) is in @ infinitely often differentiable and 


that for each fixed integer k 2 0 


H-1 


(12) so) — Ya? (0) 


h=0 
tends asymptotically to zero as H>o~, 
Let H and k denote fixed integers 20 with 


He 1 -- max ip, 


OSISk 
Choose @ in 2 so large that 
o©21; w(w)>H+1 and p(o)>F. 


Since 6 {fh +1—wy(o)}=1 for h< H—1<w(m)—1, expression (12) 


is according to (11) equal to 


k-1 apni we ) 
o {h+1—s(o)} a (@) + Sef aio (“ 6 h+1—y (@)| ) a (cn), 
1=0 


dw 
H<i<d() 


where the last sum contains at most one term #0, namely the term with 
h=n, where 7 satisfies p(m)—1<7<w(). It follows from (10) that 
Yn <S for each choice of the integers h and / with O<h<w(@) and 
0<I<k< po) < po). 

In each term of the sum Ne we have h2 H=/hz, so that (8) 


fal 
Sh<\) 


= 


h-1 
holds. In each term of the sum Ne we have 
ya 
/=0 


k=72V0)—1202 2h, 
so that according to (8) 
ja (@) | < Cy, m9! (a <l<k—1). 
Consequently, (12) is by (7) in absolute value 
wk 
< Co t Chk W~ {hk + oH ] ) Caren WI! , 


HSh< (W) 


Since qi is a monotonic function of h, it follows from H<h and Hay 


that Qik 2Qnr and Jy 2 Qu, so that (12) is in absolute value 
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k-1 


k 
=< WOn7™ HE {Cr Che +4. > ( ) rr nf 
l 
Hsh<yp (0) /=0 
where 
(13) Mok = min qu. 


O<I<k 


The expression between braces is in virtue of (9) and w(m)<@(w) at 
most equal to 2, so that (12) is in absolute value < 2w!'-”"Hk, From 
definition (13), it follows that for a given integer k2O the exponent 
Mux tends to infinity as H >, so that (12) tends for H > © asympto- 
tically to zero. This completes the proof. 


Theorem 2 contains as special case: 


Theorem.o2 if @s.d:,.. ate arbitrary fixed complex 
numbers, then there exists a function /(*) infinitely 


often differentiable for x20 with 
fO (0) = ay (CA a is Rone 
Proof: We apply the preceding theorem in the special case that 2 
consists of the positive numbers @. In the application, we replace the 
functions a,(@) (h = 0, 1, ...) of Theorem 2 by the expressions 


ay, 


—— -h = 
i a) (j= Oia) 


where the numbers a; (2 = 0,1, ...) are those given in the hypothesis above. 
In this way we find for ®>0 an infinitely often differentiable function s («) 
with 

Sv ay, a! wa" 
a h! do! 


We shall show that the function f(*) defined by f(0)=4 and 


s(@) ~ (J=0, 1, ...): 


f(=s(5) («>0) possesses the required properties. Put o=— for ¥>0. 
We have for each choice of the fixed integers k 20 and l>0 


d! f® (x) Vv Ape, a w-* 
(14) ie y h! dw! 


h=0 


This is obvious for k= 0. If R21 and if (14) holds with k replaced by 
k—1,; then 
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d es 
fO (x) = —— fO-9 (x) = — ot F— fe-9 (x) 


so that the left side of (14) is equal to 


: =i #6-1) 
qiti Geese a) q! fv D(x) a - d! t fb 1 (x) 
doyltl ae dw! aw) dw! 


1-1 -..—h 
gece : ans dt wor | 


d! daw" 
1 Ant+k-1 2 
> h! do! ss dw ) 


ce <a; 
Myths ,#o tyke aor 
h} doy! h! dw 


n=0 h=0 


This yields (14), in particular for /=0 
4 Antik 

°(k) eas fees wih 

IOV a 


so that f) (~) >a, as x > 0 and 


NA Cae a a 
dle) os = ae Rak xh-t > Aris 
as * > 0, hence f@+"(0) = ag41. This completes the proof. 


Remark: If f(*%) and g(x) are infinitely often differentiable in an 


interval a<x<B with 
f(a) =a, and 2° (3) =o (RO, eee) 


and if o(¢) is the smoothing function introduced above, then 


ea ee B—x , 
a= 0( FT) /@ + (a7) s@ 
is in the interval a <x <f3 infinitely often differentiable with 


e™(a)=a, and g(B)= b, (eS Ota) 


The function s() occurring in Theorem 2 is not uniquely defined. 
On the contrary, if f is an arbitrary fixed number >a and if g(w) defined 
at the points © of Q with a<@<f is infinitely often differentiable, then 


it is possible to construct a function s(w) with the required properties 
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which coincides with g() at the points @ of Q with a<m<f. Indeed, 
if y>B is a number belonging to 2, then according to the preceding 
remark, it is possible to construct an infinitely often differentiable function 
w(o) (BS@<j7) with 

y (B) = g(B) and wi) (7) = s (7) (k= 0, 1, ...) 
so that the function defined on {2 which is equal to g(@) in the interval 
a 20 <f, equal to :(w) in the interval BS @<y and equal to s(m) for 
= Y, possesses the required properties. 

This leads to the following question: If we know that a function 
$(@) is infinitely often differentiable for «@ = 0, and if the asymptotic behavior 
of each derivative s\)(w), where k denotes a fixed integer 20, is known, 
what do we know then about the behavior of the function s(@) in the 
interval OS @<10'°? The answer is: “nothing”, apart from the fact that 
the function is infinitely often differentiable in that interval. 


The following theorem is obvious : 


Theorem 4: Let 7 be a fixed integer 20. If the terms 
a,(@) (h=0,1,...) defined on @ are ry times differentiable 
with respect to and if for k=0,1,..,7 the function a) 
tends asymptotically tozero ashapproaches infinity, then 
itis possible to construct on 2 anr-times differentiable 
function s(w) which satisfies (1) for =0,1,..., 7. 

This theorem remains true if the two expressions “differentiable” are 
replaced by “continuously differentiable”. 

The proof is the same as that of Theorem 2, apart from the simpli- 
fication that in the proof of Theorem 4 we festrict ourselves to the integers 
k=O which are <7. 

Until now we have restricted ourselves to one variable w, but the 
argument given above can also be applied on functions of two or more real 
independent variables 1, ..., ®m, provided that the notions of asymptotic 
equality and of asymptotic limits are defined in a natural way. Let Q be a 
region in a real m-dimensional space such that each point (Ore tO) 


belonging to Q satisfies the inequalities 
Oy 2 Ap (Usa a2) 


where (1, ..., mn denote given fixed numbers. We assume moreover that Q 
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contains at least one sequence of points (1, «.., mn) such that each of the 
m coordinates 1, ..., ®m tends to infinity. 

Finally we introduce a set K in which each element is a system 
(ky, ..., Rm) formed by m integers 2O with the following property: if K 
contains a system (k1,..., %'m), then it contains each system (Ri, wage 
formed by m integers with OS ky Sk’, (u=1, ..., m). 

Theorem 5: Assume that the functions 4a@ (1, ..., Om) 
(w=0,1,...) defined at each point (@,...,@,) of the region 
Q have the property that for each fixed system (fi, ... ; Rm) 
belonging to K the function 


Oh +--+ hm ay, (D1, ... > Om) 
dat... Oa m 
1 m 


exists, is continuous and tends asymptotically to zero 
ash>o. 

Then there exists a function S(@,...,@m) defined in Q 
such that for each fixed system (ki,..., 2m) belonging to K 


h 
41+ hens § (Oy , x.» Om) 
Ow" ... O@* m 
1 m 


exists, is continuous and is asymptotically equal to 


7 OM + thm ay (wy Ss Om) 
Ow" ... Ow* m : 

h=0 1 m 
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CHAPTER 1. NEUTRICES 


1.1. Introduction. This paper facilitated by Grant G5288 of the 
National Science Foundation (Washington, D.C., U.S.A.) includes the 
contents of a lecture given on August 17, 1960 at Stanford (California) in 
a schedule of public lectures on numerical analysis, programming theory, 
and related mathematics being sponsored jointly by the Applied Mathematics 
Department, Lockheed Missiles and Space Division and by the Numerical 
Analysis Research Project of Stanford’s Applied Mathematics and Statistics 
Laboratories. 

This paper is self contained and can be used as an introduction to 
the neutrix calculus, independently of the other papers’) written by me on 
this theory. In these previous papers I have developed an abstract theory of 
neutrices without being much concerned with its applications, but in the 
present paper devoted to the sum formula of Euler, I follow the opposite 
way. Here a neutrix and a neutrix relation are only introduced if they lead 
to a generalization of the sum formula. A symbolism and a new technique 
are developed which in difficult, perhaps otherwise unassailable problems 
yield, with little effort, the asymptotic behavior of a great number of 
integrals and sums. It is my intention to apply the method in following 
communications on multiple integrals and multiple sums and also on sums 
of another type than those treated in this paper. 

The results obtained are consequences of the theory of neutrices. The 


application of the neutrices on the sum formula of Euler is not the only 


1) Neutrices, J. Soc. Indust. Appl. Math., 7, No. 3, September 1959, 253 —279. 

Introduction to the Neutrix calculus, reports 128, 129 and 130 of the Mathematics 
Research Center at Madison; Journal d’Analyse Mathématique, 7, 1959—60, 281—399. 

Neutrix calculus I, Neutrices and distributions, Report 142 of the Mathematics 
Research Center at Madison; Proceedings Royal Neth. Acad. of Sciences 63, series A, 
1960, 115—123; Indagationes Mathematicae 22, 1960, 115—123. 

Neutrix calculus IT, Special neutrix calculus, Report 143 of the Mathematics 
Research Center at Madison. This communication will appear in the Proceedings of the 
Royal Neth. Acad. of Sciences. 

Neutrix calculus III, General neutrix calculus, Report 144 of the Mathematics 
Research Center at Madison. 

Distributions with compatible neutrices, Report 166 of the Mathematics Research 
Center at Madison. Journal d’Analyse Mathématique, 8, 1960/61, 185—207. 

Introduction to the residue calculus, technical report Lockheed LMSD—703063, 
July 1960. This communication will appear in the Proceedings of the Royal Neth. 
Acad. of Sciences. ; 
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purpose of the neutrix calculus. Several branches of analysis can be generalized 
by means of neutrices in the same way as it has been done in this paper 
for the sum formula of Euler. 

The neutrix calculus is based on the fact that functions of a certain 
type may be neglected. This idea is not new and occurs in a simple form 
in the works of several mathematicians, for instance in Hadamard’s book ” 
on the Cauchy problem. This mathematician defines the finite part of an 
integral by neglecting powers of *—a@ and even functions of the form 
(x —a)® log(«—a). In a paper published in 1957 C.E. Duncan* applies 
this idea to determine, by means of the sum formula of Euler, the asymptotic 
behavior of certain trigonometric sums. 

The aim of this article is to develop a method which yields asymptotic 
expansions for an extended class of sums. Several of the expansions obtained 
by this method are not only asymptotically convergent but at the same time 
convergent in the usual sense; this fact, however, is irrelevant for the 


purpose of this paper. 


1.2. The primitive sum formula of Euler. This formula can be 
formulated as follows. 
Theorem 1.2.1: If f(x%) is at least m times (m21) 


continuously differentiable in an interval a<x<b, then 
b 
(ize) \" fn) — | f (x) dx 
ras io) 
a<n<b 


a 


b 


= An —, f)—An(a+.f) - ©) [ SF (%) Qm (%) €x 


a 


where 
(15262) NGA % . aD) = ys (- es fm (x) (Prti (x) 3 


h=0) 


Here (%) is the periodic function of * with period 1 


2) J. Hadamard, Lectures on Cauchy’s problem in linear partial differential 
equations, Yale and Oxford University Press, 1923, 316 pages; Le probléme de Cauchy 
et les €quations pattielles linéaires hyperboliques, Paris, Herman et Cie, 1932. 

3) C. E. Duncan, On the asymptotic behavior of trigonometric sums, third 
communication, Proceedings Royal Neth. Acad. of Sciences 60, 1957, 374—380. 
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which is equal to *—1/2 in the interval 0<*<1 and equal 
to zero at X=03; Pazi(v) (M21) is the integral of (x) uniquely 
defined by the condition 

1 
(1.2.3) if Pnai(x)adx = 0. 

0 
The functions y4i(x) (4=0,1,...) are periodic functions of 
* with period 1. This follows for h=0 from the definition; 
if h21 and (x) has the period 1, then 
x+1 1 


(1.2.4) Pasi (¥+1) — Pass (x) = { py, (t) dt = { (py, (t) dt = 0 


sothat also Q(x) has the period1. The periodic functions 
h! p,(*%) are called the Bernoulli functions. 

In this paper the designations Am(x, f) and (x) denote always the 
functions introduced in this section. 

The functions 2(x), p3(x),... are continuous, but :(%) is discontinuous 


at the numbers which coincide with an integer. If ¥ is not an integer, then 


ri) 5) Am(% , f) = Am(#—, f) = Am(*t , f), 


but if ¥ is an integer, then 
(1.2.6) Am(®, f) = Am(#—, f) + 7 fH) = Am(xt , I — 7h @). 


The proof of the sum formula is very simple. Repeated integration 


by parts yields 


b b b 
fi@ar=[fem@a= LY fm [£@ awa 


ys a<n<b 


+ f (2) ~1(6—) — £(@) 9: (4+) 


b 


= STF (An =. A) + Am =f S00) On 2) de 


a<n<b a 
and this is the primitive sum formula. 
Example: Determine for large positive the asymptotic behavior of 


the sum 
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y (n+ 9) 
0<n<o 


where the complex number s and the positive number #S1 are independent 
of and 1. 
Applying the primitive sum formula of Euler with —I<a<0; b=@ 
and f (x) =(% + 3)— we obtain 
13) 
(n+ 2)-5 — { (x + PS dx 
o<n—) - 


w 


=F Am (@— Sal) —Am (a ’ Sf) —s(s+ 1) 26 (stm—1) [ (s-+-3)"™ @m (x) dx. 


If we choose m>— Res+1, then the last integrand is integrable to 
infinity, so that for s#1 


(w + )!-s 


1=s 


(Gaze) S (n+ 8) — 


0<n<W 


= Apw(@—, f) +s (S+1) ... (s-+m—1) 4h (Xt Pin (x) dx + XS) 


a) 


where 
oO 


—Apn(@;)) —s@Fl)..Grn—) fea Pm (x) dx . 


a 


¥(s) = — (a+ v)* 
{= 


S 


Consequently %“) represents in the half plane Res>1—m, the point 
S=1 excepted, an analytic function of s. Formula (1.2.7), applied with 
a> co, shows that for each $1 the function %) is the analytic continua- 
tion of the function represented in the half-plane Res >1 by 


XC +9) = C(s, 9) 
n—0 
so that X)=€(s, 9) for each s #1. Using this in (1.2.7) and letting m 
tend to infinity we obtain for each fixed s#1 the asymptotic expansion 
y ?\-s (w ais 1A ae vee ( 
(1.2.8) x (n+ 8% ~ a ae + C(s 0) + As (=) ) 


S: 
Osn< 
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where the last term denotes the asymptotically convergent series 


oO 
— SV s(s+1) ... (844-1) Pin (0) (+9), 
i= 
The prime is used to distinguish the asymptotically convergent series from 
the convergent series; in Section 2.2 I give the general definition of an 
asymptotically convergent series. 

To obtain the corresponding result for the case s=1, we use the 
fact that (1.2.8) holds uniformly for the points s1 in the neighborhood 
of 1. We have 

(o = ) 


1 ks 


re — + log (wm + 9) + o(1) 


where 0(1) denotes a function of s which is analytic and equal to 0 at 
S=1. Furthermore 


(1.2.9) isso) = —— + Tg + 0(1) 


S— 


where Ig is a constant. For instance €(s, 1) is the zeta function of Riemann 
and T; is the constant of Euler. Substitution in (1.2.8) shows that this 


formula remains valid at S=1, provided that we replace, on the right- 


hand side, 


ayy 2 
eee 
1—s 


(307) by tos(@ +0) = Ts. 


Notice that for each s41, the asymptotic expansion contains only 
powers of o+#, but that in the case s=1 also a logarithmic term occurs. 


We shall find in Section 3.6 more general results of the same kind. 


1.3. Definition of neutrices. Let N’ be an arbitrary non-empty set. 
A function with domain N’ is a function f(€) defined for each element £ 
of N’. A neutrix N with domain N’ is an additive group formed by real 
or complex functions f(€) with domain N’' which satisfies the 

Neutrix condition: If the additive group contains a 
function v(€) which is constant (this means: is indepen- 


dent of €), then this constant is equal to zero. 
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The functions v(&) belonging to the neutrix are said to be negligible 
or, mote precisely, to be negligible in NV. 

That the neutrix is an additive group means that any two functions 
negligible in N have the property that also their sum and their difference 
are negligible in N. 

In my previous papers on neutrices I have defined them in an abstract 
way, but in the theory of the sum formula of Euler we have only to deal 
with real or complex functions, so that here we can restrict ourselves to 
neutrices which are formed by real or complex functions. 

If a function g() with domain N’ is, apart from a term negligible 
in N, equal to a constant, then this constant is uniquely defined. Indeed, if 
cQ=7tvO=ntu® 
where 7 and 71 are constants and where v(&) and vi (€) are negligible in 
the neutrix N, then the negligible function v(&)—vi(€) is equal to the 
constant 71—/7, so that this constant vanishes according to the neutrix 
condition imposed on the neutrix N. This uniquely determined constant 7 
is called the neutralized value which g(£) assumes at N and is denoted by 
g(N). This designation denotes therefore a number independent of € which 
is obtained by canceling in g(&) the negligible terms. In this case we say 

that the neutrix N neutralizes the function g(é). 


Example: All the functions which can be written in the form 
p(é) + o(1) 
where ~(&) denotes a polynomial in € without constant term and where 0 (1) 


denotes a function of € defined for £>1 which tends to zero for § > ~, 


form a neutrix N with domain 1<&< oo, Indeed if 
pile) => O() => (t< € =< es)F 


where 7 is independent of ¢, then all the coefficients occurring in p (€) and 
also the constant 7 are equal to zero, so that N satisfies the neutrix con- 


dition. This neutrix has the property that 
8p 1 
MV NTT = —4 


since we have for large positive £ 
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1 


3 ——_—— - - 
g5|/ §3 £1 = E6(1 + £-3)is = FO 4 ay ne ; + 0(1) 


1 


where &°, 5&*, and 0(1) are negligible in N. 


Furthermore 
oe 
[ xdax = —— 
. 
since 
if sax = =? = > 
1 
where 5 is negligible in N. On the other hand 
N 
(1.3.1) f a 


has no meaning, since 
dx 
(1.3.2) f= = logé 


can not be written as a constant plus a function which is negligible in N. 
This means that the neutrix N is too meager for the treatment of the integral 
(1.3.1). In such a case we enlarge our neutrix; in other words we construct 
a neutrix E such that each function negligible in N is certainly negligible 
in E and that (1.3.1) obtains a meaning if we replace N by EF. For instance 


the neutrix E formed by the functions of the form 
p(E) + clogé + o(1) 


whete the coefficients c are arbitrary complex constants, possesses the required 


property. That E satisfies the neutrix condition, is clear, for if 
p(—) + clog§ +001) =7 (1<&< 0) 
where 7 is independent of €, then all the coefficients in £(€) and also the 


coefficients ¢ and 7 are equal to zero. This neutrix E has the property 


E 
Wise 
x 
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since the function log € occurring in (1.3.2) is negligible in LE. 

In this section I shall examine how in general such an enlargement 
can be found. 

Definition: Consider infinitely many neutrices N,(A=0,1,...) with 
the same domain N’ and with the property that each function negligible in 
N, (h=0,1,...) is negligible in Nji1. The union U of these neutrices 
No, N:,... is formed by the functions which are negligible in at least one 
of these neutrices. This union is a neutrix with domain N’, for if a function 
v(E) belonging to U is equal to a constant, then ¥(=) is negligible in at 
least one neutrix N,, so that 7 = 0 according to the neutrix condition im- 
posed on this neutrix N;. 

Theorem 1.3.1: If No, Ni,... are neutrices with the same 
domain N’, and withthe property that each function neg- 
ligible in N,(A=0,1,...) is negligible in Nyy: and if the func- 
tion /f,(€) #=0,1,...) defined on N’ assumes at N, a neut- 
ralized value, then /,(€) (A=0,1,...) assumes at U the same 
neutralized val we, 

Proof: We have for each element € of N’ 

fil) = m+ vu) 
where 7, = /i(N;) and where v,(&) is negligible in N,, therefore certainly 
negligible in U, so that f,(€) assumes at U the neutralized value 7. 

Theorem 1.3.2; Let N be a neutrix with domain N’ such 
that each function V(E) negligible in N and each rational 
number @ have the property that the product ov(é) is neg- 
ligible in N. For each function /f(é) defined on N’ it is 
possible to find a neutrix M with the following thtee 
properties: 

(1) /(&) assumes at M a neutralized value, 

(2) each function negligible in N is negligible in M, 

(3) each function w(E&) negligible in Mand each ratio- 
nal number o have the property that the product ou(é) is 
neglioibledn M, 

Proof: If /(&) assumes at N a neutralized value, then M—N has the 


required property. If /(&) does not assume at N a neutralized value, then 
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1 choose for M the set formed by the functions of the form 

(1.3.3) BE) = of €)—7o) + v(E) 

where 7o is a given constant, where the coefficients 0 are arbitrary rational 
constants and where the terms v(&) represent arbitrary functions negligible 


in N. The neutrix condition is satistied. Indeed, if «(&)=7, where 7 is 


constant, then 0 = 0, since otherwise 


0 


. AG bs 
fee ee) + 70+ = 


would assume at N the neutralized value 7o + as. contrary to the hypothesis; 
0 
i 


0 = 0 implies vV(¢)=7, hence 7 = 0. 

By choosing in (1.3.3), o=1 and v(&)=0, we see that f(€)—7o 
is negligible in M, so that /(&) assumes at M the neutralized value 7o. By 
choosing in (1.3.3), @=0, we see that each function negligible in N is also 
negligible in M. Finally it follows from (1.3.3) that each function u (é) 
negligible in M multiplied with an arbitrary rational number yields a function 
which is negligible in M. This completes the proof. 

Theorem 1.3.3: Let N be a neutrix with domain N’ such 
that each function v(é)'negligible in N and each rational 
number o havethe property that the product ov(&) is neg- 
lagiblein N. 

If the functions /,(€) (A=0,1,...) are defined on N’, then 
it is possible to find a neutrix U with domain N’ such 
that each function negligible in N is negligible in U and 
tThateeach of the functions fo(6); fr(),.. assumes at Ua 
neutralized value. 

Proof: According to the preceding theorem we can construct a neutrix 
No such that fo(£) assumes at No a neutralized value, that each function 
negligible in N is negligible in No and that each function v(€) negligible 
in No and each rational number o have the property that @V(2) is negligible 
in No. In the same way we construct a neutrix Nj; such that /:(£) assumes 
at N, a neutralized value and that each function negligible in No is negligible 
in Ni, and so on. Continuing in this way we construct infinitely many 


neutrices No, Ni, ... such that f;,(&) (2=0,1, ...) assumes a neutralized value 
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at N;,, and that each function negligible in N,, is also negligible in Nuys. 
The union U of these neutrices No, Ni,... possesses according to Theorem 
1.3.1 the required property. 

Remark : This theorem has the following meaning. Assume the functions 
fi (E) (A=0, 1,...) are defined on a non-empty set N’. According to Theorem 
1.3.3 there exists a neutrix U with domain N’ which neutralizes all these 
functions. This neutrix leads to a calculus in which all the functions belonging 
to U may be neglected. Suppose that later we meet with other functions 
en(€) (b= 0,1,...) defined on N’. We do not know whether these new 
functions are neutralized by U but by means of the preceding theorem we 
can construct a neutrix V with domain N’ and with the property that each 
function negligible in U is also negligible in V and that each new function 
£,(&) assumes at V a neutralized value. Each old function f;,(&) assumes at 


U a neutralized value 7, and can therefore be written in the form 
Vp (é) = fin ar v, (E), 


where v,(&) is negligible in U and therefore certainly in V. Consequently 
each old function /;,(&) is neutralized by the new neutrix V and assumes at 
V the same neutralized value as at U. This means that each formula valid 
in the calculus based on the neutrix U remains valid in the new calculus, 
if we replace in this formula U by V. Moreover, if the new neutrix 
V is chosen in an appropriate way, then in the new calculus we may neglect 
functions which may not be neglected in the calculus based on U. Such an 
enlargement may lead to great simplifications. Whenever we meet with new 
functions we can always enlarge our neutrix in such a way that these functions 


are neutralized by the enlarged neutrix. 


Theorem 1.3.4: Let Mand N betwo neutrices such that 
the domain M of M isa subset of the domain N’ of N and 
that each function v(&) defined on N’ and negligible in N 
has the property that the corresponding function v(m) 
defined at each element 7 of M’ is negligible in M. Each 
function g(&) defined on N’ which assumes at N a neuttra- 
lized value has the property that the corresponding func- 
tion g(7) defined on M’ assumes at M the same neutralized 


value. 
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Proof: We have for each element & of N’ 
BAG) se pe ve); 
where = g(N) is independent of & and where v(E) is negligible in N. 
Consequently for each element 7 of M’ 
g(a) = 7 + v(y) 
where v(%) is negligible in M, so that g(7) assumes at M the neutralized 


value 7. 


1.4. Integrating neutrices. 
Definition: Assume a<b ; 


> 


a may be —o and 0 may be ~. We say 
that a function is integrable from @-+ to 0 if it is integrable from a@ to D 
for each point @ lying between @ and 0. We say that a function is integrable 
from @ to b—if it is integrable from @ to B for each point f lying between 
a and 6. We say that a function is integrable from @+to b—if it is in- 
tegrable from @ to 6 for any two points @ and 6 withha<a<P< bd. 

An integrating neutrix J;, with domain a<&< Dd is a neutrix with 
the two following properties : 


(1) for each function g(*) integrable from @ to b— the function 


§ 


(1.4.1) f s@a (a<&<D) 
is negligible in J+. 

(2) each function v(&) negligible in Z,,; and each rational number 0 
have the property that ov(€) is negligible in Ja. 

That such a neutrix exists follows from the following theorem. 

Theorem 1.4.1: Let N be a neutrix with domain a<&<b 
with the two following properties: 

(tveach function defined in ac &< 6 and tending to 
zero for €>a@is negligible in N, 

(2) emeh function vy) negligible in N and each ratio- 
nal number o have the property that ov(&) is negligible 
in N. 

itiren JN isan integrating neutrix 12... 

Proof: The integral (1.4.1) tends to zero for >a and is therefore 


negligible in NV. 
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Let I,, be an arbitrary integrating neutrix with domain @< ¢< J. 
Assume B >b. We say that a function integrable from a+ to fi is integrable 


from J,, to B if the function 


6 
i f («) dx (a<F< 0) 
assumes at J,,; a neutralized value. According to the convention made in the 
preceding section this neutralized value is denoted by 
p \ 
J T (%) ax . 
ee 
Example: All the functions of the form 
c&-! + 0(1) (Oe <e4) 


where 0(1) denote functions of € which tend to zero for € >0O and where 
the coefficients c are arbitrary complex constants, form an integrating neutrix 
= 


Io, with domain 0 < €& < 1. That the neutrix condition is satisfied is obvious, 
for if 


Co 0 (=a (O< 21) 


where 7 is independent of €, then C=0, hence 7 =0. This neutrix has the 


property 


/ eo de == | 
lig 
since 
1 
{ a hte a a Tl 
where —' is negligible in Jo4. 


Theorem 1.4.2: If Ja; is an integrating neutrix with 
domain a<é<b and if f(*) is integrable from a tof, where 
B2d, then ((@) is céttainly integrable from Izc%0 — and 


we have 
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6 B 
J f@ax ) i f(x)dx. 
ee a 


Proof: By definition the integral 


| " f(x) de (a<€<b) 


is negligible in Ja;, so that 


(1.4.2) free i dx — freon 
assumes at Ja, a neutralized value which is equal to the first term occurring 
on the right-hand side of (1.4.2). 

Theorem 1.4.3: If a< B, if f(*) and g(x) are integrable 
from J,; toBpandif ois a rational constant, then f(x)+g(x), 


f(*)—e(*) and o f(x) are integrable from Ia; to Band we have 


B B B 

J F@+e@)dv= | f@ave f e@ax 
ee Ta+ vA 

8 : ; 

fF @-g@)dx= { fjde— | g@)ax 
i ue ia 


and 
6 


6 
f ef ax = 9 | VACA Res 


PD E 


a+ a+ 


This is obvious. 

Theorem 1.4.4: Assume a<b). If infinitely many func- 
tloms yp tate 1,2-..) are inteerable from a+ to 0, then 
there exists an integrating neutrixJ,, with domaina<é<b 
such that each of these functions. f,(*) (#=1,2,...) is integ- 
table from Ja, to 2. 

Proof: Let J*, be an arbitrary integrating neutrix. According to 


Theorem 1.3.3 there exists a neutrix U such that each function negligible 
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in I* is negligible in U, that a rational number multiplied by a function 
negligible in U is again negligible in U and that each function 
b 


[ fa) ax (a<&<b) 


wv 


(h=1, 2, ...) assumes at U a neutralized value. U is an integrating neutrix 
Iq. with the required properties. Indeed, if g() is integrable from 4 to b-, 


then 


js 
§ 


{ e@) dx (a< F< bd) 


v 


a 


% 
a+? 
Definition: An integrating neutrix J; with domain a<f< 0 isa 


is negligible in I therefore certainly in U. 
neutrix with the two following properties : 
(1) for each function g(*) integrable from a+ to 0 the function 
b 
[ e(xjdx  (a< <0) 


v 
S 


is negligible in Jp_, 

(2) each function v(¢) negligible in J, and each rational constant ¢ 
have the property that ov(&) is negligible in Ip_. 

Assume @2a. We say that a function integrable from @ to b— is 


integrable from @ to Jy_ if the function 


| f(xydx (a<é<B) 
0 
assumes at /,_ a neutralized value; this value is denoted by 


1a 


f oe ace 


The integrals with limit J;~ have properties similar to those of the 
integrals with limit J,,. These properties are so simple that it is not 
necessary to formulate them. 

If a<c<b and if f(x) is integrable from I,, to ¢ and also from ¢ 


to Ip, then /(%) is integrable from I,, to Iy- and we have 


THE NEUTRALIZED SUM FORMULA OF EULER 221 


Tre 1S 


{ f (x) dx = { £@ dx + f f@ar. 


I I 


a+ at 


Notice that the value of the right-hand side is independent of the choice 


of the point ¢ lying between @ and D. 


1.5. The periodic neutrix. 

Definition: A smooth function (smooth at oo) is a function / (x) 
defined for sufficiently large positive ¥ with the property that there exists 
a positive constant integer m such that f(x) is m times continuously dif- 


ferentiable, that 
2.5.1) f(x) > 0 as xX > oc 


and that f)(x) is absolutely integrable to infinity. 

The periodic neutrix P with domain a<&< oo is the class formed by 
all the functions v(&) defined in the interval a << & < © which can be 
written in the form 

n-1 
(1.5.2) YE) =) uOpE\+e01) (ax F<) 

h=0 
where 0(1) denotes a function of = which tends to zero as € > &, where 
nm denotes an integer 20 independent of &, where s,(&) (A=0,1, ...,—1) 
denote smooth functions and where ~;,(€) (4 =0,1,..., 1—1) denote periodic, 


bounded, integrable functions with period 1 and with 


(125.3) [ t@ax= 0. 


In Section 7.1, I shall show that P satisfies the neutrix condition. 
Theorem ino |. )f #20 1flz. is anintegrating aeutrix 
and ifthe smooth function f(x) defined for *>a@ is integ- 


rable from Jy, to ~-—, then 


(1.5.4) rdf N= Y f@— [fea 
De 


a<n<é 


is a function of &€ >a which assumes a neutralized value 
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at the periodic neutrix P with domain a<&< om, This 
neutralized value is called the residue 7([a4,P, f) at lay of 
f with neutrix P. Inthe particular case that f(%) is integ- 
rable from a@ to o-—, then (1.5.4) is independent of the 
choice of the neutrix %, and then I denote r(h,,€&, f) and 
rd et, f) simply by 1G, 6, f) ame 7 (4,2.0) 

Each positive integer m with (1.5.1) and with the pro- 
perty that f™(x) is absolutely integrable to infinity sa- 
tisfies for cach sufficiently largess, there atren 


ioe 


(1.5.5) ers P= Mle Es —AmE= D+ (=f £0) Ome 


Proof: Choose &% = 4 in such a way that /(%) is m times continuously 


differentiable for x20. If a<é*<&, then 


rE N—MeE N= LY fo— f f@ax 


Eeen<é Ee 
is according to the primitive sum formula (1.2.1) equal to 


(1.5.6) A CIP et See axe 2 oh A Ore 


= An(E—, A) — Am Ef) + A [£0 2) im (dee, 
Interchanging € and &* we see that this formula is also true if aS €& SE". 
The integrand occurring in (1.5.6) is integrable to infinity, so that 
(1.5.7) rer, €,f) = rar, Ff) — An(E"— , f) + (—)™? {fm (X) Pin (x) dx 


Ex 


oO 


+ Am (F— > Sf) 7 (Gis i {™ (x) Pm (x) ax . 


‘ 


The last term tends to zero as € > co. Each term of the sum A», (E—, f) 
has according to the definition given in (1.2.2) the form s(&) p(£), where 


s(€) is smooth and where f(é) is periodic with the period 1, bounded and 


integrable with 
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1 


| (x)dx = 0 

0 
according to (1.2.3). Consequently (Ja, , P, f) exists and is equal to the 
sum of the three first terms occurring in the right-hand side of (1.5.7). This 


completes the proof. 


Remark: 
(1.5.8) rons P, f=" £0) — { f@ax 
n>a ae 


if both the sum and the integral occurring on the right-hand side converge. 
Indeed the difference between the right-hand sides of (1.5.4) and (1.5.8) 
tends to zero for € > o and is therefore negligible in P. 

Theorem 1.5.2 (theorem of translation): Ifwis an integer 
and rU,i4,, P, f (—4)) exists, then r(,,, P, f(%)) exists and 
has the same value. 

Proof: For each 7 > a@-+ 4 we have 

o) 


f(m—u)— af f («—w) dx 


Y Clasus 2, f (~—w)) 


atucn<y I Barre 
n-u 
= ys f (”) — ji f(x) dx 
Rate ts * Ty 4 


= gd ips. pe ma) 

By hypothesis 

Ae PEA i f («—)) =7+v(n) 
where 7 =% (Ipiu+ ,P, f (%—u)) and where v(m) is negligible in P. Con- 
sequently for ¢ >a 
(1.5.9) tee ccend (0) = pV (S-™) 
If s(x) is smooth, then s(x-+2) is also smooth. From the definition of the 
periodic neutrix P it follows therefore that v(&+w) is for each choice 


of the integer ~ negligible in P. Formula (1.5.9) shows therefore that 


ra, P, { (%)) exists and is equal to 7. This establishes the proof. 
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1.6. The periodic neutrix —P. 

Definition: If f(x) is smooth at o, then f(—%) is by definition 
smooth at —co, If P is the periodic neutrix with domain a<E<oc, then 
the functions f(x) defined for x >a and belonging to P have the property 
that the functions /(—x) form a neutrix with domain —~<7<—4; this 
neutrix is called the periodic neutrix —P with domain —%<7< —4. 

Theorem 1.5.1 gives 

Theorem 1.6.1: If BS6 and if a function f(*) defined 
for —o<*%<b and smooth at —oo is integrable from —co 7, 
to an integrating neutrix _, then 

ips 


BUSS isi fm— f(x) dx 


E<n<b 


is a function of §€<B which assumes a neutralized value 
at the periodic neutrix —P with domain —~ <x< f. 

This neutralized value is called the residue 7(h_,—P, f) 
ati. of f With neutri se 

Each positive integer m such that f™(x)>0 as x>—c 


andthat (/™(«) is absolutely integrable from —cosatisites 


for each €< 0 with sufficiently large ||, the relatton 


r (Iy- ’ sae > le) SE (Zo > E > J) + Am (ee op) = (—)"" { fo (x) Pm (x) ax. . 
Theorem 1.6.2 (theorem of translation): If wis an in- 
tegerand 7(Iy_»,, P, f(u—x)) exists, then r(h_,—P, f(x)) exists 
and has the same value. 


This follows fron. Theorem 1.5.2. 


CHAPTER 2. ASYMPTOTIC NEUTRICES 


2.1. Definition of asymptotic neutrices. In asymptotics we consider 
an unbounded point set @ lying in the complex plane or on a Riemann 
surface; the elements of © are denoted by . The purpose of asymptotics 
is to determine for the elements m of {2 with large || the asymptotic 


behavior of certain functions of ©. The numbers, functions, sets and so on 
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occurring in this paper may always depend on @ unless they are called fixed. 


We call @ and 0} asymptotically equal and we write 
(2.1.1) a~b 
if for each fixed real q they satisfy the order relation 
2,152) a—b=0O0lo-, 


This means that for each fixed real q it is possible to find two fixed numbers 
c and 7 such that for each point @ of 2 with |@|>7 the numbers @ and 


b are defined and satisfy the inequality 
(2.1.3) la —b| <clw|-?. 


It may be that a and 6 depend not only on , but also on other 
parameters S, ¢,.... If for each fixed q the numbers ¢ and 7 with the said 
properties can be chosen independent of s, ¢, ..., then we say that the relations 
(2.1.1) and (2.1.2) hold uniformly in s, ¢, .... 

For instance, if 2 is formed by the numbers w > 1, then we have for 
each fixed number s +0 


SiGe aos 


but this relation is not uniform in Ss. 

Definition: Let N’ be a non-empty set and let N be an additive group 
formed by functions v(&) defined on N’. This group is called an asymptotic 
neutrix when it satisfies the 

Asymptotic neutrix condition: If is independent of € and 
mmroreedeh real g it ts possible to find in the additive 
group N a function v(é) such that the order relation 

we 7 +r Olan? 
holds for each element & of N’, uniformly in &, then 7~0O. 
Example 1: Let s be a fixed number #0. If Q is formed by the 


~® | where the coefficients c denote 


numbers ® > 1, then the functions ¢&s7' e 
arbitrary fixed integers, form an asymptotic neutrix with domain 1<&<2. 
Indeed if a number 7 which may depend on w and s but not on & and g 
has the property that for each real q it is possible to find an integer ¢, 
which may depend on s and g but not on w and € such that 


Vie C65 e-9 + Owrz? (E<e.2) 
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then y=Ow%, hence 7~0. The relations 7 = Ow and 7~0 are not 
necessarily uniform in S. 

Definition: Let g(&) be defined for each element € of the domain N’ 
of an asymptotic neutrix N. If 7, independent of €, has the property that 
for each fixed real g it is possible to find a function v(&) negligible in N 


such that the order relation 
gl) = 7 + (EE) + Ola? 


holds for each element € of N’, uniformly in €, then the asymptotic behavior 
of 7 is uniquely defined. Indeed if we can write g(=) also in the form 
e(&) = 1 +1) + Olol-2 
where 7: is independent of € and g and where vi (€) is negligible in N, then 
7° = Y1 = Vy (€) = v (&) +- O a4 
where vi(€)—v(&) is negligible in NV, so that y—71~0 according to the 
neutrix condition satisfied by N. 

We say that 7 is the neutralized asymptotic value which g(&) assumes 
at the asymptotic neutrix N. This value is denoted by g(NV). Notice that 
g(N) is not uniquely defined; only its asymptotic behavior is uniquely defined. 

Example 2: Let Q be the set formed by the numbers > 1. Let N’ 
be the interval o < ¢ < 2m and let N be the asymptotic neutrix formed by 


the polynomials in &€ with fixed degree and without constant term; the 


coefficients in these polynomials may depend on . Then 
(2.1.4) Vort+ N~o, 


Proof: We must first show that N satisfies the asymptotic neutrix 


condition. Let 7 be a number independent of €. Assume that for each fixed 


n 
real q it is possible to find a polynomial Y a &" such that the order relation 
k=1 
n 


a yi e + Ow-? 
h=1 
holds uniformly in € (o<&<2w); the degree 1 may depend on g but not 
on @; the coefficients a, may depend on ® and g. We must prove then 
that 7~0. If we choose in the interval 1< p< 2, m+1 distinct fixed 
numbers) 29, Pi, ea. Pe. then 
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(2135) ae awph=y7+Ow-7 (k=0,1,.., 2). 

A=! 
The determinant v of Vandermonde formed by the (%+1)’ elements #% 
(h=0,1,..., ; R=0,1,..., m) is a fixed number 40. Multiplying both 


sides of (2.1.5) with the minor of py, in this determinant and adding we obtain 
0= 7yv + Ow, hence 7 = Ow~? 


consequently 7~0, so that N satisfies the asymptotic neutrix condition. 
In the interval « < =< 2m we have for each fixed g and for each 
fixed integer />q+1 


far, 


ek oe 
Vo? +F=o 4+ Ss 2 | wih Fh 4 O wn4 
A=1 h 


where the sum = is negligible in N. This gives the required result (2.1.4). 

preorem 21.1; Let Mand N be two asymptotic 
neutrices such thatthe domain M’ of M isa subset of the 
domain N’ of N and that each function v(é) defined on N’ 
and negligible in N has the property that the correspon- 
ding function v(7) defined on M’ is negligible in M. Each 
function g(=) defined on N’ which assumes at N a neuttra- 
lized value has the property that the corresponding 
function g(7) defined on M’ assumes at M a neutralized 
value and these two neutralized values are asymptotically 
equal. 

Proof: For each fixed real g we can find a function v(&) negligible 


in N such that the order relation 
c)=7 + v© + Olo|- 
holds, uniformly in €, for each element & of N’; here 7 ~g(N). 
Then 
ein) = 7 +¥@) + Olwl# 
uniformly in 7, for each element 7 of M’, so that g(M) exists and is 


asymptotically equal to 7. This establishes the proof. 
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2.2. The periodic asymptotic neutrix, 

Definition: Assume a< 2; may be —o& and B may be o. 

A function f(x) is called asymptotically smooth in a<*<f if it is, 
in this interval, infinitely often differentiable; if, for large | , the derivatives 
f(x) tend, uniformly in x (a<*<), asymptotically to zero as m™ >oce ; 


and if finally 
I 
[ | Fo (x) | ax 
a 


tends asymptotically to zero as M>oo, 

Assume that B-—a+>co as |w|>co. The periodic asymptotic neutrix Q 
with domain a<&<f is the class formed by the functions 1(€) (a< $<) 
which for each real fixed q satisfy an order relation of the form 


n-1 


G2) w(E) = ¥ si(E) Px (€) + Olol-# 


h=0 
uniformly in & (a<&<), where 7 is independent of w and £, where the 
functions s,(&) (2 = 0, 1,...,#— 1) are asymptotically smooth in Tc e<p 
and where the functions f,(€) (4=0,1,...,%—1) are periodic, bounded, 


integrable functions with period 1 and 


(2.2.2) { pax =o. 


Bounded means here: in absolute value less than a suitably chosen positive 
number independent of w and €; the integer may depend on q; the 
functions s,(€) and f,(€&) (4=0, 1,...,—1) may depend on and gq. 

Remark: (1) We say that the numbers a», (m = 0, 1,...) which may 
depend on @ tend for m+>co asymptotically to zero if it is possible to 
find for each fixed real q an integer mo 20 such that each fixed integer 
mM 2 mo satisfies for large |w| the order relation 

dn OL Ol 
The main theorem") in the theory of asymptotic series can be for- 


mulated as follows; 


1) J. G. van der Corput, Asymptotic Developments I. Fundamental theorems of 
asymptotics, Journal d’Analyse Mathématique 4, 1954-56, p. 341-418; see page 367, 
Theorem 4.1. 
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ioe) 
If in a series %’ a» the term a» tends asymptotically to zero for 
m=0 
m->cc, then the series converges asymptotically; this means that there 


exists a function s of @ such that 


tends, for m™m-> oo, asymptotically to zero. The function s is called the 
asymptotic sum of the series. This function is not uniquely defined by the 


series, only its asymptotic behavior is uniquely determined. 


(2) The statement that, for large |, certain functions /m(x) 
(m= 0, 1,...) tend, uniformly in * (a<x*<f), asymptotically to zero as 
m->co has the following meaning: for each fixed real q, it is possible to 
find a fixed integer mp 20 such that each fixed integer m= mo satisfies for 


large jw the order relation 
fm(*%) = Ow? 
uniformly in x(a<x<f). 
(3) If the functions /m(*) (m= 0,1,...) ate defined for sufficiently 
large positive x, then the statement that, for large positive %, the functions 
fm(%) tend asymptotically to zero as m>co has the following meaning: 


for each fixed real qg it is possible to find a fixed integer mm 20 such that 


each fixed integer ™ 2 mp satisfies for large positive ¥ the order relation 
a i Oo 


Theorem 2.2.1: If a<a<f, where B—a>om as lal\>o~, 
gid aif j (x) defined for a<%*<B, is integrable from an 
integrable neutrix J,4 to B— and if finally f(x) is asympto- 


tically smooth in o<*<f, then 


(2.2.3) ee) fr@a 


a<ncé 


ismastunciion of «(G2 c¢— >) which assumes a neutralized 
value at the periodic asymptotic neutrix Q with domain 


OSB 
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This neutralized value is called the residue 7(Ki4,Q, /) 
at , of f with the neutrix Q and possesses, uniformly in 
E(a<&<() the asymptotic expansion 
(2.2.4) tle OP) ret ae ee) Ae ee 
where Axn(E—,/f) denotes the asymptotic sum of the 


asymptotically convergent series 
AoE) ) CYP PO ane). 
h=0 


In the special case that f(*) is integrable from @to 
B—, then r(+,6&, f) and r(ii,Q, f) are independent of the 
choice of the integrating neutrix I, and are denoted 
Sim pay sbiyo? (¢, 6.) pander ta One. 

Proof: Formula (1.5.6) holds for any two points € and €* lying in 
the interval a<x<f. If g is a fixed real number, then we have, for suf- 
ficiently large fixed integer ™, 


& 
Ss 


(ee (x) Pm (x) dx = Olw[-? and An(E—, f) = Aw (E*—, f) + O lal 


so that 
(2.235) 7 Gan, €, Darden, & .f)-Aole—, f+ An C—O oe 


Each term in the sum An(€—, f) bas the form s(¢) P(E), where s(E) is 
asymptotically smooth in a<&<f and where P(E) is periodic, bounded 


and integrable with 


(2.2.6) [6 dx = 0 


0 


by (1.2.3). Consequently each term occurring in the sum A,(E—, FyaAs 
negligible in Q, so that r(la;, Q, f) exists and is asymptoticically equal to 
the sum of the first two terms occurring on the right hand side of (2.2.5). 


This completes the proof. 


Theorem 2.2.2: If the conditions of the preceding 


theorem are satisfied and if the function /f(&) and each of 
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its derivatives tend to zero as E<f} tends to BP, then 


(ty ? Q ’ /) ae ee {to > E ) ha 


provided thatthe limit occurring on the right-hand side 


exists. 
Proof: According to (2.2.4) there exists for each fixed real g a positive 


integer m independent of w and & such that in the interval a< —E< B, 


uniformly in & 
a Oe > Q > f) = ¥( Lo. > Fix i) — Am (E— 2 7) + O |\w|-?. 


As € >6 each term in the sum Am(E—, f) tends by hypothesis to zero, 


so that 
rea, O. f) lim FU. , £ . f) = Olo. 
E>6 


This holds for each fixed real g; this gives the required result. 

Theorem 2.2.3: Assume a<a. Assume that f(x) defined 
for*>aisintegrable from anintegrating neutrix Ig, to~w—. 
If f(*) is asymptotically smooth inthe interval a<%< & 


and if, for each fixed sufficiently large positive integer m, 


(2.2.7) f™ (x) > 0 aS X>O, 
Parenti... J) and *.. fr, J) existand 
(2.2.8) (aC reyk ORAM A ano A OPE ard a ee 


here Q isthe periodic asymptotic neutrix with domain 
ie <, PS 
Remark: This theorem forms the bridge between the residues with 
neutrix Q and the —in many respects simpler — residues with neutrix P. 
Proof: Applying Theorem 1.5.1 and using the fact that for — > a the 


last term occurring in (1.5.5) tends asymptotically to zero asm > o we obtain 
4 Lat Ee etal ae E,f)- Ne (6 — a) 
and in Theorem 2.2.1 we have found the same asymptotic expansion for 


EEK OR Sf). 
Theorem 2.2.4: If B —a@ is a posivive number tending to 


infinity as |w|>candif f(*) is asymptotically smooth in 
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the interval a<x<, then 
(2.2;9) (@, 0, f) ~—Ae Gy J) 


where Q is the periodic asymptotic neutrix with domain 
a<x< BP and where the right-hand side denotes the 


asymptotic sum of the asymptotically convergent series 
— VO £9 @ tr (24). 
h=0 


Proof: According to the primitive sum formula (1.2.1) of Euler we 


have for ax E<f 
WG 6 Wf) = Role ao) Ne Gara ee Creal FO (%) Pm (X) ax. 


If g is a given real number, then the last term is for sufficiently large fixed 


integer m, certainly O|w |? uniformly in €. Each term in the sum A,,(€—, /) 


is negligible in Q, so that for sufficiently large fixed integer m 
r(a@,Q0,f)= —An(@t+, f) + Olol-?. 
If we choose this integer m sufficiently large, then 
Am(a+ , f) = Aw @+, f) + O|a|~9 
hence 
r(a,0,f)= —Aw(at, f) + Olol-. 


This holds for each fixed real number g and yields therefore the required 


result. 


2.3. Asymptotic expansions for residues. 


Theorem 2.3.1: If N is an asymptotic neutrix with do- 


main N’ and if for each element € of N' uniformly in &, 
g(E) ~ Sa 
h=0 


with the property that g(N) (h=0,1,...) exists and tends 
asymptotically to zero for h>oo, then g(N) exists and 
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(2.3.1) g(N) ~ Sg (N). 
Proof: For each fixed real g we have, if the positive fixed integer 
m is sufficiently large, 


m-1 
g(E) = > an(€)+ 0 lols 
h=0 
uniformly in € for each element & of N’, hence 


m-~1 (ce) 


g(E) = VY gi(N) tv) +Olol* ~ Y" a. (N) +E) +0 lol* 


h=0 h=0 


where V(£) is negligible in N. This holds for each fixed real g, so that g(N) 


exists and satisfies (2.3.1). 


Definition: A number « is called asymptotically finite if there exists 
a fixed real number # such that 
(2.3.2) u=Ol|o?. 

Wheotem24.2- Lec WN bean asymptotic meuttix such 
that each function v(&) negligible in N and each asympto- 
tically finite number # has the property that wv(E&) is 
negligible in N (for instance each periodic asymptotic 
neutrix Q satisfies this condition). If g(&) assumes at Na 
neutralized value g(N), then each asymptotically finite 
number “ has the property that ug(&) assumes at Naneut- 
ralized value which is asymptotically equal to wg(N). 

Proof: Let p denote a fixed real number with property (2.3.2.) For 
each fixed real g we can find a function v(&) negligible in N such that the 


order relation 
BC) = 7 EVE) + Owe? 
holds uniformly in €, where 7 = g(N). Consequently 
ug (&) = uy + wv (E) + Olw|-4 


where uv(&) is negligible in N, so that ug(&) assumes at N a neutralized 


value which is asymptotically equal to u 7. 
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Theorem 2.3.3: Assume axa<f, where B—a>o as 
|w|> co, Let Q be the periodic asymptotic neutrix with 
domain a<é&<f. Let m (h=0,1,...) be a number independent 
of x which is, for each fixed integer hH20, asymptotically 
finite. If the functions g,(*) (4=0,1,...) defined for * >@ are 
integrable from an integrating nmeutrix I,, to B—, if 
raw; 0,2) (4=0,1, 0, €x1stn and 74.0.2.) ete nee 
asymptotically to zero ash>o, then each function f(*) 
integrable from Jz, to P= such that 


m-1 


r (Ios ,E,5— >) 8) 


h=0 
tends asymptotically to zero in the interval a<&< B, 
uniformly in €; as m> oo, has the property that 7U,7, 0 J) 
exists and possesses the asymptotic €xpansion 


oO 


Y (Lor ? Q ’ iL) is Year las > Q ? £n) . 
h=0 
Proof: Put 
m1 
f (x) = > Uj, 8h (x) SE Om (x) 


so that in the interval a< E< f 


m-1 


(2.3.3) Beis > S > f) = ate > & > Un Ln) oF OES: > E > Om) : 


h=0 
By hypothesis the last term tends asymptotically to zero uniformly in & 
(a<&<f) for m+» co, Consequently for each fixed real g the last term in 
(2.3.3) is O|m/* for sufficiently large fixed positive integer m. Applying 


the preceding theorem we obtain, for sufficiently large fixed positive integer m 


m—1 m—-1 [oa] 
ye Y C > Q > Up £n) Les! Sy U,V ier > Q »£h) = y Uy Ota. > Q > &n) sti O (O)eee 
h=0 h=0 h=0 


In this way we find the order relation uniform in & 


if Cas ? é ) Ha) oa = uy (Lay ’ Q > &n) a O |o|-2 
2=0: 


valid for each fixed real g. This gives the required result. 
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= r (nH? . . ; ‘ 
2.4. On = n™"'(log nj el, The aim of this section is to deter- 
n>1 


mine for large |@!| the asymptotic behavior of the sum 
(2.4.1) SN’ f(m) where f (x) = x9! (log #)* e~ (¥>1). 
n>l1 


Here the positive number 0 and the complex numbers o and t denote fixed 


numbers and we treat three cases, namely 


mr ot 

(1) og Gh Ss hey eg vee where €>0 is fixed; 
me _2 

(2) — 7 SUtgOS>> Reox< p< 1; 

' c.. At 

(3) —ySagoss, o=1, Reo<o. 


We shall prove 


ioe) 


(2.4.2) Tis) it f(«) dx + c, 7 


a 3) h=0 


where the fixed coefficients c;, (4=0, 1, ...) can be evaluated with any desired 
degree of accuracy. 


The convergence of the integral and the series occurring on the right- 
: : : TU It _ 
hand side of (2.4.2) is obvious in the case ae <arZo< ve, If arg@= + 5 


and if we put Im o=A, then we find for each positive € 


ioe) 
Re o—p 


(2.4.3) [f@ a= if ace Temp Glog vo"), 
2 Ley 


The exponent of € is purely imaginary and the fraction occurring in the 
integrand represents a real function of x which for Re o<o tends for large 
positive x monotonically to zero as * approaches infinity. This shows the 
convergence of the integral occurring in (2.4.2). In the primitive sum formula 
(1.2.1) of Euler 


ic) 


2.44 Ys) = (f@)ax— An Et NEO f £0) On ax 


L 
n>& 


S 
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the last integral converges for sufficiently large ™, so that also the series 


occurring on the left-hand side converges. 
; as =o) 
> where 8 denotes a fixed positive number <p". 


Choose a=|@|’, 
In the interval a< x < cc the function /(™(%) tends, uniformly in ¥%, 


asymptotically to zero and 


iv) 


(2.4.5) | | £O™ (x) | dx 
ao 
tends asymptotically to zero as m > co. This is obvious in the cases (2) 


and (3), so that we have only to consider the case (1). Then 
pe (x) = 0 49—1— (log x) ea #P]@ j (x? o-') 


where 7(#) is a polynomial in uv of degree <m in which the coefficients 
are bounded functions of *. If in this polynomial each coefficient is 
replaced by a constant upper bound of its absolute value, then 7(#) becomes 
a polynomial which will be denoted by 7*(w). For each positive integer 


m >Re o we obtain, if we put 


b= 1 + Cog )@))Fr, 
{ bf O(a) ax 
a 
2 |u| 1p ey 
’ “a p 
— O uw { Re o-1-m ax =f O |a|-/e UL J wRe o-1 7* (ar) e-Re (xPw) ae 


o 


rf. 


2\w|'/P 


[o) 


= Ole|rReo” y 4 O [en Re one { yReo-t 5° (y) exp (—y? cos arg w) dy 


72 
where the last integral is bounded because in case (1) arg @ lies between 
7 mu 
See oe and > ~ &- Consequently the integral (2.4.5) tends indeed 


asymptotically to zero for m—> ov, 


The function f(x) and each of its derivatives tend to zero for x > cw. 


According to Theorem 2.2.2, applied with a= 2 and B = co 
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Yio, i f@detr(5 0,7) 


=2 
/2 


where Q is the periodic asymptotic neutrix with domain a< &< ce. The periodic 
asymptotic neutrix Q* with domain a<§€< 2a has, according to the Theorems 
2.1.1 and 2.3.3, the property 


3 pera 
(2.0.1) ~r(4,0 ‘\~) Vr (2.07, ete tog) 
h=0 


h! wt 


By the Theorems 2.1.1 and 2.2.3 


—)r 2 h 
Ae ) y & Q*, wH0-+ Logt 2] A i — ale Os 4 thp- log™ | ~ Cy 


h 2 
oy = ae r & i wee loet | : 
This yields the required result. 

The method applied in this section is very general. In a great number 
of problems it gives, for the difference between a given sum and the cor- 
responding integral, an asymptotic expansion of a simple type with the 
property that its coefficients can be expressed by means of neutrices and can 
be evaluated with any desired degree of accuracy. This does not mean neces- 
sarily that we obtain in this way simple asymptotic expansions for the sum 
and the integral separately. For instance the integral occurring in (2.4.2) 
possesses a simple asymptotic expansion only if Tt is an integer 2 0. 

Often the coefficients occurring in the asymptotic expansions obtained 
in this way can be defined by means of analytic continuation of elementary 
functions. For imstance in the special case that t is an integer 20, the 
coefficients ¢, occurring in (2.4.2) can be expressed by means of the zeta 
function €(s) of Riemann, but for this purpose we need the theory of 


the Hadamard neutrices which will be developed in Chapter 3. 


2.5. The neutralized sum formula of Euler. 


In the same way as in the Sections 2.2 and 2.3 we prove the 


following theorems. 


238 J. G. VAN DER CORPUT 


Theorem 2.5.1: If a<B<b, where B—4>oo as |W|>oo 
and if f(x) (a<x<b) is integrable from &@ to an integrating 
neutrix Jy. and if f(x) is asymptotically smooth ina<x<f, 


then 


E<n<b 


aU aeae 24g fo f feoas 


is a function of &€ (a<&<) which assumes a neutralized 
value r(Jy.,Q, f) at the periodic asymptotic neutrix with 
domain a<&<f. This residue possesses, uniformly in & 
(a<&<), the asymptotic expansion 
(Up, OF Dn? ieee) hate a) 

If f(*) is integrable from a to 6, then we may write 
r(o, &, f) and 7, O. f) instead of 7G, ©, f) andro. 

Theorem: 25.2: lf the conditions of ‘the prececsms 


theorem are satisfied and if f(*) and each of its deriva- 


tives tend to zero as * >a tends to a, then 


els OF fF) have (he ef) 
Ob 


provided that the limit occurring on the right-hand stae 
CxS tS. 

Theorem 2.5.3: Assume B36. Assume that*/(*) is integ- 
rable from -=co+ to an integrating meuwtrix Dp bt 7 jens 
asymptotically smooth im the interval.—c<4< Pandas 
for each fixed sufficiently large positive integer m, f(™ (x) 
tends to zero as «>—co, then 7Un. 0, f)and 7 (le 


existiand 

res cf) 8 Ua =P ee 
Here Q is the periodic asymptotic neutrix with domain 
—mo<eEc p. 


Theorem 2.5.4: If a—B is a positive number tending to 
infinity as |w|>oo and if f(x) is asymptotically smooth 


in the interval B << 4#=a@, then 
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1(4,0,f)~An(a—, f). 
where Q is the periodic asymptotic neutrix with domain 
I) Se <a. 


Theorem 2.5.5: Assumea<B<b, where B—a>oco as |wl\>oo, 
Let Q be the periodic asymptotic neutrix with domain 
a<E<fP. Let wm (h=0,1,...) be a number independent of x 
whichis asymptotically finite for each fixed integer h20. 
tithe functions g(x) (A=0,1,...) defined for a<*< 8 are 
foregtabie from G4 to an integrating neutrix 2, if 
Pil; O. #) exists and w7rUsn, G2) tends asymptotically 
to zero as h>oo, then each function f(%) integrable from 


a+ to Jp, such that 


m-1 
(.€,f- in] 
tends asymptotically to zero in the interval a<&< 8, 
uniformly in &, as m>oo, has-the property that r(Jp, Q, /) 


exists and possesses the asymptotic expansion 


ie) 


rT, Q0,f)~ mr (ls, Q, 8). 
h=0 
The following theorem, the main theorem of this paper, can be sum- 
marized as follows; under a general condition a sum % is asymptotically 
a<n<b 


equal to the corresponding integral from J,; to J» plus the sum of the 


residues at Ig: and J,_. 


Theorem 2.56: Neutralized Sum Formula of Euler: 


Assume 


(RINT i SER he hal ee Ste, 


where B—a and B*—a* tend to infinity as |w|>oo. Let Q 
and .0O. bethe periodicasymprtotic nmeutrices respectively 
mien domains @< %< Pp and a® <x < PB". If f(z) isintegrable 
ivomeapuntcoratinc neutrix J,. to an integrating neutrix 


Peeendeite) (Mais asymptotically smooth in the interval 
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(< Heet ben 


Ls 
(at) Ds fim~ | "fds tr (ler.0, J +7. @.f). 


a<n<b 
ui 


Proof: If a<&<f and a*<é*<*, then we have according to the 


primitive sum formula (1.2.1) of Euler 


Oe. [sow 


e¢ngie 
Vy (a+B*) 


= An (5; Sf) — An Bs > f) + (==)e* ib fe (x) Pm (%) dx 


Ex 


ca ee ji f™ (%) Pn (%) ax 


Yo (a+ B*) 
so that 
Te 
(eae) ea OL aa ace 
cara) a 
where 


Yo (a+B*) 


(2.5.3) w)=r(ler, Ff AE AE ff) om (as 


aud 


Ee 


VE) =e eA + Am D+ ff Com (mae. 
Vy (+B) 
For each fixed real g the last term occurring in (2.5.3) is O|w|%, if the 
fixed positive integer m is large enough. Since each term of the sum 
Am(& —, f) is negligible in Q, we find therefore for each fixed real ¢ 
u(Q) = 7(lax Qf) + Ooi 


hence 
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#(Q) 7 (a, @;/). 


In the same way we find 


mo yori, Of). 


This gives the required result. 


CHAPTER 3. HADAMARD NEUTRICES 
3.1. Definition of Hadamard neutrices. 


In this chapter I restrict myself to a special kind of Hadamard neutrices, 
whereas a more general definition will be given in Section 7.2. 

Definition: If @ is real, then a Hadamard neutrix H,, is a neutrix 
with domain a<&<(, where B>a (B may be oo), formed by functions 


of the form 
(2.11) v(é) = A(é) + of); 


here 0(1) denotes a function of § (a< &< ) which tends to zero as 
= >a-;A(E) is a linear combination, with constant coefficients, of functions 


of the form 
(3.1.2) (6 — a) loo (ec .—a) 


where the exponents 6 are arbitrary complex numbers and where the exponents 
k are arbitrary integers 20, with the restriction that the couple 6 = 0, k=0 
is not admitted. 

If a is real, then a Hadamard neutrix H,. is a neutrix with domain 
B<&<a, where B<a (6B may be— ~~), formed by functions of the form 
(3.1.1); here 0(1) denotes a function of § (B<&<a) which tends to zero 
as &€ >a; A(E) is a linear combination, with constant coefficients, of functions 
of the form 
(3.1.3) (@ —£)* log* (a — &) 
where the exponents o are arbitrary complex numbers and where the expo- 
nents k are arbitrary integers 20, with the restriction that the couple o=0, 
k=O is not admitted. 


If a is complex, then H. (a) is a neutrix with domain B < F< &, 


where B is real and a—f( is not a positive number, formed by functions 
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of the form (3.1.1); here 0(1) denotes a function of § (B<&< 0) which 
tends to zero as € > c ; A(E) is a linear combination, with constant coef- 
ficients, of functions of the form (3.1.2), where the exponents o are arbitrary 
complex numbers and the exponents k are arbitrary integers 20, with the 
restriction that the couple 6 = 0, k= 0 is not admiited. 

If @ is complex, then H_..(@) is a neutrix with domain —o<&<B, 
where [ is real and Bh —a@ is not a positive number, formed by functions 
of the form (3.1.1): here 0(1) denotes a function of § (—co<&<f) which 
tends to zero as € >— co ; A(E) is a limear combination, with constant 
coefficients, of functions of the form (3.1.3), where the exponents © are 
arbitrary complex numbers and the exponents & are integers 2 0, with the 
restriction that the couple 6 = 0, K=O is not admitted. 

In Section 7.2 we show that in each of these four cases the neutrix 
condition is satisfied. 

That the Hadamard neutrices are integrating neutrices follows from 


Theorem 1.4.1. 


Theorem 3.1.1: Consider an integral of the form 
b 
(3.1.4) i (- (%— a) log* (x — a) dx 
H 


where b>a4, o is complex, kis aninteger >0, H=4H,, or 


H,(a). Then 7 is equal to 


[( +-1)"' log*** (6 -- a) if “oO 
(3.1.5) Wlb=a,o,k)= k we 
| | Gee  Geh ee * (b-aye 
a (k—h)! oh +1 Oo o 
if oF0O 
If o#0, then 
b 


(3.1.6) i= (—) ego { (% — a) ‘log® (x — a) dx 4 0(1) 


H 


where 0(1) denotes a function of 6 which is analytic and 


equal-to zero at ¢= 0; 
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Proof: We have in the interval a<&<b 
b 
[ Ga)" logt (xa) dx = (h+ 1)" logt! (b—a) — (+ 1)" log! (E—a) 


& 
$ 


where the last term is negligible in H. This gives (3.1.5) for o=0. Ifo 40, 
then the function w defined in (3.1.5) has the property 


0 
— wp (x—a,o,k) = (x—a)™ Jog* (x—a) 


so that for a<&<b 
b 
| (x—a)*" log* (x—a) dx = p(b—a,o,k)—w(F—a,o,k) 


x 


where the last term is negligible in H. This gives (3.1.5) for o0, since 


according to the rule of Leibniz 


or Ek 
rl o(b—a)\s = pe ( : (—)th! o/-1 (b—a) log® (b—a). 


h=0 


Finally 


0 \* e Ova ot, 
— -1 po log (b-a) — |__- i a 
J (=| so ;| » a ee 


= (—)Pkt o** + (& + 1) log*** (6 — a) + 0(1). 


This completes the proof. 
In the same way we prove 


Theorem 3.1.22 Consider an integral of the form 
H 
= f @-a- log* (a — x) dx 
b 


where 6<a@,0 is complex, k is an integer OP a= Ot 
H_.(a). Thenj is equal to y(a—d, o, k), where w is defined 
by (3.1.5). If o#0, then 


H 


Peta) har + i (a — x)"' log* (a— x) dx 4+ 0(1) 
b 
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where 0(1) denotes a function of o which is analytic and 
equal to zero at o= 0. 
Theorem 3.1.3; [fo >06,4¢<0,¢=0 4, P=@ 0. 77-0, ana 
kRisaninteger 20, then we have for each o+0 
b B 
(3.1.7) ii (x—a}*" (log p (x—a))* dx = w°® af (y—a)™'! (log pw (y—a))* dy 
H 


Ag+ a+ 


but 


(3.1.8) ti (x—a)" (log p (x—a))* dx 


Ag 4. 


| (og po) — (loge 
7 k+1 


B 
ah (y—a)" (log pw (y—a))* dy . 


Ae 


Remark: In Section 7.6 I shall develop the theory of a new integration 
variable. The first term occurring on the right-hand side of (3.1.8) warns 
us that even the simple substitution * —a=«m(y—wu) may lead to a sup- 


plementary term. 


Proof: (1) Let us first treat the special case P= 1. If p=1 and 
60, then the left-hand side of (3.1.7) is according to (3.1.5) equal to 


@ \(b=a)® | 0 \ aba? Salk a \F* \/ 0 \*(B—a)e 
| Oo Oo | do 0 bs » | h (=| a | Soe 


| 


h=0 
k kh 6 
=" s | (log w)*-? | (v—a)™ log" (v—a) dy 
; J 
h=0 18(a 


B 
= (0° J (vy—a)* log* (oy — wa) dy . 


Hy. 


Furthermore, if P=1, then the left-hand side of (3.1.8) is equal to 


(k+1)7 log**! (b—a) = (k+1)" (log (B—a) + log w)**! 
k+1 
“an 


h=0 


k 
ast Jlogt log**!* (B —a) F 
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The right-hand side of (3.1.8) is equal to 
6 


k if 

(R4+-1)" log** o + ) ( log" w { (Way log*" (y—a) dy 
iv - 

= Ay + 


k 
k lo h+1-h (3 —q) 
a k+1y1] K+] ay | r h & 
ae a as: = a aed om avrg gy 
and has therefore the same value. 
(2) Now we treat the general case. The left hand side of (3.1.7) is 


equal to 


k b 


y ‘ (log p)** | ( (x—a)™ log" (x—a) dx 


=0 
h lbs ah 


and is therefore, according to (3.1.7), applied with p=1, 640 equal to 
yen é 
yo \k-h —y\o-! h aN 
w s | i (log f) | (y—@)™" log’ (wy—aa) dy 


vu 


=0 
h lek, 4 


which is equal to the right-hand side of (3.1.7) Finally the left-hand side of 
(3.1.8) has the value 


b 
Rk 
» ( 4 (log p)*" nF G@—a2)? log" (x—a) fe 


By. 


and is therefore, according to (3.1.8), applied with p=1, equal to 


k 


Re ae er f (y—a)7 (log  (y— a)ray| 
h=0 


mtlog pm)? — (los p) 
oe k+1 


+ i (y—a)"' (log pw (y—a))* dy . 


Foy + 


3.2. Hadamard expansions. 
Definition: (1) Let @ be real. A function /(%) is said to possess at 
a-+ a Hadamard expansion if it possesses at the points * >a in the neigh- 


borhood of @ an asymptotic expansion of the form 
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iva) 


(3.2.1) fe) ~ S$" ey (x—a)" py (log (x—a)) 
h=0 
where the exponents 6, are arbitrary complex numbers with Re 6, > © as 
h->co and where ~,(t) is a polynomial in /. 
Formula (3.2.1) means that /(*) can be written, for each fixed real q, 


in the form 


(3:2:2) f= ys Cy (x—a)% py (log (x—a)) + O(x—a)!. 


The numbers 60, 6;,... are called the exponents in the Hadamard expansion. 

(2) Let @ be complex. A function f(%) is said to possess at © a 
Hadamard expansion with parameter @ if it possesses for large positive ¥ an 
asymptotic expansion of the form (3.2.1), where the exponents oy, are arbitrary 
complex numbers with Re o, > —~ as h> > and where #;(¢) is a poly- 
nomial in ?. 

(3) Let @ be real. A function f(%) is said to possess at @— an 
Hadamard expansion if it possesses at the points x<a@ in the neighborhood 
of @ an asymptotic expansion of the form 


io) 


(3.2.3) f(x) = Se, (a—x)* py (log (@—x)) 

h=0 
where the exponents 6, are arbitrary complex numbers with Reo, > x as 
h > co and where #;,(¢) is a polynomial in ¢. 

(4) Let @ be complex. A function /(%) is said to possess at —co a 
Hadamard expansion with parameter a if it possesses for negative x with 
large |X| an asymptotic expansion of the form (3.2.3), where the exponents 
6, are arbitrary complex numbers with Reo, >— © as h> oo and where 
fn (t) is a polynomial in ¢. 

Theorem 3.2.1: (1) If —w<a<b, then each function 
which is integrable from @+-to bd and possesses at a+ a 
Hadamard expansion is integrable from Hy 40 6. 

(2) If ais complex and —wo <b<oo, then each function 
which is integrable from 6 to ~—and possesses at o 4 


Hadamard expansion with parameter ais integrable from 
Dito H. (a). 
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(3) If b<a<o, then each function which is integrable 
from 6 to a— and possesses at a~ a Hadamard expansion 


is tntegrable from 6 to F,.. 


(4) If ais complex and —~<b<w, then each function 
which is integrable from —o+ to b and possesses at —x 
a Hadamard expansion with parameter a@ is integrable 
from #.,,(@) to &. 


Proof: We give the proof for the case (1). The proof in the cases (2), 
(3) and (4) runs in the same way. Applying (3.2.2) with g=0 we find 


f(s) = y Cy (x—a)% p;, (log (x—a)) + 0 (*) 


where 0(*) is bounded for x>a in the neighborhood of a. This bounded 
function is integrable from a+ to 0, therefore from a@ to b. Each term 


occurring in the sum & is integrable from Ha; to 0 according to Theorem 
h 


3.1.1. This gives the required result. 


3.3. Normal Hadamard expansions. 

Definition: The Hadamard expansions (3.2.1) and (3.2.3) in the neigh- 
borhood of a point @ are called normal if 6o=0 ; fo(¢) is a number 40 
independent of ¢ and finally Re o, >0 for 4=1,2,.... The Hadamard 
expansions (3.2.1) and (3.2.3) in the neighborhood of c or—o are called 
normal if 69 =O ; fo(t) is a number ~O independent of ¢ and finally 
Re o, < 0 for h=1,2,.... In a normal Hadamard expansion we always 
assume that the exponents 00, 01,... form a semigroup; this means that 
the sum of any two exponents is again an exponent. This does not mean 
a restriction since we may always add terms with coefficients zero. 


The two following theorems are obvious. 


Theorem 3.3.1 (Product theorem): The product of two 
functions which possess at a@+ Hadamard expansions 
respectively with exponents % (N==O41 0...) atid %;. (2 = 051...) 
possesses at @+ a Hadamard expansion with exponents 


+t, (420 ; *20). 
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This is also true with a+ replaced by a—. It is even 
true with areplaced byt~ ifthe two given Hadamard ex- 
pansions have the same parameter @. 

Theorem 3.3.2 (Power theorem): If g(x) possesses at a+ 
a normal Hadamard expansion, then g-*(*) possesses for 
each complex s at a anormal Hadamard expansion with 
the same exponents, Each coefficient in this new expan- 
sion is #*-times a polynomial ins where 4 denotessine 
constant term occurring in the normal Hadamard expan- 
sion of g(x); by hypothesis this constant term 4 is #0. 

This statement remains true with a+ replaced by a— 


he CO Ohy — 22), 


3.4. Analytic continuation for Hadamard integrals. 


Theorem 3.4.1: Assume that —o<a<b< o, that f(x) 
and g(x) £0 are continuous in the interval a<x<b, that 
f(s) possesses at @+ a Hadamard expansion with expo- 
nents o,—1 (h=0,1,..) and that (—a) e(%) possesses at a. 
anormal Hadamard expansion with €xpomemts ts, t14.0 

Then 

b 


Lo)= i g(x) f («) dx 


Ao 


represents an analytic function of s everywhere in the 
complex s-plane, the points o,+t, (220 ; R20) excepted. 
Each point o,+t is a pole of the function x(s). 
By choosing g(%)=%—a we obtain in particular that 
the function 
b 


m= fo (ea) f (x) dx 


Ha 4 


represents an analytic function of s everywhere in the 
complex splane, the poines apy aun excepted. Each point 


o occurring in the sequence oo, 1,.. is a pole Of ¥i(S) Xia) 
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Ese the “constant term in the Latrent expansion of the 
function 7:(s) according to powers of s—o. More precisely, 


at the points s#o in the neighborhood of o we have 


(3.4.1) mr(s) = — Y" hat ey (s—a)-t + x (0) + 0 (1) 
h 
Shs? 
where 0(1) denotes a function of Ss whichis analytic and 


equalto zero ats=o; the numbers & and k,arethe numbers 


occurring in the Hadamard expansion 


(3.4.2) f(s) ~ yen (x —a)%- log*h(~—a) 


h=0 
valid at a+ by hypothesis. 


Remark: In the more general case of the function ¥(s) we shall find 
in Section 7.5 a similar, but more complicated result for the value of x (0), 


where o is a number occuring in the sequence 6, +t (K20 ; k=O). 


Proof: Using the Theorems 3.3.1 and 3.3.2 we find at the points x >a 


in the neighborhood of @ for g“(x) f(*) a Hadamard expansion of the form 


us y. Cyr (S) (X¥—a)°h* Tk Drx (log (¥—@)) 


h=0,k=0 


where ¢ye(S) is a polynomial in s, where fax(t) is a polynomial in ¢ and 
where ™ is the constant term in the normal Hadamard expansion of (x—a)"' g(x); 


this constant term “ is #O by hypothesis. 


If s lies in a bounded region A, then we can write 
g(a) f4)= oe Chk (S) (4—a}%h +S! Dax (log (x—a)) + 0(%, 8) 


where 31 is a finite sum extended over integers 20 and k 20 and where 


b 


foe, S) dx 


a 


denotes a function of s which is analytic in A. Consequently 
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b 
| (x) f (x) dx 


Ag+ 
b b 
= 4s ye Chk i (x—a)ee tte" pre (log (¥—a)) dx + fo (x , s) dx 
Hay. a 
is according to Theorem 3.1.1 analytic in A, except at the points 6, + Te 
(h>0, k=O); these points are poles. This gives the required result for % (s). 
Let o be a number occurring in the sequence 60, %, ...- Using (3.4.2) 


we obtain 


(x—ays f(*) = os Cy (x—a)%- log*n (x—a) + 01 (% , 5) 


where Xz is a finite sum extended over integers h 20 and k2O and where 


the integral 


b 
{ ow, s)ax 


a 


represents a function of s which is analytic at 6. In this way we find 


b b 
i(s) = y Ch { (x—a)%%-S"' log*n (x—a) dx + | oi (x , s)adx. 


Ags 


According to Theorem 3.1.1 each term on the right-hand side represents an 
analytic function of Ss at 6, except the terms with o, =o and by means of 
(3.1.6) we write the right-hand side in the form 

b 


» (—)*a ky! c,(o—s) Pam! + oe Ch { (%—a)%h-! log*n (x—a) dx 


h 
EF 
64, =0 a+ 


b 


as { o (x , o)dx + 0(1) 


a 
where 0(1) denotes a function of s which is analytic and equal to zero at 
S=o. This gives the required result for 7% (s). 


In the same way we prove the following three theorems. 
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Theorem 3.4.2: Assume that —~<b<a<wo, that f(x) and 
g(*) #O are continuous in the interval b<x<a, that f(x) 
possesses at a—- a Hadamard expansion with exponents 
On —1 (4=0, 1,...) and that (a—x)1 g(x) possesses at a— a nor- 
mal expansion with exponents %, % 
Then 


>° 


H 


a- 


x6) = [ s*@)f (a) ax 


b 


represents an analytic function of s everywhere in the 
complex s-plane, the points o,+t (420 ; R20) excepted. 
Each point o,+% is a pole of the function x(s). 

By choosing g(*)=a—% we obtain in particular that 


H, 


w(s) = f xf @) as 
b 


represents an analytic function of s everywhere in the 
Samples Ss plane, the points 69, 6),.. excepted) Rach 
PpeIm? G-orcurrine in the sequence 09; 1... °1s a pole of 
¥i (Ss) ; y4:(c) is the constant term inthe Laurent expansion 
Obes) according to powers of s—o and we have at the 


points s#o inthe neighborhood of o 


G43) ti) = — Yo Bat eg(s—o)4* + 1) + 0() 


h 
o,=—9 
where 0(1) denotes a function of Ss which is analytic and 
equal to zero at Ss=o; the numbers & and k, are the num- 


bers occurring in the Hadamard expansion 


(3.4.4) f(s) ~ Yen (a—x) "login (@=%) . 
=) 
Theorem 3.4.3: Leta be acomplex number. Assume that 
tor  < co. that / (+) aad ¢(4) 70 are continuous in the 


interval b<x< o, that f(*) possesses at ~ a Hadamard 
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expansion with parameter @ and exponents on—1 (h=0, 1,2.) 


and that (x—a)' g(x) possesses at co anormal Hadamard 


expansion with parameter @ and exponents te, %),-... [hen 
b 
x)= f rf @)ax 
Hy (a) 


represents an analytic function of s everywhere in the 
complex s-plane, the points O,+t% (A20 ; R20) excepted. 
Each point o,+% is a pole of 7(). 


By choosing g(*s)=*%—a@ we obtain in particular that 


b 
no)= | ‘(r—ay* f (x) dx 


H x(a) 


represents an analytic function of S evetywhere tm otae 
complex s-=plane, the points Go, O;,.. excepted, Hach purrs 
CLO CCUrTing 1m thessequen ce do, Gu 2s 4 pole: 41 (s) : x1 (0) 
is the constant term in the-Laurent expansion of %3(s) ae. 
cording to powers of S=o and (34.3) holds 2: the parame 
Sz O inthe meiehborhood of o. 

Theorem 3.4.4: Let a be acomplex number. Assume that 
=co<b<oo, that f/@) and g@) are Continuous im the tnter- 
val -coo<wsb, that P(x) possesses at —co a4 Hadamara 


expansion with parameter @ and exponents o,—1 (F=0, 1,.5) 


and that (%—a)" g(x) possesses at —-© anormal Hadamard 
expansion with parameter @ and exponents %, %,.....L hen 
H- ~ (a) 
= f fede 
b 


respresents an analytic function of Ss everywhere in the complex s-plane, 
the points o,+t (220,k 20) excepted. Each point o,+t, is a pole of ¥(s). 
By choosing g(*)=a—x we obtain in particular that 
H-~@ (a) 


Wi (S) == i (42) f Gey ax 


b 
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represents an analytic function of s everywhere in the complex s-plane, the 
points 00, 01, ... excepted. Each point o occurring in the sequence 00, 1,... 
is a pole of x: (S) ; ¥%1 (6) is the constant term in the Laurent expansion of 
x1 (s) according to powers of s~-o and (3.4.1) holds at the points s#o in 


the neighborhood of o. 


3.5. On functions of the form g-§(x) f (x). 


Theorem 3.5.1: If two functions u(x) and v(x), defined 
for sufficiently large positive x, are infinitely often dif- 
ferentiable in such a way that, for large positive %, 4” (x) 
and v™(x) tend asymptotically to zero as m>o, then, for 
Jarge positive x, (d/dx)" uv tends asymptotically to zero as 


n> oo, 

Proof: It follows from the conditions imposed on (x) and v(x) 
that there exists a constant integer (20 such that for large positive x and 
for each constant integer n= 
u) (4) = O(1) and v(x) ="O(1) 
u™ (x) = OxP™ and PO) =O ae" (0 w= ph). 


hence 


In this way we find for each constant integer 2 2 0 
(35.1) CK == Os? Vand  9(%) = Ox? 
Let g be an arbitrary real constant. There exists an integer %y 20 such 
that for each fixed integer h>=MN 
(3.5.2) uO G\== OxF4 “and Vv) = Owts, 


If 72 ,, then each term in the sum 


d \’ — : he (h) (n-h) 
ee m= (i)e (x) vo” (x) 


is according to (3.5.1) and (3.5.2) at most 
On? OXF Ves Ont, 


This gives the required result. 


Theorein 3.5.22 lf for sufficiently large positive * the 


function g(x) is #O and infinitely often differentiable in 
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such a way that for each constant positive integer h 
(3.5.3) g (x) = Owe (x) 


where 550 is independent of * and A, andifs liesina 
bounded region A of the complex plane, then the order 


relation 


d h 
G54) Gal g(x) = Ox" g(x) 


holds in A, uniformly in s, for large positive » and fag 


CiGhicqustantinterer sO. 
Proof: The left-hand side of (3.5.4) can be written as a linear com- 
bination of functions of the form 
(3.5.5) Bel (ee (Sea (ey 
, Ay are integers 2O with ki + 2k. +... + hky=h and 


ki t+ho+... +k, =1. The coefficients in this linear combination are bounded, 


where fy, ... 


since they can be written as polynomials in s with constant coefficients. We 


can write (3.5.5) in the form 


a! \ hy fo” Vio ofh) \ ky 
= 5 19 


& g | & 


=x On-'? p= (4) 


which gives the required result. 

Theorem 3.5.3: Assume for large positive x that f(x) is 
infinitely often differentiable and that f™(x) tends 
asymptotically to zero as m>oo, Assume that g(x) satis- 
fies the condition of the preceding theorem, that for 
large positive %, g(*%) and g'(x) are asymptotically finite 


and that argg(%) is bounded. Then the function 
fs (*%) = g* (x) f(*) 


where s lies ina bounded region, has the property that, 


for large positive a) ae) tends asymptotically to zero, 


uniformly in s, as m>oo, 


Proof: According to the preceding theorem 
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dad \h 
ea) gS (%) 


tends for large positive « asymptotically to zero, uniformly in s, as 1 > o, 


so that the assertion follows from Theorem 3.5.1. 


3.6. Asymptotic behavior of sums with fixed terms. 


Theorem 3.6.1: Assume that, for large positive %, the 
fixed function f(*) is infinitely often differentiable, 
f™ (x) tends asymptotically to zero for m>oo and f(x) 
possesses at infinity a Hadamard expansion with para- 
meter @ and exponents o,—1 (4=0,1,...); here a4 denotes a 
Prxen gumber. If the numbers 7 (») (4= 1,2,...) are defined, 
then the function fs (%) = (x—a)— f(x) has the property that 
for larpe positive a 

Hx (a) 
G61) No At ~— f[ A@det74(s) + Ao (o-, fd) 


0<n< a) 


Wocre in the whole complex s-plane the points do, G25 
excepted, ¥($)is theranalytic continuation of the function 
represented for sufficiently large Re siby the series: 2 halt): 
Pach pointing, (h=0))1;,...)°1s'a pole of ¥(s) andy (o;) 1s the 
constant term inthe Laurent expansion of x(s) according 
PaNpow ets of 6). Finally A, (o—y/,) is the asymptotic 


sum oftheasymptotically convergent series 
ice) 
SO" £P @) Pax @-)- 
h=0 


Ifeor large positive % 
ice) 


Vie a aes e cy (x — a)"h—" log*h (x—a) 


h=0 
where the exponents k are integers 20, then 


Hy,(a) 


= | alate G1) (O—= 2), 0, —S, Fp) 
J ps 


1a) 


where Wis defined in (3.1.5). 
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Proof: For large positive x the function f(x) tends, according to 
Theorem 3.5.3, asymptotically to zero as M> ~%, 
If Res is sufficiently large, then we have according to the primitive 


sum formula of Euler (1.2.1) for each positive integer m 


LY nm=Y so+ Ds 


n=O oe! 
(3.6.2) | =o) f+ fo foe) de—An(o—, fy) 
| ms 
| aE (—)"-"} ( fo (x) Om (x) dx 
| (0) 


since the first integral occurring on the right-hand side does not change its 
value if the upper limit H,,(@) is replaced by <x. If S lies in a given bounded 
region A, then the last term in (3.6.2) represents, for sufficiently large 
integer m, an analytic function of s in A. Each term occurring either in the 


sum & /fs(”) or in the sum A»(w—, fs) is an entire function of s. Ac- 
0<n<) 


cording to Theorem 3.4.1 the second term occurring on the right-hand side 
of (3.6.2) is an analytic function of s in the whole complex s-plane, the 
points oo, 01,... excepted; these points 6, are poles and the value which 
the said term assumes at S = 6, is equal to the constant term occurring in 
the Laurent expansion of the function according to powers of s— oy. In 
this way we see that the right-hand side of (3.6.2) represents a function 
%(s) which can be continued analytically in the whole complex s-plane, the 
points 60, 61,... excepted. Each point o, (W=0, 1,...) is a pole of 7(S). 

For each s in A, we find, by means of (3.6.2), if m is sufficiently large, 

Hep (a) 


ft)=— fo fiQ)dx +76) + Ano, f) 


0<n< 
WK a 


a0 


+ (= [A ©) om (2) de 


which gives the required result, since the last term tends asymptotically to 
ZeELO as M > oo, 
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And now the final remark; according to Theorem 3.4.1, 4 (6,) is for 
h=0,1,... the constant term in the Laurent expansion of %(s) according 


to powers of Ss —o,. 


Example 1: To determine for large positive w the asymptotic behavior 
of the sum 


(n?+-1)° 


0< n<o 


where 6 denotes a complex number independent of , we apply Theorem 
3.6.1 with 


a0, F@)a(+1)5 fs) = x9? +1)*. 
In this way we find 
Hx (0 


d, f@~— ff) av +76) + Aw -, #90741). 


In the whole complex s-plane, the points 26+ 1— 2h (h=0, 1,...) 
excepted, %(s) is the analytic continuation of the function represented in the 
half-plane Res > 1+ 2Reo by the series 

we 
ns (n?+1)°; 
= 
the points 260 + 1— 2h (h=0, 1,...) are poles of %(s); ¥(20+1—2h) is the 
constant term in the Laurent expansion of y(s) according to powers of 
s—2o—1-+ 2h. 
For *>1 
2/6 
ie (x) am ys | h x20—2h-s 
h=0 
so that for w>1 


Hoa) oO / q20-2h-s +1 


=|) plex =) 5 | DG Diese 


k=0 
10) 


provided that the possible term with 20 —2h—s+1=0 is replaced by 


(;, } eae. 
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Example 2: Determine for large positive the asymptotic behavior of 
Yo (nay (1+ p (ray 
0=2n<@ 
where 9>0, 4, P#0, 6 and t are fixed, where @ is not an integer 20 
and where 
1+p(m—ayPAO for n=O, 1, 2,... 
Put 
IE) APP Ge ay 
According to Theorem 3.6.1 the sum is asymptotically equal to 
H x(a) 
(3.6.3) =4 (x—a)-! f (x) dx +4 (1—0) + A, (o—, (x—a)* f (x) 
0) 
where 7(s) is in the whole complex s-plane, the points 1+t — of (h=0, 1, . .) 
excepted, the analytic continuation of the function represented for 
Res 2 l->o Ret 
by 


ioe) 


(n—a)yS(1+p(n—a))y . 


n— 
The first term occurring in (3.6.3) is for \w—a| >|p|-/P equal to 


Hy (a) 


4A t fe rae = t z (@—a)stP (7-h) 
Ss = (x — a)ote (hel dy = | cs 
aE h J ) ‘3 h p 0 + o(t—Ah) 


h=0 


where the possible term with 


o + o(t—h)=0 
must be replaced by : pb log (w--a). 


Theorem 3.6.2: Let a@ bea fixed real number. Assume 
that the fixed function f(x) is for x >a infinitely often 
differentiable, that, for large positive 4, f™(*) tends 
asymptotically tozero as m>oo and that f(x) possesses at 


a+ a Hadamard expansion with exponents o,—1 (2 = 6; 1 
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Then the function /s(x) =(%—a)* f(x) has for large positive 
wm the property 


Di fl~ f AG) art 105) + Aw (o-, fy 


acn<o 


Hay 


mbere in the whole complex s=plane, the points 00; 01,-. 
excepted, x(s) is the analytic continuation of the function 


represented for sufficiently large Res by 


n>a 


(3.6.4) VAM f Kear. 


Proof: For each €>a in the neighborhood of 4, we have according 


to the primitive sum formula (1.2.1) of Euler, if m is sufficiently large, 


Y fs — f fey an 


ana 


lee} 


ea Nos (a— “ fs) —— Ny 2 > he) + (—)™" { Yi (x) Pm (x) dx — 


ie) 


Yt f f(2) Om 2) dx 


hence 
(3.6.5) fs(n) — fre 
ee ce 
= 7(s) + Am(o—, fs) —(— J" ( £9") (%) Gm (%) dx 
where 


(3.6.6) y(s)=— i Ii:@)dt—An (€,f)4(>)* if: Ff (&) Pm (%) dx. 


Has. 
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Let A be a bounded region. Either of the last two terms represent for 
sufficiently large positive integer m a function of s which is analytic in A, 
The first term on the right-hand side of (3.6.6) represents according to 
Theorem 3.4.1 a function of s which is everywhere analytic except at the 
points o, (4=0, 1, ...). Consequently %(s) is an analytic function of sin the 
whole complex s-plane, the points 00, 01, ... excepted, whereas 7 (6,) is the 
constant term in the Laurent expansion of ¥(S) according to powers of S—o;. 

By letting tend to infinity in (3.6.5) we see that %(s) is represented 
for sufficiently large Re s by (3.6.4). The required result follows from (3.6.5). 

Example 3: To determine for large positive @ the asymptotic behavior 
of the difference 


@ 


0<n#<O 
A+ 


we apply Theorem 3.6.2 with 
a=0; f(x) =V1+xlogx; f;@)=2°V 1 -x loss. 
In this way we find that the said difference is asymptotically equal to 


4 (s)-- A (@—, fe) 


where in the whole complex s-plane, the points 1, 2, ... excepted, %(s) is the 
analytic continuation of the function represented in the half-plane Re s > 3/2, 


the points 2, 3, ... excepted, by 


CO ce 

a ns V 1+ n”logn — | RS V1+xlogx Qi. 
il 

n ane 


In this case we can not apply Theorem 3.6.1, since f(x) does not 
possess a Hadamard expansion at infinity. 
We have found a simple asymptotic expansion for the difference bet- 
ween the sum, 2 Tat) and the corresponding integral, but not for either 
pide 
of these two functions separately. To do so is not possible, since the integral 


does not possess a simple asymptotic expansion. 


Theorem 3.6.3: Assume that the conditions of Theorem 


3.6.1 are satisfied. Assume, moreover, that for large posi- 
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tives, the fixed funetion g(*) #0 is infinitely often dif- 
ferentiable in such a way that for large positive * and 


for each constant integer h20 
g (x) = Ox g(x) 


where 6 isa positive number independent of % and h. 
Assume finally that (*—a)'g(%) possesses at infinity 
a normal Hadamard expansion with parameter @ and 


SIMO Wents To, ti, wo. Liven the function 
fs (%) = g(x) f (x) 


has the property that for large positive 


H &‘a) 
Ae) ~— [far +1) + Aq (0-, fs) 


where in the whole complex s-plane, the points o,-- % 
(e202) 20) excepied, 7(s)) is the analytic ‘continuation 


Sine functaon represented for sufficiently large Res: by 


the series S fiMebach point o,--% is a pole of this func- 
tion. oe 

Proof: Applying Theorem 3.5.3 we see that fs(%) is for large positive 
% infinitely often differentiable and that /()(*) tends asymptotically to zero 
as mt -> cc. According to Theorem 3.3.2 the function (x—a)*’ g-*(%) possesses 
at infinity a Hadamard expansion with parameter @ and exponents 6, + Ts 
20"; 


> 


k>0O). The proof given in Theorem 3.6.1, the final remark excepted, 
can here be repeated and this gives the required result. 
Example 4: In order to determine again for large positive the 


asymptotic behavior of the sum 


treated already in Example 1 of this section, we can apply Theorem 3.6.3 with 
a=0; f(*)=1; g@)=@+1)"; f.(@)=—E°). 


The function x7! g(x) =(1-+%7)'/? possesses at infinity a normal Hadamard 
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expansion with parameter @ = 0 and with exponents 0, —2, —4,.«... In this 


way we fi nd 


H x(0) 


(3.6.7) Yo @tipee— fo @+1P dx +26) 


O< nO 
Ag (O—, Get i)7) 


where in the whole complex s-plane, the points 1 — 2m (m=O, 1, ...) excepted, 


y(s) is the analytic continuation of the function defined in the half-plane 


ce) 
Res >1 by the series & (n?+1)9”. 
n=1 


liom Zee il 
cee eee 
OEE h Jace 
h=0 
so that 
Ax (0) 
a 4, | — ; yi-s-2h 
r= Dae de = Pike 
cay. | as » | ae es Pare 
(a) = . 


—s\ 


where the possible term with 1—s—2h=0 must ke replaced by ( h Jog w. 

If m is an integer 20, then we can not expect that ¥(1—2m) is the 
constant term in the Laurent expansion of %(s) according to powers of 
S—1-+ 2m. There is a general rule, formulated and proved in Section 7.5, 
which enables us to calculate the difference between 7%(1—2m) and this 
constant term, but here we do not need this rule. The last term in (3.6.7) 
is the asymptotic expansion of a function which is analytic at the point 
s=1—2m. Using (3.6.8) we see that the first term occurring on the 


right-hand side of (3.6.7) is equal to 
—h$ (py i-s-2m 
(3.6.9) | *) — —— 


m 1—s—2m 


plus a function which is analytic at s = 1—2m. If we put 


: SES m — Vp 
lim s 1+ 2m)y'| st \=—» 
s->1-2m ( ) m m e 
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then (3.6.9) is equal to 


m— l mM — Vp 
| " es - a7 | log W + Um + 0 (1) 


m 


where 0(1) denotes a function of s which is analytic and equal to zero at 
S=1—2m. The term (3.6.9) augmented by x(s) yields a function which 
is analytic at 1—2m, since all the other terms are analytic at that point. 


Consequently 


ae ty - ‘| 


i 
LEX Tey Yn 0 
m n + Ym + 0 (1) 


[eS 
where jm is the constant term occurring in the Laurent expansion of 7 (s) 
according to powers of s—1+ 2m. Substitution in (3.6.7) gives therefore 


for s=1—2m 


mM 


> (aFe1 ee ie a mn ‘| log © + Um + 7m + 


0<n<@o 


+ Ag (@—, (4?+1)-2”). 


This yields the asymptotic behavior of the sum % (nu? +1)‘ for the 
0<n<@ 
exceptional values s = 1, —1, —3,.... 


Theorem 3.6.4: Assume that the conditions of Theorem 
3.6.2 are satisfied. Assume, moreover, that the fixed func- 
tion 2(7) 1s, tor * > 4, infinitely often differentiable, that 
(s—a)— g(%) possesses at @+ a normal Hadamard expan- 
Ot With Expoments fo, ™M,.. and that for large positive 


* ana foreach constant integer 420 
2 (x) = O27 @(x) 


where 6 is a positive number independent of % and A, 


Then the function 


fs (%) = g-* (x) f@) 


has the property that for large positive 


>. Is (")~ f fdr + x(9) + Aw @~, /9) 


ax n<o 
Ag+ 
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where in the whole complex s-plane, the points O,1%s 
(h20;R2O0) excepted, x(s) is the analytic continuation 


of the function represented for sufficiently large Res by 


- ge s(n) f(n) — a g(x) f (x) dx. 


n >a 


Ag 


Each point o,+t, is a pole of this function. 


The proof is the same as in Theorem 3.6.2. 


3.7. Analytic continuation for residues. 


Theorem 3,/.1: Comditions: (1) Let @ be a real ntmper 
(2) g@) #0 and f(*) are continuous for * >a. (3) For suf- 
ficiently large positive * the functions f(x) and g(x) are 
infinitely often differentiable, f™(x) tends asymptotically 
to zero for m>oo, g(x) and g-*(*) are asymptotically 
finite, arg g() is bounded; and for each fixed pasisime 


integer M20 the order relation 
(3.7.1) BO ea) 
holds, where 8 >0 is independent of * and fh. 


Assertion: (1) If f(*) and g() are continuous at @ with 
e(@) 40, them 7(@, 2, oe" @)/@)) 1s am entire function o1e 

(2) If f(@%) possesses at a+ a Hadamard expansion with 
exponents o,—1 (4=0,1,...) and if («—a)-' g(x) possesses at 
a+anormal Hadamard expansion with exponents %w,T,.., 
then 7(Ha,, P, g-*(x) f(*)) is an analytic function yx(s) of sin 
the whole complex s-plane, the points on tt, (220 , k=O) 
excepted. These points o,+% are poles of the function. 

[In the particular case that 2@j=*%—u we finder: 
(Ha, P, (*—a)-S f(x)) is an analytic function Wi(S) of Ss, the 
points 6, 01,.. excepted. These points are poles of %1(s). 
Each o occurring in the sequence Oo, 61,... has the proper: 
ty that ¥:(o) is the constant term in the Laurent expansion 


of 7:(S) according to powers of s—o> the function hacer 
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the points s#o in the neighborhood of o the property 


ta (s)= > Ra! ey (s—0)-—' + 44 (0) + 0(1) 
h 


o,=0 


where 0(1) denotes a function of s which is analytic and 
equal to zero ats=o; the numbers o, and & are the num- 
bers occurring inthe Hadamard expansion (3.4.2). 

Remark: Ia the general case we shall find in Section 7.5 a similar, 
but slightly more complicated result for the values of 7%(6) where 6 occurs 
in the sequence 0, + tr (420 ; RZO). 

Proof of assertion (1): Assume that s lies in a bounded region A. 
According to Theorem 3.5.3 the conditions of Theorem 1.5.1 are satisfied 
with f(x) replaced by f;(x)=g-5(x) f(*), so that for sufficiently large & 

Ss 
(3.7.2) r(a, P, fs) =r(a, &, fs\—Am(E—, fs) +(—)"7? | FO) (x) Pm (x) dx 
S 


if m is sufficiently large. According to the definition given in (1.5.4) 


i 
axn<é 


(3.7.3) foe Fise fe(n)— [ fale)ax. 


If m is sufficiently large, then each term occurring on the right-hand sides 
of (3.7.2) and (3.7.3) represents a function of s which is analytic in 4. This 
completes the proof of assertion (1). 

Proof of assertion (2): If 6B >a@ is chosen in such a way that the 
interval a<x<f does not contain an integer, then 7(}, P, fs) is according 
to assertion (1) an entire function of s. Furthermore it follows from the 


definition given in (1.5.4), that 


B 
r(Hix P, f)=7(8, P, f)— f faleax 
cha 
so that this function possesses according to Theorem 3.4.1 the required 


properties. 


In the same way we find the following theorem. 
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Theorem 3.7.2: Conditions: (1) Let a be a real number. 
(2) g(*) 40 and /(*) are contimyoms for  REMEE ¢ nega- 
tive x with sufficiently large |x| the functions f(x) and g(%) 
are infinitely often differentiable, f™(x) tends asympto- 
tically to zero for m>oo, g(x) and g—'(*) are asympto- 
tically finite, arg g(x) is bounded and the order relation 
G7) holds foreach fixed inverer 20, 

Assertion: (1)If f(*) and g(*) are continuous at @with 
g(a) #0, then r(a@, —P, g*(*) f (%)) is an entire function of 5, 

(2) If f(*) possesses at a—-aHadamard expansion with 
exponents 6,—1 (A=0,1,..) and if (a—x)"' g(x) possesses at 
a— anormal Hadamard expansion with exponents 1%, 11,...; 
then *(Ha, =f, 27 @ fe) is ansenalytic function jos 02 
the whole complex s-plane, the points o,+t, (420 ; R20) 
excepted. Dhese points0,-% are poles.of the tumc toon 

In the particular case g(%)=a—% we find that the 
residue r(H,_, —P, (a—*)~ /f(*)) is an analytic function 7:6) 
Of S, the points 09,:01,... excepted, These points ete pares 
of 7, (s). Hach o oGecurting in the sequence 6¢,.01.-— Hascme 
property that Yr(o) es ithe constant term in the Laurent 
expansion of ¥1(8) according to powers Of ¢—a; the funec- 


tion has at the points s#o in the neighborhood ofo the 


property 


Xi (s) = > ki! cn(s—o)—*a—! + y, (a) + 0(1) 


h 


where 0(1) denotes a function of s which is analytic and 
equal to zero atS=o; the numbers o and kj are the num- 
bers occurring in the Hadamard expansion (3.4.4). 

Theorem 3.7.3: Assume that the conditions of Theorem 
3.7.1 are satisfied and that f(*) and g(x) are continuous at 
a with g(a)#0. Assume that b is an arbitrary complex 
Humiver “such (that b= @! Usiino th Omeimn possesses at 
infinity a Hadamard expansion with patameter Ovand 


exponents O,—1 H@=0, 1,..) and if (@=6)!2@ possesses 
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. . . +o 
at infinity ormal Hadamard expansion with parameter 


band cx pO Dias t (k = 0, 1,...), then the function 
fs(*) = e-S(x) f(x) (# Sa) 
has the property that 
Ho (b) 

r(a,P,f=— [fav +49) 
where in the whole complex s-plane, the points 0, -+ t, 
(h20 , R20) excepted, x(s) is the analytic continuation 
Or the function represented forssufticiently large Res 


by 


£8) => f(a). 
n>a 
The points on tts (420 ; RZO) are poles of x(s). 

Pmtire particular case ¢G@)j=*2—O0 the function 4¥(s) is 
analyticin the whole complex s-plane, the points 60,0,... 
exeepren Each point G occurring inthe sequence 0), 07, «. 
iopate of. ¥(s) > %(c) fs theiconstanttérm in the Laurent 
expansion of y(s) according to powers of s—o. More 


precisely, 


1(9) =), Bn! en (s—o)-"-! + 7 (0) + 0(1) 
h 


o,=9 


where 0o(1) denotes a function of s which is analytic and 
equal to zero at S=o; thenumbers & and & are determined 


by the Hadamard expansion 


ice) 


Loe De C4, (x—b)°-1 log*s (x—b) 


h=0 


With parameter 5 which the function f(s) possesses at 


infinity; the exponents Rpvare integers 2 0. 
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Proof: Put 
Hoo (b) 
r(a,P, f+ fo fe(x)av=209). 


a 


The first term represents according to assertion (1) of Theorem 3.7.1 an 
entire function of s. The function represented by the second term is according 
to Theorem 3.4.3 analytic in the whole complex s-plane, the points 6, > Ts 
(h=0O , RO) excepted. Consequently 7%(s) is an analytic function of s 
except at the points s= 6, -+ te. According to the remark added to Theorem 
1.5.1 we have for sufficiently large Re s 


| Hoo (b) Hep () 
r= > f— f[  f@axt f  f@)ar= Df). 


n>a n>a 
a 


The remark concerning the special case g(x) =x —b follows from 
Theorem 3.4.3. 

Remark: If the condition that )—a is not 2O and that f(x) and 
&(*) are continuous at @ is replaced by the weaker condition that b—a is 
not positive and that /;(%) is integrable from an integrating neutrix Igy to a 
number a’ >a, then 

H0(b) 
le, P,fy=— | Fr@)aetx@) 


v 


Ig4 


where %(s) is the same function as above. Indeed we can choose a’>a in 
such a way that the interval a<% <a’ does not contain an integer; according 


to Theorem 3.7.3 applied with a replaced by a’, 


rls P, f)=— [ fol)dxtr(e’,P, f) 


Tay 
a’ How\(b) 
ee { fs (x) dx — | fs(x)adx +4 (s) 
fa a 
How(b) 


=~ [ fA@artz6) 


I 


a+ 
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where X(s) is the analytic continuation of the function represented for suf- 


ficiently large Res by the series 


AOS MACY 


n>a’ n>a 


CHAPTER 4. APPLICATIONS 
4.1. On some residues involving the zeta function. 
Theorem 4.1.1: For each real @ and for each s#1 
(4.1.1) "Hoe. P, (xa)-} = 2 is, ©) 
where a+0 is the smallest integer >a (hence 0< O<1) 


and where €(s,) is the analytic continuation of the 


PunetiGh kepretented in the half-plane ResSi “by the 


series 

(4.1.2) E(s , ae 
Moreover 

(4.1.3) (Hat, P, (%—@)"') = Fo 


Piwercetgetstne constant termiinsthe Laurent expansion 


(4.1.4) f(s, *)= aes fees 


Pees OjPaccording to powers Of s—1.In particular if a4 


is an integer, then O=1 and [1 is the constant of Euler. 


First proof of (4.1.1). The conditions of Theorem 3.7.1 are satisfied 
with f(*)=1 ; g(x) = x—<; there is only one exponent 6,, namely 00 = 1. 
Gonsequently 7(Ha;, P, (x—a@)~‘) is, in the whole complex s-plane, the 
point s= 1 excepted, the analytic continuation of the function represented 


in the half-plane Re s>1 by 


ee) 


ye (gaya o i (0) dx (S10) 


n>a 
Hg f 
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Second proof of (4.1.1). The conditions of the remark added to 
Theorem 3.7.3 are satisfied with f(x) =1; g(%) =x—@;6=@; Iq;=Ha, 
so that 

Hola) 
(Her Peay )=— fo (e-ade tn) =m) 


Hay 


where 7:(S) is, in the whole complex s-plane, the point s= 1 excepted, 
the analytic continuation of the function represented in the half-plane Res > 1 
by 


yaa) = 6 (8, @). 
n>a 
Formula (4.1.3) follows immediately from Theorem 3.7.1, and also from 
Theorem 4.7.3. 


Remark: According to the definition given in (2.2.3), 7 (4, §, (~~a)") 


is for each €>a and for each integer 20 equal to 


y (1 — a)" — f (x — a)! dx 


a<n<é 


and this is, according to the primitive sum formula (1.2.1) of Euler applied 


with #=h-+ 1, equal to 
Anyi (e—, (~—a)") — Ans (at ,(% — ay"), 


The first term is negligible in P and the second term is according to the 
definition given in (1.2.2) equal to (—)"/! pay: (a+). Comparison with 


(4.1.1) gives therefore for OC O=1 and for each integer 1 > 0 
(4.1.5) (—)' h! @nai (a+) = SF (—h, O). 


This result indicates one of the advantages which the neutralized sum 
formula of Euler (Theorem 2.5.6) has over the primitive formula. The latter 
involves the coefficients (Pyi1(@+), therefore the coefficients £(—h , O) and 
may therefore be appropriate in the investigation of a function which pos- 
sesses an asymptotic expansion in which each coefficient is, apart from an 
elementary factor, equal to £(—- , ©), where / is an integer 2 0. For instance 
the function % (w-+7)-* treated in Section 1.2 is such a function, but the 


0=1<o 
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class formed by the functions with this property is very restricted. The primitive 
formula of Euler is certainly not convenient if the coefficients occurring in 
the asymptotic expansion are not so simple as that, for instance if they 


involve [(s), where s is not an integer 0 and also if in their definition 


(0.2) 
we need the function represented in the half-plane Re s>1 by XY (n?4+1)-*?. 
no) 


The next theorem gives a more general result. 

Theorem 4.1.2. For each real a, for each integer R20 
and for each s#1 

r (Hai, P, (w—a)-* log* (x-a@)) = (—)* [®(s, ©) 

where a+@€ is the smallest integer >a and where (“)(s, O)is 
the £* derivative with respect to s of the analytic con: 
tinuation €(s,9) of the function represented in the half- 
plane Re s>1 by (4.1.2). 

Proof: Applying Theorem 3.7.1 with 


i (%)=Tog*(#—a); g@)=1; Iep=Hap; = 1 


and using the fact that 
H(a) 
if (x—a)~ log’ (x—a) dx =0 
Hat 
we see that 7(H,,, P, (v—«a)~‘ log*(v—a)) is the analytic continuation of 


the function which is represented in the half-plane Re s>1 by 


ve (u—a)~* Jog* (n—a) = (—)* FM(s, O). 


nod 


He 
4.2. On £2 no} (0 + log a 


n>0 


Determine for large positive @ the asymptotic behavior of the sum 
a ; ; ; CNG 
S50), where ——7 (x) = *98—" {w+ log : 
n=1 


o and t denote fixed complex numbers with Re (o-++t) < 0; this inequality 


insures the convergence. 


PoP J.G. VAN DER CORPUT 


x 
The function #(%) = @+% log has for m= px the property 


u(x) = (p—log p)* 2 x, 


uw’ (x)| =|1 + log £| = ae u(%)%-! =O u(x) x7! 


and for each fixed integer h > 2 
ul) (x) =(—)t (h—2)! x12 =O w(x) x", 


According to Theorem 3.5.2, applied with 6=1, the function 


e(*)= (0 + +log =) 


satisfies therefore, for large positive x and for each fixed integer h 20, the 


order relation 
gh (1) = 0 aes) 
uniformly in @. Consequently the function 7(¥)=%x°' g(x) satisfies the 
order relation 
G00 (A= Ort ata), CeO ie ae 
The conditions of Theorem 2.2.1 are therefore satisfied with f replaced 


by 7 and with a=’ ; B =o, where 5 denotes a fixed positive number 


<1. We may therefore apply Theorem 2.2.2, and this yields 


(4.21) Si@)— J G@ de = lim 1 (Hos, & 7) ~1 (Hor, Q 1). 


== 
n Hee 


According to Theorem 2.1.1 the residue 7(Ho,, Q, 7) does not change 
its asymptotic behavior if Q is replaced by the periodic asymptotic neutrix 


—— : = Aw 
Q* with domain @a<&< 2a and in this interval we have 


2 h 
: Att AG 4 
(4.2.2) 9 (x) ~ y | * (Th yoth—1t los | 


h=0 


7 if h 
~ a (—)* | | i wth (log w)! oth! log!" x 
\ 2 , 


h=k=0 


so that according to Theorem 2.3.3 
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Fy ~) J] 
Vion. OC, tlm (—)* ( ‘ ( wo" (log w)" x (Hox, Q*, wot! log*"x). 


According to Theorem 2.2.3 the residue 7(Ho+, Q*, x°+!-) log*-* x) does 
not change its asymptotic behavior if Q° is replaced by the periodic neutrix 
P, so that this residue is, according to Theorem 4.1.2, applied with @ = 0 


(hence © = 1) asymptotically equal to 
(—)'-* Cuh-k) (1 —o—h) 


if Oo is not an integer <0. In this case we find therefore 
4 z Tt h\ , 
(4.23) rer, O°, N~ D” (| } (g) Sea) om tog! o, 
: 


If © is an integer <0, then according to Theorem 4.1.2 we must replace in 
each term with h=—o the factor £\"—*) (1— o—h) by Fi, 2-1, where Fy, Ty, ... 


are the coefficients occurring in the Laurent expansion of 


1 =.) 


Ae 
C(s) =—— + Tw + Tu Sel) 


1! pA series tm 


according to powers of s—1. 

Now we must determine the asymptotic behavior of the integral oc- 
curring in (4.2.1). 

The substitution x = ym gives for each positive € 


io) 


(4.2.4) fi Ay == { i») dy. 


e@ 


If € is sufficiently small, then we have in the interval OS ¥ Se 


h 
(425) j@= > (i Jo york (18 =) yet) 


0ShS—-Reo 


where 0(%) is integrable from 0 to ew. If © is not an integer <0, then 
o+h#¥0 for each integer 20, so that according to (3.1.7) applied with 
a=0 and p=o7' 
eo E 
fa) x h vay 
J yoth-1 (los A dx = moth i ‘oth ad log’ y dy 
a) 


Hoy Ho. 
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hence 


ra t 


it 7 (x) dx = fe 7 (my) dy 


u 


Hp f Ho + 
so that by (4.2.4) 
= & 
{ 4 (x) dx = @ | j (wv) dv = wt? | 4° (1+y log y)' dy. 
Hox. Has How 


However, if 6 is an integer <0, then the sum occurring in (4.2.5) contains 
a term with 4 =—o and this / yields according to (3.1.8), applied with 


a=0, f=! and k = —o the supplementary term 


(—)*§(1—6)-1 (log w)'~° a ett 


\ / 
so that then 


00 co 
(4.2.6) | 9 (*) dx = wett | ye-l(1+y log yy dy 
Has. ae 


T = 1 
4- (—)*(1—s)7! OFF (ag @)a 4: 
=i) 
Consequently the integral under consideration is in the case that o is not 
an integer SO equal to ~°'” times a fixed number, but if o is an integer 
<0, then we obtain a supplementary term involving logarithmic factors ; 
this supplementary term has even for large positive © a higher order of 


magnitude than the original term. 


Example 2. Determine for large positive @ the asymptotic behavior of 


l= 
7 


mo (0 + nlog my 
rey) 


oy 
O<n<b 


where 6 denotes a number >* depending on w and where o, t and € 
denote fixed numbers with 0<e<%. We shall restrict ourselves to the 
case that either )<m'-* or b=cw, where c is a fixed positive number. 


The function 
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f (x) =: yor} (0 4.4 log “all 


has according to the neutralized sum formula (Theorem 2.5.6) the property 


b 


(4.2.7) ) f@n J f(x)dx +7 (Hor, 0, f) +7, 0, f) 
0<n<b Hes 


where Q is the periodic neutrix with domain a<&< 2m; here a=, where 


? 


5 is a fixed positive number <e. According to Theorem 2.5.4 


210. 7) wt helo) 7) 


which yields the asymptotic behavior of 7(/,Q, f). Furthermore, (4.2.3) 
gives the asymptotic behavior of 7(H0,,Q, f), so that it is sufficient to 
determine the asymptotic behavior of the integral occurring in (4.2.7). In the 
same way as in the preceding example we see that this integral can be 


written in the form 
a-'b 
(4.2.8) abd | yo (1+ log y)? dy 


Ay |- 


if 6 is not an integer <O. If © is an integer <0, then we obtain the same 
additional term as in (4.2.6). 
If b=cw, then (4.2.8) is equal to 
c 
(4.2.9) oer if yo (1+y logy)" dy 


Ho. 


and therefore equal to w°*" times a fixed number. If ) =O @'~*, then (4.2.8) 


is equal to 
oa o-1b 
os Ls it 1 ) 
ott » h i ve th-1 log’ yd 
Ho 
== Ty | w(otb, o+h, h) 


where W is defined by (3.1.5); the last series is not only convergent, but 


also asymptotically convergent. 
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Remark: In the case ) cw the result obtained above yields the 


asymptotic behavior of the sum > /f (1), provided that the integral occurring 


<1n< 


in (4.2.9) is known. Conversely our result enables us to evaluate this integral 
with any desired degree of accuracy by applying the formula with a sufficiently 
large positive @. 
43. On = (n(m—n)(2w—n))'). 
0<n< 70 
Theorem 4.3.1: For large positive @ 


s (n (M@—n) (2M—n))'? 


0<n<20 
ee) 
' 


~ 23/3 Ne C, w7ia-* Cc (—h —+) = f(-h-= > 3) 


h=0 


— / 
+ y (--)' Ce e'l3-2h (C (— 2h —, , ©) — C(— 2h —+,1 — 0)) 


h=0 h 


where w- © is the largest integer <@, where 2w—v is the 


largest integer ~< 20 andawhere 


h 1/ 1/ 
Ch = ee 27" | =| le is 


k=0 


1 


if @ is an integer then we mustareplace € (—2h- =, 


1—0) by 
f(—2h—), so that the last series drops out. 


Proof: Repeated application of the neutralized sum formula of Euler 
(Theorem 2.5.6) gives for f(x) = (x (@— +x) (2 — x))'3 


(4.3.1) > FQ) 


oul fede +r (Hor, 1, P+r(Ho-. 2. f) 


+9 (Hos, Qs, f) +7 (Boa-, Oe, f); 


Q:, Q2, Qs, Qs are the periodic asymptotic neutrices respectively with domains 
a<x*< 2a; W-24a<K%*CwW—a; wtra< SIO+20: 20—20<%< 20— oO. 


where & = °° and § denotes a fixed positive number <1. 
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The integral occurring in (4.3.1) vanishes since f (2m—x) = — f (x). 


Putting ¥ = WY we obtain in the interval O< x < 20 


y \ 18 ny 
i (x) =— 21/3 wy" (1—y)'/ f oe ~ 21/3 rey Y Ch ahr '/s 
h=0 
so that according to Theorem 2.3.3 
GO , 
r(Ho, O1, f)~ 2" - GRO (Higa, Oe eet), 
h=0 


According to the Theorems 2.1.1 and 2.2.3 we may replace on the 


right-hand side Q, by P and therefore (according to Theorem 4.1.1) 


(ier, Gi  2°FF) by £(—h—4). Treating the three other residues occurring 


in (4.3.1) in a similar way we obtain the required result. 


4.4. Beta integrals. 


wheorem 4.4.1: If @ isia large, positive integer and if 
©, 9, ¢ andt are fixed, where 0< O<1 and O<9<1 and 


where néithtr onortis an integer <0, then 


(4.4.1) Y" (n+-0) (on +8)" 


n=0 


(wtO+Hott+t + ee) | ; Jorern- £(—o—h, 0) 
h=0 : 


Gece! 


~(o+t+1)! 
ice) ? rey : 
ie | : (oF O+9)-4E(—t—h, 9), 
Proof: According to the neutralized sum formula of Euler (Theorem 
2.5.6) applied with 
a=—O; b=w+9; f(x) =(%+0) (w—*+)) 


the sum = /(m) is asymptotically equal to 


0<nS@ 


Ag+ 5 


{  f@)dx+r(H_o, 9, f) +7 (Hors, Q", Sf). 


A_o+ 
Here Q and Q* are the periodic asymptotic neutrices respectively with domains 


mo v= band o<e' <p", where 
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a=o'; P=20'; a*=o-—20?; p= —w; 


here 8 denotes a fixed positive number <1. In the interval —O < x < [} 
we have 
oO, 
f(~S™ Y(, J LO FN)! (0), 
= 0 


This gives, as we have seen already several times, for instance in Section 4.3 


(4.4.2) rv(H-o, 0 ely (= ae | (o +O+8)7-4 £(—o—h, 9). 


a 0 


Interchanging o and t, © and J we obtain 
oO 


if tae 0: fea | : (o+0-+9)9-" £(—t—h, 2). 


h=o0 


The formula 


a+ — 
’ ! 
(4.4.3 f (dx = oe rey -(@ + O + Het 
HZ pu. 


is obvious if both Re s and Re t are >—1, since in this case the integral 
is the convergent beta-integral from —O to m+). According to the Theorems 
3.4.1 and 3.4.2, the integral occurring in (4.4.3) represents in the whole 
complex a the poinis=<=1,-—=2,, 5). excepted. jan analytic function of 
6 and also in the whole complex t-plane, the points —1, —2, ... excepted, 
an analytic function of t. Consequently (4.4.3) holds for each 6 which is not 
a negative integer and for each t which is not a negative integer. This 
completes the proof. 

Theorem 4.4.2: If m is a large positive integer, if 
0< O81, 0<0S1, / isa positive integer and t isa fixed 


number which is not a negative integer, then 


y (n+0)~! (o—n+9)° 
~(—Y*! @+04+9)*'~! (nPo + u log (o+0+49) — 2) 
ica) 
= » (—)' | af F(l—h, 0) (m+ 0+ 97-4 
h=0 | 


h#l=1 


ie) 
Lo Se = Ven, 9) (+049) 
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where Io is the constant defined in (4.1.4), 


n= | and v=t! 2s Sd Sad) . 
ANS OE Rs Bel mare yf EDC METEN we 


Proof: If «= --/, then the integral (4.4.3) is equal to the constant 


term in the Laurent expansion according to powers of s of the fanction 


This function is equal to 


= Seniors _ 
“a “fies 1 cellar ————— {) + O49) tt ri—s 
s) (=lst41)! (+) 642). Hay 491) 


_\l 
= i (u-+us—us log (@+-O+49)) (o+0 +-9)-47"! 4 0 (1) 


Ss 


where 0(1) denotes a function of s which is analytic and equal to zero at 


S= 0. In this way we obtain 


Hoi o— 


(4.4.4) A fdr =(—Y"' (a log (o+O0+9) —v) (o+-O+9)HIH! 


HT 


Consequently (4.4.1) remains true if we replace the first term on the 
right-hand side by (4.4.4) and if we replace the factor £(—o—h, 0) with 
h=-1—1 occurring in the first sum on the right-hand side of (4.4.1) by 
To. This gives the required resule. 

Remark: For the treatment of the case that t is a fixed negative integer 
and o is a fixed number which is not a negative integer, we have only to 
interchange o and tT, © and #. The case that both o and t are fixed negative 


integers can be treated in the same way. 


4.5. Bessel functions. 


Theorem 4.5.1: For large positive @ the sum 


oe Seer eay un 
(w?—n’)*-1/? cos ro 
i] 
-—O<n<o 


where the real number # and the complex number 6 are 
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fixed and where o—% is not a negative integer, is asympto- 


tically equal to 


ee) 
(4.5.1) V 02% (0 — %)! u-* Jg(u) mo + 2 C(¢ — oh, ©) % (u) wr"; 
h=0 


here J(u) is the Bessel function with argument 4 and 
order o; w—@ is the largest integer <@ and the functions 
v,(4) are defined by the expansion 

D 
(4.5.2) (2 — 2)” cos u (1 —t) = V‘v, (u) 


h=0 
valid at the points ¢in the neighborhood of 0. 
If #=0, then u-* J,(4) means the limit 


if 
2 it 


lintiaee/ a (o) 
t>0 
Proof: Putting 
f (*%) = (w’?—x’)*-” cos So 


we have according to the neutralized sum formula of Euler (Theorem 2.5.6) 


Eee 
(453) Do sO)~ ff @) ax tr(Hot, 0, +1 (He. 0, f). 
-O< nw oe 
Hae 


Here Q and Q* are the periodic neutrices respectively with the domains 
a<&<fP and a*°<&*<f*, where 


a=—o+@; B=—w+20; a®¥=a—20); B*=0--0!; 


5 denotes a fixed positive number <1!. The formula 


Ae 


(4.5.4) A) f\Ge= V x29 (o—%)! u-* J,(u) ws 


ihe ae 


is obvious for Reo>', since then the integral is the convergent integral 
of f(x) from —@ to w and this integral has the value represented by the 
right-hand side of (4.5.4). Consequently (4.5.4) holds for each o such that 
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6— ‘2 is not a negative integer, since the left-hand side of (4.5.4) represents 
according to the Theorems 3.4.1 and 3.4.2 an analytic function of 6, except at 
the points —/2, —3l2,.... 

Because f (¥) is an even function of x, the two residues occurring in 
(4.5.3) are asymptotically equal. Using (4.5.2) with ¢=—-+ 1 we find 
by means of Theorem 2.3.3 


ice] 
r (H_o+ ? Q, 7) ee ae UA (w) al Ww" ae ? Q, (Ora)? ea") ? 
h=0 


where the last residue is asymptotically equal to €(%—o—A, Q). This 


completes the proof. 


46. On = n°! w*—n*)—' (sin an*w-)“. Determine for large 
0<n<@ 


positive @ the asymptotic behavior of the sum = /f (w), where 
0<n<o 
(4.6.1) ¢ (op x (2) (sin na)" (4 >0) 


and where the numbers % and A are positive and the numbers |t, 6 and t 


are complex. 


According to the neutralized sum formula (Theorem 2.5.6) the sum 


= f(n) is asymptotically equal to 
0<4<O 
ree 
(4.6.2) | Ff (*)dx% +7 (Hor, @! Dew? (ie, Ow aT)? 
Ao+ 


here Q and Q* are the periodic asymptotic neutrices respectively with domain 
a<&<B and a*<&*<fB*, where 


a=; B=20': a* =o—20°; p*=Ho—o’; 


> > bd 


6 is a fixed positive number <1. 

We use the fact that /(*) possesses at the points ¥ <@ in the 
neighborhood of @ an expansion according to powers of w — ¥ with exponents 
utt—1+h (h=0,1,...) and at the points *>0 in the neighborhood of 
the origin an expansion according to powers of % with exponents 
otAu—1+xh-+2hg, where # and g are integers 20. If 5 denotes an 


arbitrary number between 0 and , then the integral 
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b 
| f(x) dx 
Hos 
represents according to Theorem 3.4.1 an entire function of 1 and moreover 


an analytic function of o in the whole complex o-plane, the points 
(4.6.3) G=—Au—uwh—2Ag (h and g=0, 1, 2, ...) 
excepted, The integral 


2 Be 


{ " f(a) dx 


b 


is according to Theorem 3.4.2 an entire function of o and moreover an 


analytic function of t in the whole complex t-plane, the points 
(4.6.4) t=—n—h (h=0.8,.) 


excepted. Consequently the integral occurring in (4.6.2) is an analytic function 
of o and t if the points (4.6.3) and (4.6.4) are left out of consideration. 
These exceptional values of 6 and t can be treated by means of a passage 


to the limit. 


The formula 


Hy ri 
(265) | f (ads =a" (7-1 } gee (= ae) Sac my4 dy 
H+ Ho+. 


is obvious in the case Reo>—A Ren and Ret>—Rett, since then the two 
integrals are convergent integrals with the required property. Considerations 
of analyticity show that (4.6.5) holds for each o and each t, the points 
(4.6.3) and (4.6.4) excepted, so that the integral occurring in (4.6.2) is equal 
to weFC—O8 times a fixed number which can be evaluated with any desired 
degree of accuracy. 

To determine the residue 7(Ho,,Q, f) we write for small positive x 


/ 


aes sin wx \ =a 
c= ann (8A Da 
eee 


aie 4 
ne 


the sum is extended over the numbers m of the form m= /x-+ 2gh, where 
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~ 


h and g are integers = 0. Then 


= 
ti (x) as _ a (yf!) Kk = Aum yom +Auetm 


m 


hence 


a 
r(is+, 0, J) > Cm © (1—0—Ap—m) wr) Kam 


mn 


To determine the residue r(Ho—, Q*, /) we write for small positive y 


(1 —y)s-! tease | sin It (== yt ) he y vh yh 


V ) 
; ) h=0 


which gives for the points «<a in the neighborhood of the expansion 


; ~ 
vi (x) = » rh (DoT e+(T=1) kK—7-h (a—x) tet} 
h=0 


so that 


D 
- ae 
eee Ny wera y (HOF, (wma) 


h=0 


(v2) 
~ a 1p Oo P+O-1) K—-T—h F (4 —t——h, O) 


h=0 
where © — © is the largest integer <m. This gives the required asymptotic 
expansion for the sum X / (i). 

0<n< @ 


4,7. Whittaker functions. Determine for large “ the asymptotic 


behavior of the sum 


\" oo VM m+hk—V> 
(4.7.1) em (MEE S es hele enna 
nol uw 
where 
es ey 
“FO; == << Eg) Se —A+&<atou-+ ago < me 


here k, m, wu and €>O denote fixed numbers. We shall prove that this 


sum is asymptotically equal to 


L 
(4.7.2) (m—k—%) 1 el? u-® Way (Uo o+ 2 + ny Cn & Cat+k—m—n) o~* 


n=O 
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where Wi,(w) is the Whittaker function and where 
‘. (—)-4 m+k—y,\ 


provided that m—k—% is not a negative integer. If m—k—'‘h is a negative 
integer, then the asymptotic behavior of the sum under consideration can be 
determined by a passage to the limit. 

The proof is simple. According to Theorem 2.2.2 the sum (4.7.1) is 


asymptotically equal to 


2 xy \mth-VYa 
474 ff poate: a elo dx + (Hox, Q, f) 
Hos. 

where f is the integrand of the integral and where Q is the periodic asymptotic 
neutrix with domain °<x<2w*; 8 denotes a fixed positive number <1. 

If m—k—' is not a negative integer, then the integral occurring in 
(4.7.4) is equal to the first term in (4.7.2). Indeed, this is obvious if 
Re (m—k—'»)>—1, since then the integral is equal to the corresponding 
convergent integral taken from 0 to , and follows in the case 
Re (m—k —%2) < — 1 from considerations of analyticity. Finally, in the interval 


0<x < 2w* we have 


Le\= a ae ae u-* ey hs ym—k—- athe 
0 &: 


h=0,¢= h 


w 
= y Ce xm—hk—Yratn on 
n=U 


by (4.7.3), so that 


ice) 


PCE Gand) om 6,0 (2+ k—m—n) wr". 


n=0 


This completes the proof. 


4.8. Gamma integrals. 


Theorem 4.8.1: Assume that @ is real, b complex, b—a 


oe ; ; ; 
not 20, 9>0, 0 complex, o/ois not an integer <0; kis an 
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integer 20. Then the function 
7 (%) = (x—0)2-" log* (x—b) e- 97! (#5 (x >a) 


has the property that the incomplete gamma integral 


| { i(ax 


a 


converges in each of the three cases treated in section 


2.4, namely 


(1) ae ee 
See arg W = 
2 8 ae 
i a 
(2) seo arg SS; Reo 0: 1- 
IU It 
(3) —y Sago ss; p=1; Reo <0. 


This incomplete gamma are is equal to 


Lio \" tle 
hiesy (ae reel o/p SiS ae 
(4.8.1) 2 is ( ‘ i) w oe im Se wp (a—b, otom, k) 


where wp is defined in (3.1.5). 


Proof: In the whole complex o-plane, the points —mo (m=0, 1, =) 
excepted, the incomplete gamma integral and also the function (4.8.1) 
represent analytic functions of 6, so that in the proof I may assume that 


Reo > 0. Then the incomplete gamma integral can be written in the form 


b 


Hi jQ)dx+ f i@+9) dx 


o 10) 


= —phystpm-1 na i o—1] ky e-o' x? dy 
¥% fo : oar oe ie 


and this is equal to (4.8.1). 
This result will be used to determine the asymptotic behavior of sums 


of the form 
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be a(n) ee @-P 


where g(X) satisfies certain general conditions. 

Let the real number @ and the complex number 0 be fixed numbers 
such that 0 is not an integer >a. Assume that, for large positive ¥, the 
fixed function g(x) is infinitely often differentiable, that g(”)(x) tends 
asymptotically to zero for m> oo, that g(m) is defined for each integer 
m >a and finally that g(¥) possesses at infinity the Hadamard expansion 


oO 


(4.8.2) g(x) ~ ya (x—b)%-! log*s (x—b) 


h=0 


with parameter 0 and exponents o, —1 (A=0, 1, ...), Our task is to determine 


for large |®) the asymptotic behavior of 
ss 7 (n), where f (x) = £ (x) e-o! 5)”. 
n>a 


here 9 denotes a fixed positive number. We treat here three cases, similar 


to those treated above, namely 


ot Jt 
(1) prerest ie where € >0 is fixed; 
It mu 
(2) = eo Re OF 1 (h=0, ite Pore 
qt ot 
(3) See UES ae p=1; Reo, 20 (#20475 


Theorem 4.8.2: Under the conditions farmulated above 


we have for large |w 


; if none of the numbers o/0@ (k=0,1,,) 
is an integer <= 0, 


2, > \*a 
(4.8.3) y f(n) ~— ss Ch ES (oa On—1)! won| 


n>a i  A=0 


where in the whole complex s-plane, the Points 6p, O41 


p> tee 


excepted, ¥(s) is the analytic continuation of the fume 
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tion represented for sufficiently large Res by the series 


¥(s) = > (n—b)* ge(n). 
n>a 
Proof: Let Q be the periodic asymptotic neutrix with domain a<&<2a 
with @= w°; here 5 denotes a fixed positive number = AE lao is 
sufficiently large, then the fixed function g(x) is infinitely often differentiable 
for * 24, since @> © as |W) > co, Theorem 2.2.2 yields 


fob] 


(4.8.4) Y s(n~ { f@av+r(a,Q, /. 


n>c = 
La4 


In the interval © <*%< 2a the asymptotic expansion 


f@~ OY He (x) 


holds uniformly in ¥, so that by Theorem 2.3.1 


10, 0.D~Y, rea, 0.6m e00). 
According to Theorem 2.1.1 the residues occurring on the right-hand side do 
not change their asymptotic behavior, if Q is replaced by the periodic 
asymptotic neutrix with domain “<x<ox, so that by Theorem 2.2.3 they 
do not change their asymptotic behavior if Q is replaced by the periodic 
neutrix P. Theorem 3.7.3 yields therefore 
Hoo() 
r(a, QO, (x—b)"? g(x))~ — [ (x—bi"? g(x) dx + x1 (—mo) 


a 


where in the whole complex s-plane, the points 00, 6, ... excepted, %: (Ss) 
is the analytic continuation of the function represented for sufficiently large 
Res by the series & ("—b)~* g(n). 
n>e 
The Hadamard expansion of g(x) at infinity yields 
How(b) 


= { (x— dy"? g (x) dx~ 
« 
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Hoo(b) 


(Ripe, sy Ch J (x— b)°a P= log*h (x— —b) ax 


= ie Ch (a—b, on + mop, Fra) 


h=0 


according to Theorem 3.1.1, so that 


ies) 


(48:5) 7r(a, 0, @—by? 2@)) ~ yy cn p(a—B, on + mo, kp) + 41 (—mo). 


A=) 


Furthermore 


foe) 
~ So; f Gay log*h (x—b) e—@! (#81? gx 
h=0 


~U ->’ aad > Caw (a—b A On t+mo P kp) 


ly 
m=0 MO h=0 


according to the preceding theorem; here 


a (Gar lh \(o—1 O, — 1)! wale . 


h=0 
Using (4.8.4) and (4.8.5) we obtain therefore 
» f(n)rou + 2 mim ~ LS — mo) . 
n> 
Moreover 


ZO) Deena 


ac nsa a<nsa 


~ SOE > coe, 


m=0 a<nsa 


Addition of these two results gives the required formula (4.8.3), where 


in the whole complex s-plane, the points 0o,01,... excepted, x(s) is the 
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analytic continuation of the function represented for sufficiently large 
Res by 


>, =) gn) +S (nd) g(m) = > (n—8)-* g(n) 
n> acnsa n>a 


This completes the proof. 


By choosing @ real, 6>a such that the interval a<x<b does not 


contain an integer, we find for the function 
fa (%) = (% —b)?-' log* (x — b) e- O87" (- 9)? 
the following result : 


Theorem 4.8.3. If o/o is not an integer <0, then 


ae i eis 


(4.8.6) S fo(n) ~ 4 (2-1) 108 abe >= 


1 ym 
AG m! Oo 


where 6+@ isthe smallest integer >. This formula may 
Bepditferentiated term by term infinitely often- with 
Fespect tO ©; in other-words, we have-for each fixed 


integer R20 


+h 
~ — | — Ta 4 o/ v(k —o— 
Des + (5. ) ((0> 1) belt) [oS Si rae, 
where €“(s,9) denotes the k* derivative with respect to $ 
of the function ¢(s, 9). 


Remark: In my paper: Neutrices, J. Soc. Indust. Appl. Math. 7, 
No. 3, 1959, p. 253—279, I have chosen the particular case of this 
theorem with b= 0 (hence 0=1), o>1 and k=O as an illustration of 
the neutrix calculus. 

Above we have excluded the values of o for which o/0 is an integer 
<0, but, as we know, also for these values of 6 the method yields the 
asymptotic behavior of the sum under consideration. For the sake of 
simplicity I restrict myself to the case K=O. If o=—Jl0, where / is a 
fixed integer 20, then in (4.8.6) the first term on the right-hand side 
must be replaced by the constant term occurring in the Laurent expansion 


according to powers of s of the function 
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O 


= \ 
fig eae 1)! w@-s)/P 
a i 


irae log o —F; meant © 
where F; is the constant of Euler and where 0(1) denotes a function of s 
which is analytic and equal to zero at S=0. Furthermore the term occur- 
ring on the right-hand side of (4.8.6) with m=T/ must be replaced by 
ey 
Tol 


—o/o is equal to an integer l=0O we find therefore 


To, where [9 is the constant defined by (4.1.4). In the case that 


it 
> fo) ~ aa ee oe 7 + eT) 
n>b 
(=) e i 
a Ms hi ol ae ear 
h=0 . 


h#l 


CHAPTER 5. ASYMPTOTIC HADAMARD NEUTRICES 
5.1. Definition of asymptotic Hadamard neutrices. 


In the preceding sections we have determined under general conditions 
the asymptotic behavior of the difference between a sum and the cor- 
responding integral. In the applications we have restricted ourselves almost 
always to cases in which it was easy to find the asymptotic behavior of 
the integral, but for the investigation of more complicated problems we 
need new asymptotic neutrices, namely asymptotic Hadamard neutrices. 

Definition: Let a,a and [ be real numbers depending on ® with 


—o <a<u<f, where log(i + 4 —a) is asymptotically finite and where 
for each fixed positive 


(GAlg1) a—a=O\|o*(B—a). 


The asymptotic Hadamard neutrix Ag; with domain a<&<f is the 
class formed by the functions v(€&) (a<&<) which, for each fixed real q, 


can be written in the form 


(Ee) iO mie 
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uniformly in &. Here A(E) is a linear combination of functions of the form 
(F —a)° log*(€—a), where the couple o= 0, k =0 is not admitted; the 
number of terms of A(&), the complex exponents o and the integers k > 0 
are independent of @ and €, but may depend on q; finally the coefficients 


occurring in the linear combination A(¢) may depend on @ and q, but 


not on &€. 


If a<PSa<o, where log(t +a—(}) is asymptotically finite and 
where for each fixed positive © 


eaby a—( = O\m*(B—a) 


then the asymptotic neutrix A, with domain a<&<f is defined in the 
same way, but now with the functions (a—§&)*° log* (a—€&) instead of 
(E —a)* log* (F — 4). 

We shall show in Section 7.3 that Ag; and Ag- satisfy the asymptotic 
neutrix condition. 

Let J be an arbitrary asymptotic neutrix with domain a<&<fP and 
let b be a real number. Let f(x) be integrable from € tod (a<&<f). If 7 
is independent of € and if for each fixed real g it is possible to find a 


function v(€) negligible in J such that the order relation 
b 
[ f@av= 7 +16 + O lol 


holds uniformly in €& (a<&<f), then according to the convention made 


in Section 1.4 we write 


5 
ff@a~y. 


In view of this fact we call f(x) integrable from J to b. Notice however 
that we have not defined the integral from J to 0, but only its asymptotic 


behavior. Of course we have 


Z 


b 
ff@ar~— f f@ar. 


b 


If N is a neutrix or an asymptotic neutrix, then I say that a function / (*) 
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is integrable from I to N, if there exists a point > such that f(*) is 


integrable from I to b and also from 6 to N; then we have 


N I b 


N 
ff@ae~— f fedde~ f sear a [fea 
N VE ib 


i 


It is clear that the integral of f(x) from I to N is independent of the 


choice of the point 0. 


Theorem 5.1.1: If ais real, o is fixed and p(f) denotes 
a fixed polynomial, then we have foreach b>a 
b b 
(5.1.3) [ ay" p(og(e—a)) dx ~ f° (x—a)®-' p (log (*—a)) dx 
A 


v 


Ag+ 


where H=H,. of Ho(@), hence 


A 


ar 


[ (a p (log (xa) dx ~ 0. 
H 


We have for each b<a 


aa - 


(5:1-4) i (a—x)°"' f (log (a—x)) dx ~ ii (a—x)°-? p (log (a—x)) dx 
b b 


where H=H, or H2. (4), hence 


A 


a- 


i (a—x)°—" p (log (x— a)) dx ~ 0. 


V8 


Proof: It is sufficient to prove (5.1.3) with p(t) =#*, since the proof 
for (5.1.4) runs in the same way. We have 
b 
J Ga) log (x—a) dv = (b-+1)~! logt*# (6a) — (h-+1)-1 logt*! (E—a) 


cs 


where the last term is negligible in Ag,, Ha, and H»(a). This gives 
(5.1.3) in the case o = 0. If 60, then 
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b 


{ (x—a)°-' log* (v—a) dx =  (b—a,0,k) — w(E—a, 6, k) 
where w is defined in (3.1.5), so that the last term is negligible in 
Ag+, Hay and Ha(a). This completes the proof. 


Definition : A function f(x) is said to possess in an interval a<x<f 
an asymptotic Hadamard expansion according to powers of x—a if it 


possesses for large (@ uniformly in x (a<x<B) an expansion of the form 


(5.1.5) f (x) ~ >’ ey (x—a)%-" py (log (x —a)) 


with fixed exponents 6,, with fixed polynomials #,(¢) and with coefficients 
c, which may depend on @ but not on * and which are for each fixed 
integer 4 20 asymptotically finite. 

A function f(x) is said to possess in an interval a<x< PB an 
asymptotic Hadamard expansion according to powers of a—x if we use 
the expansion 


‘ 


(5.1.6) f(x) ~ De (a—x)%-" py (log (a—*)) 


Ms 


> 
i 


0 


instead of (5.1.5). 


5.2. Properties of asymptotic Hadamard neutrices. 


Theorem 5.2.1: Let Ag, be the asymptotic Hadamard 
neutrix with domain a<&<f, where B—G@ is asymptotically 
finite. If a function f(*) integrable from a+ to B possesses 
inthe interval a=<*7<,, uniformly in % the asymptotic 


expansion (5.1.5), then f(*) is integrable from Aq; to 6B and 


B 2 B 
(52251) fi@ dy = Se J (x—a)%—! f;, (log (v—a)) dx. 


h=0 
Ag+ Ag+ 
Remark: According to Theorem 3.1.1 we may replace the lower 
limit Ha, by H.» (a). Notice that no condition is imposed on f (*) outside 
the interval a<x<f. 
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Proof: Without loss of generality we may assume that fy Q=Fs, 
where /, is an integer 20, since the expansion occurring on the right- 
hand side of (5.1.5) can be replaced by a similar expansion in which each 
polynomial #;,(log(x—a)) is replaced by a power of log(*—a@) with an 
exponent which is an integer 20, Let us first show that the general term 
in the series occurring in (5.2.1) tends asymptotically to zero for h>~; 
this implies the asymptotic convergence of the series itself according to the 
fundamental theorem of asymptotic series formulated in the remark occurring 
in Section 2.2. 

By hypothesis the series occurring in (5.1.5) converges asymptotically, 


uniformly in x (a<*%<(), so that 
(5:2:2) Cy (x — a)Ph-! log*h (x — a) 
tends asymptotically to zero for h>co, uniformly in x (a<x<f), 


therefore also at x =f. 


Now I distinguish three cases : 
(1) Consider the possible values of © for which fh —aZ> 2. According 
to the definition of : given in (3.1.5) we have 
Cr (B— a, on, Rx) = Oc, (BR —a)% log*h*' (B— a). 
Consequently ¢,p( —a,0o;,,%,) tends asymptotically to zero for h>o, 
since by hypothesis [ --@, therefore also (B — a) log((}— a) is asymptotically 
finite. 


(2) Consider the possible values of w for which B —a< >: According 


to the definition of W given in (3.1.5) we have 
cy (B —a, 64, h,) = Oc, (B—a)% (1 +| log (B — a) fet), 


Consequently ¢, p(B —a,on,kp) tends asymptotically to zero for h>o 


> 


since 


(8 — a) (1 + | log (B — a) | +4) 
is bounded for given ky. 


(3) Consider the possible values of w for which ee 
According to (5.1.1) we have 


> <8 —a= O |wo|é (B — a); 
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hence 
(8 —a)-? = Ola 


for each fixed positive number ©. Consequendly the interval a<x<f 


contains certainiy a point ¥ such that 
log-'(x —a) = O|w|°. 


We choose ¢<1/k,. Since (5.2.2) tends asymptotically to zero for h> ~, 
also ¢, tends asymptotically to zero as > co. From the definition of 
given in (3.1.5) it follows that 
Caw(B—a, on, kn) = Oc, 

tends asymptotically to zero for i>o. 

In this way we have proved the asymptotic convergence of the series 
occurring in (5.2.1). 

Now the last part of the proof. We have for a<&<f 

: wt 

(5.2.3) {fs (x) de = x: | (x—a)%—" log*h(x—a) dx + | Om (x) dx 


h=0 & < 
s 


S 


where 0,;(%) tends asymptotically to zero for m> oo, uniformly in % 
(a<&<x<f). By hypothesis B—a is asymptotically finite so that the 
last term in (5.2.3) tends asymptotically to zero as m > co, Consequently, 
if a fixed real number g is given, then we have for each sufficiently large 
fixed positive integer mm 

B 
(5.254) | Ge (x)dx = O|w|-? 


i 
jam 


uniformly in ¢ (a<=5<f). We can choose this fixed integer so large that 


it satisfies also the order relation 


B 


(5°25) yo { @=ayra-" logts (x — a) dx 
h=0 Hoe 
m-1 a 
ctl » Cy { (x —a)eh-! log*n (x — a) dx + Olw|-?. 
h=0 H. 


at 
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According to Theorem 5.1.1 the integral 


B 
i (x — a)h-" logts (x — a) dx 
Ag+ 
exists. This implies that 
(5.2.6) { (—a)%»Mogta(x—a)dx = { (@—a)n-"logta(x—a) dx + Vn (€) 
§ Ag+ 
+ O|w|\-9-? 


where v,<&) is negligible in Ag, and (= O\w|?, so that (5.2.6) remains 
true if both sides are multiplied by ¢, and —q—/ is replaced by —Q. 
From the definition of the asymptotic neutrix Ag; it follows that also 


¢,¥%,(&) is negligible in Ag}. Consequently (5.2.6) yields 


m—-\ B 
E Ch if (x —a)%—" log*s (x — a) dx 
h=0 e 
m1 B 
= ye Ce i (x — a)%—' log*s (x — a) dx + v(&) +0 lo|-2 
h=0 Ane 


where y(&) is negligible in Ag,. According to Theorem 5.1.1 we may 
replace the lower limit 4a; by Ha;. Combining this result with (5.2.3), 
(5.2.4) and (5.2.5) we find therefore in the interval a<&<f, uniformly in €, 


p q 8 
f(a)dx = Sc, (x — a)%h-' log*a (x —a) dx + v(E) + Olo|-7. 
(OE eal 


Hay 
This holds for each fixed real g and yields therefore the required result. 


Theorem 5.2.2. If the conditioms (of sthe sprecedmaa 
theorem are satisfied with Q=a and if there exists an 
integer p20 such that Reo, >0. for each imtewer ss =p 


and that 
p-1 


f*%)— Ye Ch (x--a)°h—" py (log (%—a)) 


h=0 


is integrable from ato f, then 
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B 8 ria 
(5.2.7) { fax ~ | f@)de hence f fax ~o. 
Aa Hay Hay 


Remark: This theorem forms a bridge between the asymptotic 
Hadamard neuttices Ag} and the ~in many respects simpler — neutrices 


Ha;. A similar remark holds for the Theorems 5.2.4, 5.3.1 and 5.3.2. 


Proof : Since Reo,>0 for each h> 4, the function 


m1 
Om(*%) = f (x) — y Ch (X—a)%n-* py (log (x—a)) 
h=0 
is, for each integer >, integrable from @ to B, so that 
6 m-1 Li B 
(5.2.8) i F(z)dx= ys 4) (x—a)%-*log*a (x—a) dx + J em (x) dx. 
12a h=0 Hay a 


According to (5.1.5) the function Om(%*) tends, for m—> oo, asymptotically 
to zero uniformly in x (a<x<f) and by hypothesis B —a@ is asymptotically 
finite, so that the last term in (5.2.8) tends asymptotically to zero as 
m->co. In this way we find for the left-hand side of (5.2.8) the same 
asymptotic expansion as in (5.2.1). This completes the proof. 


In the same way we find the two following theorems. 


Theorem 5.2.3: Let Az be the asymptotic Hadamard 
neutrix with domain a<&<B, where a<BP<a and where 
B—a is asymptotically finite. If a function f(*) integr- 
able from ato B— possesses in the interval a<x<f the 
asymptotic Hadamard expansion (5.1.6), then /(%) is 


intesrtable from oto Az. and 
Ha- 


oe 
i f (ax ~ Sey i (a—x)-' p, (log (a—x)) dx 
a h=0 a 
According to [Tbeorem 3:1.2-this result remains true 
if the upper limit Hj is replaced by H_-»(@). 
Theoteme5 24: 1{ the conditions of the preceding 


theorem are satisfied with P=a and if there exists an 
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integer P20 such that Reo,>0 for each integer h2p 
and that 


p-'| 
f(x) - De cy (a—-x)%h~! fy, (log (a—*)) 


K=0 


is integrable from @ to a, then 


Aq- Ay Hoe 
J foyer ~ { s()dx hence f{ S@)dv~o. 
mt 0 ee 


5.3. Asymptotic Hadamard neutrices with unbounded domains. 


Theorem 5.3.1: Assumethat @<a and that (a—a)” is 
asymptotically finite. Consider the asymptotic Hadamard 
neutrix Agi with domain a<&<oo, If f(x) is integrable 
from @ to o— and if there exists a fixed positive number 
8 such that (x—ay'+? f(x) possesses inthe interval a<x<o@ 
an asymptotic Hadamard expansion, according to powers 
of x—a, then f(x) is integrable from @ to Ag. 

If the said asymptotic Hadamard expansion has the 
form 


00 


(Cees) = ayeret (x) me > Ch (x aa a)eht? Pr (log (x post a)) 


h=0 


then 
Ags Hy (a) 

(5.3.2) [ f()ax ~ me { (x — a)%-' p, (log (x — a)) dx . 
= h=0 % 


a 104 


Remark: According to Theorem 3.1.1 we may replace the upper 
limit H (a) of the last integral by Ha. 

Proof: Exactly as in the proof of Theorem 5.2.1 we may assume 
here that ;,(¢)=?*s , where hk, is an integer >O. 

Let us first show that the general term in the series occurring in 
(5.3.2) tends asymptotically to zero for > co; this implies the asymptotic 


convergence of the series itself. It follows from (5.3.1) that 
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(5.3.3) Cy (%¥ — a)? Jog*h (x —a) 


tends asymptotically to zero for 4» uniformly in x (a<x<ov), there- 
fore also at v= «a. Now I distinguish three cases : 
(1) Consider the possible values of @ for which @—a>2. Using 


the definition of \ given in (3.1.5) we see that 


Ch (&— a, Oy , ky) = Oc, (A — a) log*h*! (a — a) 
= 0 ¢, («4 —a)%*° log*n (a — a) 


tends asymptotically to zero for h>o. 


(2) Consider the possible values of @ for which @—a<-. Then 


c, WP (4 — a, oy, Ry) = Oc, (a — a)% (1 + | log (a — a) |*n +) 


tends asymptotically to zero for / > ©, since by hypothesis (a#—a)—' and 


therefore also 
(a — a)~* log—*s (a — a) (1 + | log (a — a) [Pn #1) 
are asymptotically finite. 
(3) Consider the possible values of w for which 5x a—a<2. 


Using the fact that (5.3.3) with *=a-+3 tends asymptotically to zero 


for i > ~, we see that ¢, and therefore also 
ChW (A—a, O71, Ry) = OG, 


tend asymptotically to zero for h> oo. 
Having shown in this way that the series occurring in (5.3.2) 


converges asymptotically, we write for >a 


: m—\ : ; 
(5.3.4) ie (x) dx = os Ch | (x — a)"n—' log*s (x — a) dx + [om (x) dx 
ct h=0 nt By 
where, according to (5.3.1), (*—a)'*° Om(x) tends asymptotically to zero 
for m>oo, uniformly in x. Gonsequently for each fixed real q’ the 


order relation 
Op 0 Ca ol 


holds for sufficiently Jarge m uniformly in « (2 <%< %), so that the 


last term in (5.3.4) is 
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co 
Olol-" | (@—ay-!dy = Olol-" (aay? 


a 


By hypothesis (@—a)~' is asymptotically finite, so that the last term in 
(5.3.4) tends asymptotically to zero for m+» ~. For each fixed real q 
it is therefore possible to find a fixed integer m2 0 such that, uniformly 
ine (ch ee ce) 


é 


J pals) dx = 010° 
a 


and 
Hg (a) 
ico} a 
Se Oe imag: 
h=0 
a 
Hy (2) 
m-1 ~ 
= > Ch J (x —a)%~' log*h (x —a)dx + O|w\-?. 
h=0 ms 
In view of the fact that the coefficients ¢, are asymptotically finite 
we have 


& 
Ss 


m-\ o 
> Ch | (x — a)%-! log": (x — a) dx 


h=0 a 


Agy 


m— 


1 > 
= Ch | (x — a)°h—' log*a (x —a) dx + v(E&) 
a 


h=0 
where V(¢) is negligible in Ag}. The last integral does not change its 
asymptotic behavior according to Theorem 5.1.1 if the upper limit Ag; is 


replaced by H(a). In this way we find for each fixed real g a function 


v(E) negligible in Ag; such that the order relation 


(3 Ay (a) 
Ie (x)dx = NS’ ey { (x — a)" log*s (x —a) ax + v(E&) + Ola|-4 
“i hoy 


holds uniformly in € (a<F<oo). This gives the required result. 
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Theorem 5.3.2: If the conditions of the preceding 
theorem are satisfied and if there exists an integer P20 
such that Reo,<0 for each integer h>p and that 


p-1 
f(@) — = Cy (x — a)en-" b, (log (% — @)) 


A=0 


is integrable from ato ©, then 


A gy A, (a) H,, (a) 
[ f@)dx~ | s@dv hence f s@dx~o. 
a - Po 


Proof: Since 


m—1 


f(%) — > e(*—a)%~* py (log (x —a)) 


h=0 


is for each integer m2) integrable from @ to © it follows from (5.3.1) 


that 
lee (a) i (a) 
ra) m—1 
6.35)  f f@)dx= So f ayn" p,(log(x—a)) dx 
(a3 h=0 a 


4 { i. Om (%) dx 


a 


where, as we have seen in the proof of the preceding theorem, the last 
term tends asymptotically to zero for m-> 0. In this way we find for 
the left-hand side of (5.3.5) the same asymptotic expansion as in (5.3.2). 
This completes the proof. 

In the same way we find the two following theorems. 

Theorem 5.3.3: Assume that BP<a@ andthat (a—f)! is 
asymptotically finite. Consider the asymptotic Hadamard 
neutrix A, with domain —o<£<f. If f(*) is integrable 
from —o-+ to £ and if there exists a fixed positive 
number 5 suchthat (a—x)'t*f(x) possesses in the interval 
—o<*<B an asymptotic Hadamard expansion, then if () 


is integrable from A, to B. If the said asymptotic 
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Hadamard expansion has the form 


ie@) 


(a —x)'+9 f(x) ~ oy: C, (a — x)%ht? fy (log (a — *)) 
h=0 
then 
6 oe p 
| | @)an eS Cy 4 (a x)%—! p, (log (a — x)) dx. 
i= h=0 He} 


Theorem 53.4: 1f the conditions of the prececia. 
theorem are satisfied and if there exists aninteger P20 
such that Reo,<0 for each integer h2>f and that 


p-l 


f(%) — > C, (a — x)%—" fy (log (a — *)) 


h=0 
is integrable from—co to Pp, then 


Ag— 


B 6 
f f@ax ~ i f(x)dx hence ay f(dx~o. 


Ane tel a(@)) H_~(a) 


GHAR ERG. APPLICATIONS 


6.1. Beta integrals and hypergeometric functions. 


Determine for large positive the asymptotic behavior of the sum 


>, f) 
where 
Ff (%) = 2°" (w — xo! (@ — ux)—4 (vm? + x)F (x>0); 


a, b, ¢, 0, t, w and v denote fixed numbers with 
Oa Reé> Red > 0: 
“« is not a real number 21; v is not a real number <0. 


According to the neutralized sum formula of Euler (Theorem 2.5.6) 


we have 
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61.1) SSO ~ fo f@)det (Hos, Q,N+r(Ho-.@,); 


* ‘ ‘ . : a 
Q and Q" denote the periodic asymptotic neutrices respectively with domains 
a<x<f and a*<x<(*, where 


eek D) ay > 
a=@, BP=20°; a =a—20°; B*=ao—o®; 


5 and ¢ denote fixed positive numbers <1 with 5<o. 
Let us begin with the easiest part of our task, namely the determi- 
nation of the asymptotic behavior of the two residues occurring in (6.1.1). 


In the interval 0<* < 2a we have 


Sf (x) i oe Ch (@) xo-lth 


h=0 
hence 


ry (Hot > Q > ia ae ~ Cy (@) EC —b—h) 
h=0 
if 6 is not an integer <0; if 0 is an integer <0 then we replace the 
term with h=—Db by c¢,(w)F,, where T; is the constant of Euler. 


Putting © —x =, we find in the interval a* << x<om 


£@) ~ >” nla) 


A=0 


so that, if b—c is not an integer 20, 


Hie, 0,1) ~ > 7% (0)¢ (14+ 0—e—F, 8); 
=o 
here © —O is the largest integer <w. If b~ ¢ is an integer 20, then we 
must replace the term with h = b—c by 7,()Te, where To is the constant 
defined in (4.1.4). 


The only thing which still remains to be done is the determination 


of the asymptotic behavior of the integral occurring in (6.1.1). Write 


Aw Aoy Hy _ 


(6.1.2) iL fQodn ~ { f@ae+ 1 f (a) ax 


Hoy Ho+. Ags 
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where the domain of the asymptotic Hadamard neutrix Ao is the interval 
wk<*<2w", where x denotes a fixed number with 0<%<1. 

This step is important. In order to determine the asymptotic behavior 
of the integral occurring on the left-hand side of (6.1.2) we partition the 
integration path into two parts by means of an asymptotic Hadamard 
neutrix and we determine separately the asymptotic behavior of the two 
integrals obtained in this way. This device, not only useful but in many 
problems even indispensable, can be explained as follows. The factor 
(vw’+x)" occurring in the definition of / (”) changes its behavior in the 
interval O<%<w. For small positive * the term vw? in the binomium 
vm? + is preponderant, so that (vw? + %)" possesses a binomium expansion 
according to powers of * with exponents 0, 1, 2,.... On the other hand, 
if x<w lies in the neighborhood of , then because of 9<1 the term % 
is preponderant, so that (vw? + «)* possesses a binomium expansion according 
to powers of x with exponents t,t—1, t—2,.... It is not possible to 
find for (vm’+*)’ a convenient expansion valid in the whole interval 
0<%<@. This is the reason why we partition the path into two parts 
and if in neutrix calculus we partition an integration path or an integration 
domain into two or more parts, then we prefer to do this by means of 


neutrices or asymptotic neutrices. 


With purpose, I have chosen the positive number o less than 1 in 
this problem. The case 9>1 is simpler, because then (vm? + x)" possesses 
in the whole interval 0<*<@ a binomium expansion according to ascending 
powers of x, so that then the partition of the integration path is not 
necessaty with the consequence that we do not need an asymptotic 


Hadamard neutrix. 


It is now our task to determine the asymptotic behavior of the two 
integrals occurring on the right-hand side of (6.1.2). Let us begin with the 
integral of f(*%) from Ho, to Acy. In the corresponding interval 
O<x<2a* the factor (vw? + x)" changes its behavior because of 0<x<1, 
as explained above. For this factor we have therefore no convenient 


expansion valid in the whole interval 0<*% < 2w* and we write 


(6.123) f(%) ~ > hy @e-e-bh=k gbth=! (ogy ae ye 


h=0 
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where the coefficients A, are defined by 
(6.1.4) (1—y)*8-"(1 —uy)—¢ = - Any" for 0<y<min(1 , |a|-1) - 
h=0 


Consequently 4, is a polynomial in « of degree h. By means of the 


Theorems 3.2.1 and 5.2.1 it follows from (6.1.3) that 


/ f (*)xd ~ noes { xO+h-! (yay? + x) dx . 
se h=0 a 
Hoa. Ho4. 


According to Theorem 5.3.2 the last integral is asymptotically equal 
to the integral which we obtain by replacing the upper limit Ap; by Ha (0). 
In order to determine the value of this new integral we use the fact that, 
for each fixed U>O0, for each w with —t<argw<a such that w and w 
are asymptotically finite and for each fixed 6 and each fixed t such that 


neither o6/u nor —o/u—t is an integer <0, the relation 


he G—)ICE )! 

@ » 1G iby} y Tee " 
6.1. | x9 (w + x4) dx = : q(Gl)+7 
a TT 

0+ 


holds. This formula is obvious for Reo>0O and Re(o+ut)<0, since then 
the integral is the convergent beta integral from 0 to 0 with the value 
indicated by the right-hand side of (6.1.5) ; according to the Theorems 3.4.1 
and 3.4.4 the left-hand side of (6.1.5) represents a function of 6 and t 
which is analytic in the whole complex o-plane and the whole complex 
t-plane, the points o=0,—1,—2,... and the points 6 +t=0, 1, 2, ... 
excepted. This yields (6.1.5). Applying this formula with 


o=b+h; w=v0? and w=1 


we obtain 
Ag+ 
(6.1.6) ik F(x) dx 
Fo +. 
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provided that 6 is not an integer <0 and + is not an integer. In the 
exceptional cases the value of the integral is determined in the usual way. 
For the evaluation of the integral of f(*) from 4o; to Ho— we use 


in the interval o* << x<q@ the binomium expansion 


« T 7 
(vm? -+- ay ~~ - } uh wp x! —h 
1 


h=0 


hence by Theorem 5.2.1 


Ho- Ho- 
ive) 
J f(x*)dx ~ ll : )o ahp fi gbtth-l (qy— yx)! (—uxy4 dx . 
~\h 
Nie h=0 hoe 


According to Theorem 5.2.2 the last integral does not change its asymptotic 


behavior if the lower limit Ao; is replaced by Hoy. We have 


Ho- 
(6.1.7) | ; x1 (ey — x) O41 (wm — ux) 4 dx 
at 
—— ! — — ! 
= w aos Penta Bb) aa 


if neither 6 nor ¢—06 is am integer <0; hete P(@.0,€;%) is ithe 
hypergeometric function. This is obvious for Rec>Reb>0, since then the 
left-hand side of (6.1.7) is the convergent hypergeometric integral from 0 
to © with the value indicated by the right-hand side of (6.1.7); according 
to the Theorems 3.4.1 and 3.4.2 the left-hand side of (6.1.7) represents 
a function of 6 and ¢ which is analytic in the whole complex 0-plane and 
the whole complex c-plane, the points 5) =0,—1,—2,... and the points 


c—b=0,—1, -2,... excepted; this yields (6.1.7) and therefore 


Ho 
(6.1.8) i f (x) dx 
a 
at ; (6+1—h—1) ! (c—b—1) ! ; 
~~ L 7 = ae te jeans : 
os (;)° (651) F (a, b+t—h ,c+t—h; u) wo! p 


h=0 


if b+ t is not an integer and c—b is not an integer <0. In the exceptional 


cases the value of the integral is determined in the usual way. 
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The combination (6.1.6) and (6.1.8) gives by means of addition the 
asymptotic behavior of the integral of f(*) from Hoy to Heo—. After this 
addition no term drops out, so that the partition of the integration path 
into two parts, one yielding the expansion indicated in (6.1.6) and the 
other yielding the expansion indicated in (6.1.8) is certainly appropriate for 


the determination of the asymptotic behavior of this integral. 


6.2. On = (@* 4+ 0 n! + vn)?” 


n>0 


Determine for large positive @ the asymptotic behavior of the sum 


20 
ye f(m), where f(x) = (o* +07 x44 x’)! 
n=l 
where x, A, 4, Vv denote fixed positive numbers. To insure the convergence 
of the series we assume that at least one of the two numbers w and V 
is >1. The method developed in this paper can be applied for each choice 
of the fixed parameters, but for the sake of simplicity I restrict myself 


to the case 
(6.2.1) v>u; x>A+pu; prt vA—ve>0 


otherwise we have to distinguish several cases. 


Formula (6.2.1) gives 


= uh = A 
(6.2.2) o< : =. 
Theorem 2.2.2 yields 
(6.2.3) fm) ~ { f@dxt+70,9./ 
nt! ee 


where Q is the periodic asymptotic neutrix with interval a<><2a; here 
xXx— 


% 
a= and § denotes a fixed positive number < and Sa 


Let us first determine the asymptotic behavior of the residue occurring 


in (6.2.3). In the interval 0% <2 we have 
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iQ) ~V tor 


where the sum is extended over all the numbers ™ which can be written 
in at least one way in the form 
(6.2.4) m= (x—A)k+ xl 


where k and / are integers 20; furthermore 


re = BC (EE at 
l 


where &; is extended over all the integers k2O and 720 with (6.2.4). 


Consequently 


if (0 > Q ’ 18 ee ye Cn or 


m 


where 


k+l 
Cy = 24 (= i € (— pk — vl). 

Finally we determine the asymptotic behavior of the integral of f (x) 
from 0 to 0. Here again we have an example of a function which changes 
its behavior in the integration interval. In view of this fact we introduce 
an asymptotic Hadamard neutrix Ao, with domain Bp <& < 2H, where 


= ?; here o denotes a fixed number with 


x—A A 
(6.2.5) cod ; 
Lt v—t 
compare (6.2.2). 
Put 
[x -+ vA — vx 


$= min 7 ; ie (v = \) | 


so that €>0 according to (6.2.5) and the third of the inequalities (6.2.1). 
If 


Oo<x < ay (k-4)/ : then is (yk) v/ uu < we 


and if 
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col-AIM < % < 20? 


then 


x =< QU vl WH) P< ON tate ald (yA-e 


so that in the interval 0 << 28 


KY < (@* + 4 xF) 2-H we 


hence 


f (x) gS a (—) av (ox + lth 
k=—0 


therefore, according to Theorem 5.2.1, 


Ao4 Ag+ 


f (x) dx ~ .Y ‘hk xh (ay A yptt)-h-l dy | 
ie (x) dx Dat ) ike (@* + @? x¥)-!! dx 


0 0 


According to Theorem 5.3.2 the last integral is asymptotically equal 
to the integral which we obtain by replacing the upper limit Ao, by H. (0) 


and this new integral is according to (6.1.5) equal to a,~%, where 


6, = wt ((ux + vA— vx) hh +A—x + px) 


and 
a = po Ea ie ace ee ee | 
Lt Ul Mt U 
ao ail a : : : : 
if —— at is not an integer >0. In this way we obtain 
uu 
{ f(x)dx ~ SX (aoe 


The evaluation of the integral of f(¥) from Ao, to © runs in the 


same way. For x= 2 > w? we have 
(4-* xt SS 2k + ep 


where the last exponent is positive by (6.2.5), so that 


ve) 


f(*)~ ys (—)* wo (0? x! + x") 


h=0 


310 J. G. VAN DER CORPUT 


hence 


ao 


J finan = y (—}' wo J a h+D ft (gy 4 gb )ll dag | 
h=0 


Ao Ag+ 


According to Theorem 5.3.2 the last integral is asymptotically equal 
to the integral which we obtain by replacing the lower limit Ao, by Hoy 


and this integral is by (6.1.5) equal to },®~Th, where 


: = i — 
ee Se rer areal ecient 
Vio VL Vite aay 


(en bal ; 
if Bel ot is not an integer >0. In this way we obtain 


“f(xyda ~ YY (Ob, on 
J x 


Ao. 
and therefore 


ica) 


i f(x)dx ~ Mo; ay, 7h + a J by, X-Th 
h=0 


h=0 


0 


unless the parameters assume the exceptional values mentioned above. The 


exceptional cases can be treated in the usual way. 


op 
6.3. On 2% (@*+ 04 n#+n’)— sin —. 
n>0 q@ 


In this section we determine the asymptotic behavior of the sum 


yf) 
where 
f (&%) = (o% + 07 x + x”)-! sin — (#>0); 


x, A, u,v denote fixed positive numbers. This problem is similar to that 


which we have treated in the preceding section, but here we do not need 
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an asymptotic Hadamard neutrix. I shall explain below why the introduction 
of such an asymptotic neutrix is superfluous. 
To imsure convergence I assume that at least one of the exponents 


\t and v is >1. According to Theorem 2.2.2 we have 


oO 
fe 6) 


(6.3.1) Vf (n) ~ J fax +7r(0,0,f) 


n—1 


where Q is the periodic asymptotic neutrix with domain a<&<2a; here 


a: . [u—a % 
a= @° and § denotes a fixed positive number <min ee sea ae a he 
Ul v 


In the interval OS x < 20 


f(x) ~ y fm Oreo} 


m™ 


where the sum > is extended over all the numbers m=O which can be 


mt 
written in at least one way in the form 


(6.3.2) m= 2h+ (x—A)k+ ul 


where  ,k and / denote integers 20; furthermore 


a (—)hte+! iF ak 


> ylt2htuk+vl 
Meg ‘"Qh+ 1)! 1 


where =, is extended over all the integers h20, kR2O and 120 with 


(6.3.2). In this way we obtain 


Y (0 ; Q : f) a y Cy, te! 


m 


where 


Cn Fond 1 


(—)tte+? ‘. Je fj 


t(—1—2h—ph—w). 
Qh+1)! \ 1 )<¢ Te 


Consequently the asymptotic behavior of the sum = f(”) is known 


as soon as the asymptotic behavior of the corresponding integral is known 


and the last problem is much simpler than that of the preceding section. 
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Indeed in the integral 


(6.3.3) iL (ot =* int ae - ")—* el? dx 
0 
= © { (ao* + wt th + a? t”)~! ef dt 
0 
we can replace the integration path (0, ©) in the ¢-plane by the half- 


line (0, ©e'?), where Pp is a small positive number. For sufficiently small 
t| we have 


k+l 
a (1 ae (yA tlk tle a w-* Sa ee = » eat F | on tuR+v 


where 


ow = (x—A—p)k + (e—v)l +41, 
so that the left-hand side of (6.3.3) is asymptotically equal to 


oetP 


sy eye ‘ : ) G7 CAL { fuR+vI pit qt 


0 


, k 1 
as 2 ) 


ie (x) dx ~ eel E : *) (uk + yl)! (sin (uk + vl + )—) WPA! . 


In this example the asymptotic behavior of the integral is determined 
by the behavior of the integrand in the neighborhood of the origin and it 
does not make sense to partition the integration path into two or more 


parts, so that we do not need an asymptotic Hadamard neutrix. 


6.4. Determine for large positive w the asymptotic behavior of 


_ m(n? +1) \4 
oe sin — 2 ie 
0<n<o@ { 
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where A denotes a fixed complex number. Put 
2 h 
f(s) = (si os : 


The sum under consideration is according to the neutralized sum formula 


of Euler (Theorem 2.5.6) asymptotically equal to 


Hy 


(6.4.1) f FO de +1 0,0,N tre OD 


where Q and Q* are the periodic asymptotic neutrices respectively with the 
domains a<*¥<2a and w—2a<x<w—a; here a=w? and 8 is a fixed 


positive number <1. Put 


h=0 


In the interval O<% <2 we have 


gry 7] o - 
(sin eS a Me cy (eo? E12 (4? + 1 )rer 


2 
ay) 
5 h=0 


so that 


io8) 


(6.4.3) 7(0,90,f)~ Yen (oo? Sera (O10 (4 tL) 4). 

h=0 
The last residue is asymptotically equal to 7 (Ol P(e) ts) 
el Onet = (42-1) ) 1s, according to assertion (1) of ‘Theorem 3.7.1 


the entire function of s which in the half plane Re s>1 is represented by 


y (n? + 1ys/? — if (4-1)? dx. 
0 


n=1 


If we put *=@—y, then we have for ®— 205 %<0 
2 2 2h+h 


(sin SEED) = (ain MWY) _ Ys (2) 


h=0 


2h+A : 
~ (rc, ea (20)-* | 20 yrhth+s 


kb wo? +1 
h20,k20 
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so that 


F J nN 2h+h 
Atoms wary: cota (Peart ( ea] 


hz0, kz0 k 
(Ben, Va, eae goal 
The last residue is asymptotically equal to 
(6.4.4) 4 (Ho, —P , (o—x)**+*) = €(— 2h—kk— 1, B) 


if 2h+kR+A#—1; here w—® is the largest integer <w. If 
2h+k-+A=—1, then we must replace the right-hand side of (6.4.4) 
by the constant T9 defined in (4.1.4). This gives the asymptotic behavior 
of the two residues occurring in (6.4.1), so that the only thing we have 
still to do is the determination of the asymptotic behavior of the integral 
occurring in (6.4.1). 

The substitution (*? + 1)/(@?+ 1)=y leads to 


H, 


eee (2 ek ee 
(6.4.5) a (sia es) dx 
Hy_ 
: 2 Yo i »y2 j 2 -1)\-/) ) 
= ae +1)? J (sin ty)* (yv—(w’? + 1)") ay. 
(w? +1) 


This formula is obvious if ReA>—1, since then the two integrals are 
convergent integrals with the required property. Considerations of analyticity 
show the validity for each 4 which is not a negative integer, since according 
to Theorem 3.4.2 the two integrals are analytic functions of A in the whole 
complex A-plane, the points —1, —2, ... excepted. 

In order to determine the asymptotic behavior of the integral occurring 
on the right-hand side of (6.4.5), I put for the sake of simplicity, 
(w? + 1)—'=w and I introduce the asymptotic Hadamard neutrix Ao, with 
domain B<x<2{6, where B = w®. In the interval O0<y< 28 we can use 
(6.4.2), so that 


Ag+ Ag+ 


[o@) 
[Gin ayy —wy dy ~ eq [94 (y—wy Bay. 


w h=0 wo 
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The last integral is asymptotically equal to 


How(0) H«w(0) 


(6.4.6) [ yphrs (y —w)-2 dy = f (x + w)Phts y-2 dx 


w 0 


if 2h+A# - — ; ,«++ This formula is obvious for Re(2h-+A)<— ~ 


oy 

since then the two integrals are convergent integrals with upper limits 00 and 

both integrals represent, according to Theorem 3.4.3, analytic functions of A in 
I 


the complex A-plane, the points 4-+-2h =— +, —+,... excepted. This yields 
(6.4.6), where the right-hand side is, according to (6.1.5), equal to 


(—2h—i =)! ! 
mr wrhth+Yr 
(— 2h—A—1)! 
if 2h+A# —+ ; = .... In this way we obtain 


Ag+ 


(6.4.7) J (sin xy) (y — wy? dy 


(— ee ee =)! 
Se ED y y2h+A+1/2 
: = cf CSA ab ie 


if 2A is not an odd integer. 

To determine the asymptotic behavior of the contribution to the 
right-hand side of (6.4.5) by the path between Ao; and Hi- we write in 
the interval By <1 


lee) 
(y—wy* ~ "(> es ) wh ay-h- Ya 
) ; : 


h=0 
so that 
Ay 


{ (sinaxyy’ (y— wy dy 


Ag+ 
oa Gi 


00 


om y (—)} ie) w" | (sin ny) srl ta dy , 
1 


h=0 
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According to Theorem 5.1.1 the last integral does not change its 
asymptotic behavior if the lower limit Ay, is replaced by Hox. Applying 
(6.4.5) and (6.4.7) we find therefore 


Tefen 
ra) 
(6.4.8) J (si ea) ax 
0 
3 
1 Os (— 2h — A— 7) ! ' mee 
~ sVe x Ch { ak 4)! (w* + 1) 
Hy 
ib ar —'p ae 
1 GC): Jo +1)2-4 ip (sin xy)* y-'2 dy 
2 h 


if 24 is not an odd integer. Notice that in the last asymptotic series the 
coefficients represented by integrals are fixed numbers and that these coefficients 
can be evaluated with any desired degree of accuracy. 

If 24 is an odd integer, then the asymptotic value of the integral 


occurring on the left-hand side of (6.4.8) is determined in the usual way. 


6.5. On a problem similar to that treated in Section 4.3. 
In Section 4.3 we have determined the asymptotic behavior of the sum 
NO (n (wo — 2) (20 — n))" , 
_ 
0<n<20 


In this section we shall determine for large positive the asymptotic 


behavior of the sum 
f(n), where f(x) = (x? +1) (o—x) Qo —9)'". 
0<n< 20 


According to the neutralized sum formula of Euler (Theorem 2.5.6), this 
sum is asymptotically equal to the integral 


2 


i f (eas 


augmented with the corresponding residues at 0-+,0—,w-+ and 20—., 


The asymptotic behavior of these residues is determined in the same way as in 
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Section 4.3, but the integral offers here more difficulties. This integral is 
equal to 


2 


aly We NY : V\ 1/3 ; 1 \ v3 
(6.5.1) oe ans uae ae at (eee) dy 


0 
where we have again to deal with the phenomenon that the factor 


eae ns ~ 
[ ++ | changes its behavior in the interval 0<y<2; for y>@! 
Ww? 
_ , ae ae Os ~ 
the term V° is preponderant in the binomium yy’? + PD but for 0<y<w 


the other term is preponderant. In view of this fact we introduce the 
. 2 : ‘ fe —<d 

asymptotic Hadamard neutrix Ao; with domain a<&<2a; here a=@ 

and 5 denotes a fixed positive number <1. If we define the coefficients ¢, 


by the expansion 


V\Yy3 t 
(—y/y (2) = yay" for i 1 
és h=0 
then 
Aoy 
ee V \ 1/3 L \ 1/3 
apil3 LUE: ee ay2 eas d 
4 y'8(1—y) ( =) (» + =) yy 
0 


Ao4 
(sa) 


5 | h+1/3 2 DN 
~ > GH J (y a =) dy. 
h=0 - 


The last integral does not change its asymptotic behavior if Ao+ is replaced 
by H.(0) and is therefore according to (6.1.5) asymptotically equal to 
(Sh— =)! (—zh—-2)! 
2)! 


—-h-2 


00) 


so that 


(6.5:2) { Bele) (1 -3)" (o" a =) 
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Furthermore 


2 
V\1/3 1 1/3 
1/3 _a)1/3 = 2 a : ly 
fy (1 ye( >) (y ord, ¥ 


Agy 


ive) 1 i ; \) 1/3 
a il 3 ) ah [ y-% (1 y)y'l8 (1 —— =) dy 
h x 2 
h=0 A 


O- 


where according to Theorem 5.2.2 the last integral does not change its 
asymptotic behavior if the lower limit is replaced by Ho. In this way 
we find 


2 


= . Vy \ 1/3 ib Sele 
foma—n(i—4)" ("+ 5)"4 


Ag+ 


2 
eS, \" ( Jon i ylth (1 — y)3 (: = 2" ae 


Hox 


This, in conjunction with (6.5.2), gives the asymptotic behavior of the 


integral occurring in (6.5.1). 


GHAP LER ie FINALE 


7.1. The periodic neutrix and the periodic asymptotic neutrix. 


Definition: A neutrix N with domain 4<&< © is called smooth if 
each of its functions can be written as a finite sum of smooth functions 
and if moreover each function of — (a<&<0o) which tends to zero for 
— > co is negligible in N. 

In Section 1.5 we have introduced smooth functions and moreover 
a cettain class P of functions. In this section we shall show that P satisfies 
the neutrix condition. We shall even prove more, namely that P is com- 
patible with each smooth neutrix N with the same domain a<&< 0. Two 
neutrices M and N with the same domain N’ are called compatible if the 
functions w(€)-+v(F), where (&) denotes an arbitrary function negligible 


in M and where v(E) denotes an arbitrary function negligible in N, form 
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a neutrix with domain N’. This neutrix is called the sum M+ JN of the 
two compatible neutrices. 

The statement that P and an arbitrary smooth function N are com- 
patible, means therefore: if a function (€) negligible in P and a function 


v(€) negligible in the smooth neutrix N have the property that 
a(c) 4+ ¥(E) ="y (a<E<oo) 


where 7 is independent of €, then 7 = 0. Choosing v(€)=0 we find in 
particular that P satisfies the neutrix condition. 

In Section 2.2 we have introduced functions which are asymptotically 
smooth in an interval a<x<f. An asymptotically smooth neutrix N with 
domain a<€<f is a neutrix such that, for each fixed real g, each function 
v(<) negligible in N can be written in the form s(&)+O0|w|-? uniformly 
in & (a<&<fB), where s(£) is the sum of a finite number of functions 
which are asymptotically smooth in @<&<(; the number of the terms 
may depend on qg but not on @ and &. 

We shall prove that the classes Q introduced in Section 2.2 satisfy 
the asymptotic neutrix condition. We shall prove more, namely that Q is compa- 
tible with each asymptotically smooth neutrix N with the same domain a<&<f. 
This means that the functions a(&)+v(&), where =(€) is an arbitrary 
function negligible in Q and where v(&) is an arbitrary function negligible 
in N, form an asymptotic neutrix with domain a<&<f. 

Proot that 0 is compatible with each asymptotically 
smooth neutrix N with the same domain a<&<f. We must 
prove for each number 7 which is independent of = but may depend on w: 
if for each fixed real q it is possible to find a function (€) negligible in 
Q and a function v() negligible in the smooth neutrix N such that the 


order relation 
(F1e1) mn (2) Vc) = 7 Ola 


holds uniformly in § (a<&<f), then y~O. 
By hypothesis (€) can be written in the form (2.2.1); v(&) can be 
n+m-1 
written asasum = s,(€)+ 0 |w\-2, where s,(&) (d=n, "+1, ...,u+m—1) 
h=n 


is asymptotically smooth in 7<&<[; the integers m20O and 720 may 


depend on g but are independent of © and &. Formula (7.1.1) can there- 
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fore be written as 
m+n-1 
(7.1.2) y= Y° s(€)b.(€) + Olo/ 
h=0 
where ~,(€)=1 A=n,n4+1,..,%+m— 1). Consequently the functions 
Po (E), ++, Pmtn1(E) are periodic functions of € with period 1. 
Since the functions So(€),..., Smpn1+(€) are asymptotically smooth in 
the interval a<&<B it is possible to find fixed integers 00, ..., Om+n-1 


each 20 such that the order relation 
(7.13) sh) €) = Ojo 
holds uniformly in § (a<&<f). Put 


= 1-4 max @. 
OSh<m+n 


According to the definition of Q given in Section 2.2 the difference pb — a 
tends to infinity for |m| > 0, so that B—a>2o for sufficiently large |w). 
If A is an arbitrary number with a < A<4(a4+8) , then (7.1.3) holds 
certainly uniformly in € and A in the interval A< £<A+ . In this interval 


we have therefore for h=0, 1,.... m+nu—1 


Ppa 
Sh (€) ae Ne nr (E— A) -+- O (i 
a 
/=0 
where 
(7.1.4) i sO 
at aie A Ch). 


Using the fact that according to the definition of Q given in Section 2.2 
the functions ~,(€) are bounded functions of @ and £, we can therefore 
write (7.1.2) as 


7=v(E,A)+ Ola 


where 


(EN = )inlVE—A and wl) = SY bhi). 
=o OSsh<m+n 
prot 
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Applying this result with €=A+u-+u, where O<Xp<1 and 


u = 0, 1, «., O— 2, we obtain 


C515} y=v(A+u+u,a)+ Olof 
where 
p-2 
vAtutu, A) = yout wt u) (ut u). 
/=0 


Since the functions fo(%), .., Pm+n-1 (x) are by hypothesis periodic 
functions of * with period 1 it follows from the definition of the functions 
% that also these functions Yo (x), ---, Xp—2(x) have the period 1. 


Consequently 


p-2 


(7.1.6) vahtetu,d) = Vud+ wy (utuy 


1=0 


for #=0,1,..., 9-2. The determinant A of Vandermonde 


i 


i( 1 e i | 

| l t+1 ae t+ o—2 | 
roe L L L { 

ei ee te et (dO 2 a 


depends only on 0 and is #0. If we multiply both sides of (7.1.6) with 
the minor A, in A of the element in the first row and (#-+ 1) column 


and if we add the 9—1 relations obtained in this way, then we find 


p-2 
Dy vAtutu,ANA,=ywA+pA, 


u=O0 
so that (7.1.5) yields 
p-2 
nie Na yAy = x(A+p)A + Olol 
i= 
hence 


y= to (A+p) + Olof. 


Using (7.1.4) and the definition of %o(€) we find therefore 
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(7) r si (A) Pr (A+) + Olwrt. 


l 


Osh<m-+n 
Pn? 


. For the possible integers with OSh<m-+m and ~,=0 we have 
according to (7.1.3) 
s, (A) = Olo\%, hence s,(A) p, (A+ W) = Olw4 
since p,(A+u) is bounded according to the definition of Q given in 
Section 2.2. Consequently (7.1.7), remains true if tbe left-hand side is 
augmented with the terms corresponding to these values of /; in other words 
m+n-1 
(7.1.8) v= V oQ aQ+y +00. 
h=0 
This formula holds uniformly in A and wu. 
According to formula (2.2.2) we have 


1 


jp ipPudu=0 (he0,1,..,#—1) 
0 


and moreover 
1 


| prAtwWdu=1 (A=n,n+1,...,n+m—1) 


0 


since f,(*)=1 for these values of . Integrating both sides of (7.1.8) 
with respect to @ from 0 to 1 we find therefore uniformly in A 
(a<A< > (a+ B)) 

m+n-1 


(7.1.9) r= Y° s,Q) + Olof. 
p= 


h=n 
In the same way we find the same result in the interval 
1 
7 (O-e Py Sap, 


so that (7.1.9) holds uniformly in A in the whole interval a<A<B. 
By definition the sum occurring on the right-hand side of (7.1.9) represents 
the function v(A) occurting in (7.1.1) which is negligible in the asymptotic 


neutrix N. Consequently for each real q it is possible to find a function 
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V(&) negligible in N such that the order relation 
(7.1.10) 7 = v(€) + Ola 


holds uniformly in § (a<¢<p). This implies 7;~0 according to the 
asymptotic neutrix condition imposed on N. This completes the proof. 
Proof that Pis compatible with each smooth neutrix 
N with the same domain a<&<, The proof is the same as the 
preceding one with the difference that O |w|~? is everywhere replaced by 
0(1), where 0(1) denotes a function of € which tends to zero as >; 


here 
OAS ESA+ 6 

so that A tends with € to infinity. In this way we find instead of (7.1.10) 
p= Ue) oC) 


where v(&) is negligible in the smooth neutrix N. From the definition of 
a smooth neutrix given at the beginning of this section, it follows that the 
function 0(1) is also negligible in N. Consequently v(&) + 0(1) is negligible 
in N, hence 7 =0. This establishes the proof. 


7.2. Hadamard neutrices. 

Definition: Let @ be a complex number. Let K be a continuous 
curve lying in the complex £-plane or on a Riemann surface. We distinguish 
four cases, where arg(&—@) is bounded for each point — on K. 

(1) @ is the initial point of K and does not belong to this curve. 


The Hadamard neutrix Ha; with domain K is formed by the functions 
vy(&) defined on K of the form 


Ci2.2) v(€) = A(E) + 0(1) 


where 0(1) denotes a function of € which tends to zero as € tends on K 
to the initial point a; furthermore \(&) is a linear combination with 


constant coefficients, of functions of the form 
(722.2) (€ — a)° log* (F — a) 


where the exponents o are arbitrary complex constants and where the 
exponents k are arbitrary constant integers 20 with the understanding that 


the couple 6= 0, k = 0 is not admitted. 
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(2) a does not lie on K and the end point of this curve lies at 
infinity ; this means that || > 0 as & approaches on K the end point of 
the curve. The Hadamard neutrix H.(a) with domain K is formed by 
the functions y(&) defined on K of the form (7.2.1), where 0(1) denotes 
a function of € which tends to zero as € approaches on K the end point 
of the curve; A(&) is defined in the same way as in case (1). 

(3) a is the end point of K and does not belong to K. The 
Hadamard neutrix H,- with domain K is formed by the functions v() 
defined on K of the form (7.2.1), where 0(1) denotes a function of & 
which tends to zero as & tends on K to the end point @; A(€) is a linear 


combination, with constant coefficients, of functions of the form 
(a — &)° log* (a— £) 


where the exponents o are arbitrary complex constants and where the 
exponents are arbitrary constant integers 20, with the understanding that 


the couple 6 = 0, k=O is not admitted. 


(4) a does not lie on K and the initial point of the curve K lies 
at infinity. The Hadamard neutrix H_.~(a) with domain K is formed by 
the functions v(&) defined on K of the form (7.2.1), where 0(1) denotes 
a function of € which tends to zero as € approaches on K the initial point 
of this curve; A(&) is defined in the same way as in case (3). 

To show that each of these four sets Ha; , H.(@), Ha and H_~(@) 


satisfies the neutrix condition, I] assume that for each point € on K 


nm mM,,-1 
(7.2.3) e Si ev (= —@)}% log* G = @) a o(1) pe 
Y= = 0: 
where 1%, 1, ..., My, Cy, Oy and 7 are independent of €. We shall show 


that Ha, satisfies the neutrix condition; the proof for H(a), H,— and 
H_..(a@) runs in the same way. Here o(1) denotes a function of & which 
tends to zero as & tends on K to a. We must prove that 7=0. Without 
loss of generality we may assume that the ” exponents 61,...,6, are 
distinct and that each Reo, is <0, since the possible terms with Re o,>0 
can be incorporated into the term o(1). Moreover we may assume that 
6; = 0, since we may add terms with coefficient =0. The term with y = ih. 


t= 0 does not occur in (7.2.3) since the couple, == 0.) 2 = 0. is chor 
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admitted. We can therefore write (7.2.3) in the form 


n My —1 


S S Cyn (E — a) log" (€ —a) = o(1), 
v=1 yw=0 


where C)o = — Vv. 
For each point w tending on KX to a it is possible to find a positive 


number € = €(w) tending to zero such that for each point & lying on K 


between @ and w 


n My -1 


(7.2.4) » 3 Cru (E — a)%v log" (E—a) = Oc. 
Semel 


qy=1 .w=0 


z Rig il 
Let A be a fixed positive number <——, where r=m-+...+m,. 


,—— 


If € traverses an atc of K with endpoint w and diameter |w—al|¢?, then 


€ = ———___ traverses a continuous curve K* with endpoint 0 and diameter 
w—a 


e+. Then ¢—a=(w—a)(1+€), so that (7.2.4) assumes the form 


n My, -1 
(7:2:5) MS NZ Vou (1 + £)% log’(1 +) = Og 
a ay as 
v1 #0 
where 
my -1 ] 
1 
ion = (w —a) Y" (ern log# (w —a) 
h=u , 
in particular, in virtue of 01.=0, 
m,-1 
h Nh-U ( 
(7256) iin = ye (|, ) clog ; (22 )e 
h=U 


We apply the lemmas of the next section. According to Lemma 3 


it is possible to find on K* 7 points 4, M1, ..., %—1 such that 


ay | 4 — Oy 


O<v<u<r 


has at least the same order of magnitude as 8””‘~")*. According to the 
rematk added to Lemma 2 the determinant A((1 + a,)°%v log’ (1 + @p)) has 
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then at least the same order of magnitude as ¢'2"(-')?, whereas each minor 
in this determinant is Os%(')-2)4. Consequently it follows from (7.2.5), 
applied with ¢ =a, (0=0,1,...,.7—1), that 


ay = (een Wy (r—-1) (7-2) A—Ya r(-1) 4 — Os! -1)4 


where the last exponent is positive, so that 71> 0 as w tends on K 


to @, Using (7.2.6) we see that for Ol W<m 


my, ~-1 


h 
“E ( \u ) Cin, log" (w a a) = (i 


h= 


Here log(w—a) tends in absolute value to infinity, so that each constant 


Ci, is equal to zero, in particular 7 =—¢io = 0. This completes the proof. 
q 


7.3. Asymptotic Hadamard neutrices. 


Definition: Let K be a continuous curve depending on @ which 
lies in the complex plane or on a Riemann surface. Let @ be a point which 
does not lie on K and let w be a point lying on K such that for each 


fixed positive € 


(7.3.1) w—a|=O|wtd and log (w—a)=O0|o)|, 


where @ denotes the diameter of K. 
The asymptotic neutrix Ag, with domain K is formed by the functions 


v(&) defined on K which for each real g can be written as 
A(&) + O|o}-# 


where A(&) is a linear combination of functions of the form (7.2.2); the 
number of terms occurring in A(€) and the exponents o and k are inde- 
pendent of w and €, but may depend on q; the exponents k are integers 
20 and the couple o=0, k= 0 is not admitted. The coefficients occurring 
in the linear combination A(€) may depend on @ and g, but not on é. 

Aq is defined in a similar way, but in the definition of this asym- 


ptotic neutrix we use instead of (7.2.2) the functions 
(a — €)* log* (a — €). 
In this section we shall show that Ag; and Ag satisfy the asymptotic 


neutrix condition. The proof is similar to that given for the Hadamard 


neutrices H,, and H,_. 
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Kemmay le Leto a ,G:, 05, be arbitrary numbers and 
let my, m2,...,m, be arbitrary positive integers, Assume 


24#0. Consider the determinant 
A (2% log# z)) 


formed by 7” = (m+m+...+m,) elements 1s Vv an: 


= = > 


OSp<m ; OS o<7), where (2% log“ z) denotes the pt 


derivative with respect to 2 of z%log’z. Then 
(7.3.2) A (29 log" z)) = Fg oy +... + my Oy — Vo 7(r-1) 
where 
n 
Cc = (| | 1!2!... Gm,—1) ) | / (o,—6,)"v" « 
v1 1SA<vsn 


Proof : Let us first treat the special case that m,= m2=...= m,= 1. 


Then y= and the determinant A is equal to 
201 t+ On — an (H-1) A (9, (Gy — 1) ... (Oy + 1 — p)) 


where the last determinant is equal to the determinant of Vandermonde 


ao) = [[ @~«). 


This gives the required result for the special case m1 = m2=...=™,=1. 


In the general case I put 
Ty = Oy + Wey (1 <vs2: 0S u<m,) 


where &, # 0, and we apply the result obtained above with the 7 numbers 


01, +», On, replaced by the m+ m2+...-+ m, numbers tyy. This yields 


n 
A (g°#)?) == gly — saa 2 | (Try ee vix)) | ' (To ty) 


ISA<vSHn v=1 
O<P<m,, OSK<[!<m, 
OSK<m) 


where the sum Xt, is extended over the integers v and «wt with 
1<vin;0<pu<m,. The last product is equal to 


n 


n nh 
I] @-9%e8 = (I ey (m 1) (I 1!2!... (my—1) i). 
y=1 


v=1 v=1 
OSK<U<m, 
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If we put for 1S vS",0Sp<m 
fun (2) = 270 
Kv (2) Ss ih (2701 — g7v0) 
vr (Z) = €,? (272 — 2271 + 270) 


Mya (2) = €,? (273 — 32792 + 3271 — 270) 


and so on, then the preceding results yield 


n 


ne) (iI ee) A (2° %#)(0) 


vss 
n 
a= g=Tyy— vat (-1) ( i : (tu — tix) (J i (11:2 be. Cty 1) ») : 
1<l<vsn y=1 
OSu<m, 
OSKk<m, 


If the numbers £1, €2,...,&, tend to zero, then the right-hand side 

tends to the right-hand side of (7.3.2) and 

eae? ; Oa\e Ones GUYER SS 

lim x? (2) = lim Ga fay (2) = (ar lim zou (2) = ea 290 log’ 
according to the definition of the functions ¥. This yields the required 
result. 

The following lemma involves a positive integer 7; in this lemma 
the notation f= Og means that it is possible to find a positive number r¢ 
depending only on 7 such that |f| <7 g\. Furthermore Ay, (4p) represents 
the determinant formed by the 7? components 4%, ()) where 0<h<yr 


and. Oe Orr. 


Lemma 2: If the functions Y;(z) (0 <h<r) are analytic 


LUN Ctie ms Of izetorue) = p=. lon 1 eh 

Lyra) | ce (0<h<r;0< <r) 
then we have for é€ach choice of the POLMES "Cox Oy ee nore 
with |a,|<4 


i 


Ax, (cp) ae Toole. (7-1)! 


il (1, = Qty) + Ocr Bere-1)+1 


OSv<cucr 
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where 
Bee. ae lars | tee 
b= ae i%| and T= Ay')(0), 
Proof: Considerations of homogeneity show that without loss of 
generality we can assume that c= 1, for otherwise we can replace x (z) 
by c~'x (2). We have 


r—1 


1 ‘ . ' § 
¥a (Op) = : hi xe) (0) aul +0 au, (0<h<r). 


Rk=0 


We can therefore write Ay, (a») as a sum of determinants such that the 
number of these determinants depends only on 7 and that one of these 


determinants is equal to 


r—1 

if 1 , 

‘ (v = 0) a) - f a | Aat 
k=0 


i 
ioe (y—1)! Ul (O14 — Gy) . 


Osv<ucr 


Each other determinant A® occurring in this sum contains columns of two 
different kinds. If the (0 + 1)** column of A* is a column of the first kind, 


then it is formed by the numbers 


+ xf? (0) ak (OS Rar). 

If the (0+1)** column of A* is a column of the second kind, then each of 
its elements is Oa? =Of". Each determinant A“ contains at least one 
column of the second kind. The number qg of the columns of the first kind 
occurring in A®* is therefore 20 and <r —1. Let us denote the numbers 
k corresponding to these columns by /1, k2,...,% . If two or more of 
these 7 integers are equal, then A* has two equal columns and is therefore 
equal to zero. If the integers ki, 2, ..., Ry, each 20, are distinct, then 


1 


Rkitho+...+h 214+2+..+ (9-1) = 59(¢-1) 


so that 


At = O BeaG-N+ ra) | 


If g is augmented by 1, then 
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79(q—-1) +179) 
is augmented by g—7 <0. so that it assumes its smallest value at 
qg=r—1. In this way we find that each of the determinants AS ag 
O ee ih dad eas = O Berer-1) +1 
which gives the required result. 


Remark: Choosing in this lemma p= and replacing %(a)) by 


(7.3.3) Xp (Op) = (1 +09) log’ (1+G) (LSvsm; OSpP< My) 
then we find for suitably chosen ¢ depending only on ”, oy and my (1<vSn) 
(7.3.4) A(i+p)*v log” (1+ dp) 


P — — ~ 
Ce ee Oo tt 


iil (G4—a,) + Oc" p Yar (r—1)+ 1 
Osv<ucr 
Let vi be a positive integer <7 ; let 1 be an integer 20 and <m,,. 
If we replace in Lemma 2, 7 by r— 1, if we choose fp = $ and if we define 
Yuu (4p) by (7.3.3), where we leave out of consideration the function cor- 
responding to v=Vv; and t= t1, then we find that in the determinant 


(7.3.4) the minor of 

(1-+a,)° vy log! (1+) is Oc," Bie 1 —2) 
where ¢; denotes a suitably chosen positive number depending only on 2, 
Oy and m(1 Sv <7). 


Lemma 3: On each continuous curve K with diameter 


d@itispossible to find ? points Oy. 0i,..0.0,4 sueheehon 


Yor (r—1) 
(7.3.5) fit | Oy — ay | = i : 


OSv<ucr le 


Proof: We can find on AK two points o» and o,—1 with 
fc tenancies 


Then we can find on K the points 0), ..., @—2 such that 


od 


i 


| 
| ier Ot ea (C= 1, 2025 72) 
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hence 


. ; ud wa_a@ 
| Ay — Ay = | dy — Ao | — | by — Ao = - —-— 2— 


r r r 
which yields the required result. 


Proof that 4,; satisfies the asymptotic neutrix condition (for 
Ag— the proof runs in the same way). Assume that a number 7 independent 
of € can be written for each fixed real g in the form 


n mM, —1 


r=) Yeu (G—a)% logt (Ea) + 0 ||" 


v=1 w=—0 


uniformly in € (@<&<f); here , m, and 6, may depend on qg and the 
coefficients ¢,), may depend on @ and g. We must show that 7 is asympto- 
tically equal to zero. Without loss of generality we can assume that the 
numbers 61,..., 0, ate distinct. We may also assume that 0; = 0, since we 
may always add terms with coefficient zero. In view of the fact that the 
term with o;=0, 4=0O does not occur on the right-hand side, I may 


therefore write 


n Myy—1 


(7.3.6) NT YS eyu (E—a)v log" (Ea) = 0 | o|-# 
=i oe 
where Cio = —7. Put 1+m2+...+m,=F7 


I treat first the special case that the point w occurring in the definition 
of Aq; coincides with a +1. By hypothesis d~!=d-'|w—a) is O|w|* for 
each fixed positive &. We can therefore find a fixed positive number 5<r7! 
such that K has an arc with diameter |w/|~° which contains the point 
w=a-+1. According to Lemma 3 we find” points %) (0 <o < 7) such that 

| wn? ler r—t) 
’ (a) | //2 
/ | Oy — Oy | 21 | 
Osv<u<yr | r 
and that the 7” points 


Be eee (0 2 0.< 7) 


lie on this arc. Then the first term on the right-hand side of (7.3.4) has 


at least the same order of magnitude as | w|—’""—") and the second term 
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on the right-hand side of (7.3.4) is O|@|~'?°"-)*° so that 
A(1+4a,)% log” (1+) 


has at least the same order of magnitude as m—2%°—), In the remark 
added to Lemma 2 we have seen that in this determinant the minor of 
(1+4,)% log"(1+ap,) is O| w|-%2°°-)—) | Consequently it follows from 
(7.3.6) that 


(73:7) oyp= Ola = Ola (Sve Oe me 


In particular 
ee © 1) a 
and this holds for each fixed real 7, so that 7 is asymptotically equal to zero. 


Let us now treat the general case. The substitution €—a—=(w—a)t 


transforms (7.3.6) into 


Mm, —1 


n 
Ves fires) 


where 


My, —!1 
h 
(7.3.8) Yup = (w—a)v fe | ‘ Jen log'—# (w—a). 


h=u 


? 


If € traverses K, then € traverses a curve K* which contains the point 1. 
The substitution transforms @ into 0. We caa apply (7.3.7) with K, a, w, 
Cy, replaced by A” , 0, 1, vu, since the diameter d° of K®* is equal to 
'w—a)\—'d, so that according to (7.3.1) for each fixed positive number € 


the relation 
1—0=1=0||§|w—a|"'d=0|o|*a@* 


holds. In this way we obtain for Ou < m, 
m 4-1 


h en 
(7.3.9) S ‘ Crp log!" (w—a) = ay =O | w je : 


h=u 
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1 


log(w—a)=O|w|®, where e< 
my—1 


Formula (7.3.9) yields for Ou < m, 
(7.3.10) Cip, = O| @ [atm =I), 
This follows for t= m,—1 from (7.3.9); if O<jt< m,—1 and (7.3.10) 
holds with « replaced by +1, w+ 2,..., m:—1, then (7.3.9) yields 
(7.3.10). Consequently 

Y= — Ci = O| w |? 


for each fixed real g, so that 7 is asymptotically equal to zero. 


7.4. H.(a) and H..(b) have different properties. In Theorem 
3.1.1 we have found for each real @ and for each integer k=O that 
Hoo(a) 
(7.4.1) / (x—a)™"' log* (x—a) dx = 0. 
Ag+ 
In this section I prove a more general result, namely 
Theorem 7.4.1: If a does not lie onthe path of the fol- 
lowing integral, then 
Ho0(b) 
(7.4.2) { (x—a)*" log* (x—a) dx 


vu 


LEO. 


feequalto zero ff Gis nota positive integer and it isin 


the case that 6 is a positive integer equal to 


0! oa) 


— oO k 
aes Us!) tle (5-1) (s—2) .. (s+1-0)} 


Remark: In the special case D=0O the integral (7.4.2) is called by 
Hadamard the finite part of the integral 
{ (x-—a)*" log*® (x— a) dx. 
a 
The choice )=0 is rather artificial and often another choice gives a simpler 
result. For instance in the case b=a the integral (7.4.2) is according to 


(7.4.1) equal to zero for each choice of ©. 
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Proof: We have 


(S 
(7.4.4) i (x—a)™ log* (x—a) dx = p (E—a, o, k) 
Ha+ 


where w denotes the function defined in (3.1.5). Let € denote the variable 


of the neutrix H,,(b). We have 
-1) 


log**! (E—a) = log** (E—b) + 0(1) 


log (€—a) = log (¢—4) + 0 | 


vVy 


so that 


where 0(1) tends to zero as |& > oe. Consequently log**' (€—a) is negligible 
in H,.(b), so that (7.4.2) vanishes for o = 0. If o is not an integer 2 0, 


then for each integer 7 2 0 
(E—a)° logi (&—a) 
can be written in the form A(=)+0(1), where 0(1) tends to zero as F > 


and where A(&) is a linear combination, with constant coefficients, of functions 
of the form 
(S—-)}** lost (e-8) 

where the numbers /) are integers 20 and the numbers | are integers > 0 
and <7. Since o is not an integer 20, the exponents 6—/h are #0, so 
that (7.4.4) vanishes at § = H,,(d). 

Let us finally consider the case that 6 is a positive integer. For suf- 
ficiently large positive integer / we have 


l-1 


a (x—a)™"' dx = 07! (E—a)® = s | ; (b—a)" (E—b)* + 0(1). 
Ag+ 


h=0 


All the terms occurring on the right-hand side are negligible in H..(0), 


except the constant term which is equal to 


6 (b—4)¢= —— (o—1)(o—2) ... 1. 


This gives the required result (7.4.3) in the special case k = 0. Assume 
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that k is 21 and that the assertion has already been proved with k replaced 


| = 
For |& —b| >|b—a| we have 
iv 0) 


(E—a)° = y | : (b—a)' (E—b)o-". 


h=0 


Differentiation k times with respect to © gives 


© k 
(E—a)* lop* (F—a) = % (b—a)" e—{( 5 | i = oy ; 


h=0 


We obtain the constant term occurring in this expansion by choosing h=o 


and by using in 
k : n di (E —p)s 
Mae) (2) Ea Mao) (a aa 


only the term with 7. The said constant term is therefore equal to 


orl f(s") (Se 


We write (7.4.4) as 


o' (E—a)° log* (€—a) — ko“ | (x—a)™" log’! (x—a) dx 


Has. 
hence 
ee d \*/ s\\ 
743) f @atiog ay av=orO—a" IF) (3 low 
Ag+ 
Haw (b) 
kot f (xa)! logt! (xa) dx 
Hat 


= _ = I(ze) 86-9 ... (S+1 — 0) te 


= (ie ( “Ce (41-0), 


o!o ds 
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according to the induction hypothesis. This gives the required result (7.4.3) 
since the first expression occurring on the right-hand side of (7.4.5) between 


the braces is according to the formula of Leibniz equal to 


s=0 


g {eat (s—1) (s—2) ... (s+ 1-»)| 


+k ee \G 1)(s—2)-.. 1—1)} 


71.5. The value of a Hadamard integral at a singular point. 
Under the conditions of Theorem 3.4.1 the function 
b 


(7.5.4) x(s) = Flee (x) f (x) dx 


Ag+ 


is analytic in the whole complex s-plane, the points 6,-+ts (220, k20) 
excepted. These points 6, +t, are poles of 7%(s). In the particular case 
that g(*)=%*—a the function x(s) is analytic in the whole complex 
S-plane, the points 60, 61,.. excepted; each point o occurring in the 
sequence 00, 01,... is a pole of ¥(s) and ¥(o) is the constant term in the 


Laurent expansion of %(s) according to powers of s —o. 


The question arises whether it is possible to find a similar result in 
the general problem treated in the said theorem. That this is indeed possible 


follows from 


Theorem 7.5.1: If the conditions of Theorem 3.4.1 are 
satisfied and if o occurs in the sequence o,+% (420, F220) 
then'o is a pole of the: function ¥G) defined in Goa) 
furthermore 


(7.5.2) x (0) =7t ~ Om 3 


—_s 
m 


y is the constant term occurring in the Laurent expansion 
of x(s) according to powers of s—o; buf m' is the coer- 
ficient oF: 


(7.5.3) (x = ays (s = qtr log” (x a a) 
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in the asymptotic expansion of (v—a)e-*(x) f(x) according 


to powers of *—a, log(x—a) and s—o; the sum © is extended 
m 
over the integers M20 with on #0; the number of integers 


m with this property is finite. 

Proof: The function g~*(*)/(*) has for small positive *—a and 
for the points s in the neighborhood of o an asymptotic expansion of 
the form 


gs (x) f (%) ~ NS’ (%— a)tatte-5-! py, (log (x — a) , s —0) 


— 
h,k 


where fa: (%,v) is a polynomial in # and v. Consequently for the points 
s in the neighborhood of 6 we have 


b 


° 


(7.5.4) | eens) f(x) dx 


= 


Ag+ 
b 


= if (x —a)o*= = Pn (log (% — a) , s — o) dx + p(s) 


Hs. On, +TR=G 


where [(s) is analytic at s=o. Put 
(3:3) S tee,» = Sy: Jinn U™ vt 
Ont TR=9 


where the sum is extended over a finite number of integers m20 and 


n=0. According to (3.1.5) 


b 
(7.5.6) (s —o)" tk (% — a)" lop™ (x — a) dx 
Ag+ 


m log”-* (6 — a) 
= —m!(b—a)-* as (mm —hyl(s— oy 
h=0 


so that this function has a Laurent expansion according to powers of S—o 
in which the constant term is equal to 


(—) 
(A+1—n)!(m—h)! 


(—)" m | loot tas” (b pack a) x 


h 
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the last sum is extended over the integers / with 
max(0,~—1)S hsm. 
Putting m—h=t we write the sum & in the form 
h 


Ered ie De ys (—)' m+ 1— s) 


(m +1—n)! t 


where the sum = is extended over the integers ¢ with 
t 
0<t< min(m,m+1—7). 


Consequently, if 21, then the said sum is equal to 


—— =(= oe (1 =, Pye — | 0 for n = m 


(m+1—n)! Rew for m=m-+1 


however, if 7 = 0, then the said sum is equal to 


(=) m+i__ m+1) __ 1 
(m+ 1)! (a — 1)"* ictal a (m +1)! : 


Using (7.5.5) and (7.5.6) we find therefore for the integral occurring 


on the right-hand side of (7.5.4) a Laurent expansion in which the constant 


term is equal to 


+ i 
== m ! (Ve Gt = ee log: (b = a) s 
ys m+ 1 2 
m=O m20 


both these sums are finite. The left-hand side of (7.5.4) represents therefore 


a function of s which possesses a Laurent expansion according to powers 


of s—o in which the constant term 7 is equal to 


1 Am, o 
— ye m | Vinee + m+1 logs (b —a) + Lt (0). 


m2a0 


Formula (7.5.4) holds also at s =o so that 
b 


1(0) = bm f(a)" log (x — a) dx + 10(6) 


mao Haw, 
= Se Caen 
. a ma 1 log™*' (6 — a) + w(0) 
a if Sie m! US ere . 


THE NEUTRALIZED SUM FORMULA OF EULER 339 


Here Am,my1 is by definition the coefficient of 
(x—a)*" (log (x—a))"(s—o)"t} 


in the asymptotic expansion of (v—a) g~*(x) f(x) according to powers of 
%—a,log(x—a) and s--6. Consequently ™! An, m41 = 0m, which gives 
the required result (7.5.2). 


7.6. Introduction of a new integration variable. 


Several times in the preceding chapters we have introduced new 
integration variables in the investigation of Hadamard integrals, but up till 
now only in very simple cases. In many applications we need more general 


theorems and it is the purpose of this section to deduce two such theorems. 


Lemma 1: Let K be a continuous rectifiable curve 
with finite initial point a not belonging to the curve 
such that arg(§ —a) is bounded for each point € on K. Let 
u(€) be a function #0 defined on K such that for suitably 
chosen constantAthe function (§—a)—’u(E) possesses at 
a+ anormal Hadamard expansion with exponents %,1,.... 
Then w(E)los*(E—2), where o is an arbitrary complex 
constant and where & is an arbitrary constant integer 
>0, assumes a neutralized value atthe Hadamard neutrix 
Ho, with domain K. If —do doés not occur in the sequence 


Pore tenet missneutralized valucas*equal tozero: 


Proof: According to the power theorem (Theorem 3.3.2), the function 
uo (E) log*(E —a) possesses at @+ a Hadamard expansion with exponents 


Ac + t, (4= 0, 1, ...). We can therefore write 
(7.6.1) . 4° (E)log® (EF — a) = Dicey (E — «)*9+ log) (EF — a) + 0 (€) 


where 0(€)>0O as €>a and where 2, is a finite sum extended over 
integers h20O and 720. The function o(€) is negligible in Hy,. Each 
term occurring in the sum 1 is negligible in Ha, unless lott, =0; 
7=0. Consequently u°(&)log*(§—a) assumes at Hy+ the neutralized 
value %2¢jo, where X2 is extended over the terms of 21 with Ao +t,=0; 


7=0. If —Ao does not occur in the sequence to, %1,..., then the sum 
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>» is empty, so that then “°(£)log*(€ — a) assumes at H,,, the neutralized 
value 0. 

Theorem 7.6.1: Assume that the conditions of the 
preceding lemma are satisfied, that K has a finite end 
point B belonging to the curve, that ReA>0O and that w(¢) 
is continuously differentiable along K. 

If — traverses K, then n=a+u(€) where @ is given, 
traverses acurve K* with initial point a not belonging 
to K* and with end point b=a+u(f) belonging to K*. 

Each function f(y) integrable along K* from a+ to b 


which possesses at @+ a Hadamard expansion with 


exponents 69, 6;,... has the property that theinteptars 
8 b 
(7.6.2) ff@tu@w@ar and f fO)ay 
Ae+ Hay 


exist: the first integral is taken alone and Hq vsetue 
Hadamard neutrix with domain K; the second integral is 
taken along K* and Hj, is the Hadamard neuteix wien 
domain kK”. 

Finally, ifsthe ¢wo sequences) ——(0, (¢=- 0, 1) )eea me 
Tm (m=0,1,...) have no element in common, then the two 


integrals occurring in (7.6.2) are equal. 


Proof: For each point § on K we have 
6 b 
(7.6.3) J f@tu@)w@dx=  f fay. 


& 


a+u(§) 
By hypothesis f(y) satisfies on K®* a relation of the form 
F (9) = 21 Cue (y — a)%~* log* (y — a) + (9) 


where 2%; is a finite sum extended over integers h=0O and k=O and where 
o(y)>0 as y tends on K* to a. Consequently o(¥) is integrable along 
K* from a to 6. Using the function w defined in (3.1.5) we find for each 
point 7 on K* 
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b 
(7.6.4) is f(y) dy = Xi cue w(b—a, on, k) — Si cue p(y —a 5 Oy 5%) 
» 
b 
+ Je (v) dy. 
” 
The second sum occurring on the right-hand side is negligible in Ha}; the 
last integral occurring in (7.6.4) assumes at Hj, the neutralized value 


b 


(7.6.5) Je (v) dy 
so that 
5 b 
(7.6.6) | f(y) dy = 21 Cpe p(b—a , oR) + { 00) dy. 
EA 


Replacing in (7.6.4) » by a+%(E) we find by means of (7.6.3) 


B 
(7.6.7) ti f(atu(x)) w (x) dx 


b 


ie en er Sie (wf) 6, yee J o(y) dy. 


a+u(s) 


The last integral assumes at € =H, the neutralized value (7.6.5), since 
u(&)>O0 as & tends on K to a. 

According to the preceding lemma w(“(=),6,,%) assumes at Hy+ 
a neutralized value, so that also the left-hand side of (7.6.7) assumes a 
neutralized value at Haz. If the two sequences —Ao, (4 = 0, 1,...) and 
Tm (mM =0,1,...) have no element in common, then this neutralized value 
of w is equal to zero according to the preceding lemma, so that then 

: 

if f(at+u(s)) w (x) dx = Xichep(b—a, on, k) + i o(y) dy. 

Ho+ . 
This integral is therefore equal to the left-hand side of (7.6.6). This 


completes the proof. 
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In the same way we prove the following lemma and the following 
theorem. 


Lemma 2: Let K be a continuous reéectifiable curve 
withend point at infinity. Letabeafinite point not lying 
on K such that arg(§—a) is bounded for each point — on 
the curve. Let “(&) be a function #0 defined on K such 
that for suitably chosen constant A the function 
(§ —a)-*u(&) possesses at infinity a Hadamard expansion 
with parameter 06 and “with exsponentae t,101 0). cme ee 
u°(E)lop*(E —a), where Oo is an arbitrary complex constant 
and where k is an arbitrary constant integer 20, assumes 
a neutralized value at the Hadamard neutrix H,~(a) with 
domain K.1f —do-docs not occur in the sequemce ta,i:,.-) 
then this neutralized yaluweis equal to sere, 

Theorem 7.6.2: Assume that the conditions of the 
preceding lemmaare satisfied, that K has a fimitenmecoas 
point B belonging to K, that ReA>O and that #(&) is 
continuously differentiable along K. 

lf € traverses K, then n=a+u(E) traverses a curve K* 
with end point at infinity and with initial point b=a+u(f) 
belon gimeito i 

Each function f(y) integrable along K* from b to ~— 
which possesses at infinity a Hadamard expansion with 


parameter a and exponents oo, 0;;-... bas the property that 


tbe in te af aks 


A xp (a) He (a) 
[ s@tua@pwe@ax and f foyay 
B b 
exist; if the two sequences ——Ao, (= 0.91, o.)ueand 


Tm (m=0, 1,...) have no element in common, then these two 


integralsare equal. 


Theorem 7.6.1 involves the neutrices He, and H,,, whereas 
Theorem 7.6.2 involves the couple H..(%) and H»(a). There are several 


theorems of the same kind, for instance a theorem involving the couple 
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Hy and Hg, or the couple Ax, and Ag}, or the couple Hz, and Hq (a), 
and so on, but the formulation and the proofs of these theorems are so 
simple, that I leave this to the reader. 

By choosing in Theorem 7.6.1 
, k= 0; u)=pi +e 
where  # 0, we obtain as special case: 


If @=s0 and ¢@ are real constants and if none of the 


Sx ponents Oo, G1,.. 1S equal to zero, then 
Pp+a 
; | f(y) ay if p>0 
(7.6.8) p f fox+9 dx = Ei 
its - i fy)dy if p<o. 
pB+4q 


If P= +1, then the condition that each exponent 0, (L012) isa 0 
is obviously superfluous, but this is not true if #11. Indeed, if we 


choose 
ey 70 9) 
then the left-hand side of (7.6.8) is equal to 


B 
dx 
pie ee 
ae 


and the right-hand side of (7.6.8) is for p>O equal to 
pp+a 
= dy 
plies = log (pb — pa) = log (B — a) + logp 
Vi — pu — | 


A pa+g+ 


so that the right-hand side of (7.6.8) is log more than the left-hand side. 
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FONCTIONS ENTIERES DE fp VARIABLES ET FONCTIONS 
PLURISOUSHARMONIQUES A CROISSANCE TRES LENTE 
Par 
V. Avanissian 


a Téhéran, Iran 
1. On sait que dans C' pour une fonction entiére f (2) telle que: 


Log M (7) 
(1) li svat te Bid J 
eet (Log 7)’ 


M(r) = sup lf], on a si f(0) 40 


(2) Log M (r) ~ J se a) dx 


0 


> oo 


> 


ou (x) désigne le nombre des zeros de /(z) dont le module est inférieur 
a x. D’une facgon générale il existe encore une suite infinie de valeurs 
indéfiniment croissantes de 7 telle que (2) ait lieu lorsque f(z) est d’ordre 
nul mais ne satisfait pas nécessairement a (1) (cf. [1]). D’autre part, il est 


connu que sous l’hypothése (1), on a: 
(3) Log | f (2)| ~ Log M (7), 1 > o 
a la condition d’exclure certains cercles contenant les zéros. Les cercles 
exclus sont vus de l’origine sous des angles qui tendent vers zéro lorsque 
le centre s’éloigne indéfiniment. Les résultats ci-dessus ont été généralisés 
récemment par W. K. Hayman aux fonctions sousharmoniques d’une variable 
complexe (cf. [2]). 

Pour passer 4 P>1 variables nous étudions d’abord les fonctions 
plurisousharmoniques a croissance lente. Nous démontrons légalité asymp- 


totique (2) pour ces fonctions et l’égalité (3) dans le cas des polynémes 


Per, seep) en des points Z= (41, ..., 2) a distance au moins (jz|) 
IZ| 
[ave lim = Doce 7 de l'ensemble analytique P (1, ..., 2») =0. 
e+ | 


La démonstration est basée sur une réprésentation intégrale des fonctions 
plurisousharmoniques due a P. Lelong (cf. [3]) qui, dans le cas ou elles 
sont d’ordre <1 s’énonce sous la forme du Théoréme I. 


S47; 
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Nous utilisons aussi une propriété de l'ensemble W?~* défini par les 
points d’un ensemble analytique complexe; ceite propriété permet de majorer 
l’étendue des points de C? a distance <5 (6>0) de W?~' et est due 
également a P. Lelong (cf. [4]). 

Notations — Nous renvoyons a [5] pour la définition et les propriétés 
des fonctions plurisousharmoniques. Si V (21, ..., 2p) est une telle fonction, 
nous désignons par 4(V;Z;7) sa moyenne sur la frontiére de la boule 
B(Z;7) de centre Z=(z1,...,2») et de rayon 7 dans C?; dy sera la 
mesure de Radon positive associée 4 V en tant que fonction sousharmonique 
dans R?? support de C?, et 4(Z;7) la masse portée par B(Z; 7). Nous 


posons : 


OM(V FZ se te 
ARG Me - Z| = (Sai 


V(OZ) =v (7) ’ 


x 


(si v(Z;7) est une dérivée a gauche ou a droite, elle sera désignée 
respectivement par Vy et Va): 


Rappelons que l’on a (cf. 5): 


w(Z 1) = 


poof A p 


IV 
No 


Si f(%1,..., 2p) est analytique, do l’élément d’aire de l’ensemble analytique 


f= 0, et du la mesure de Radon associée a V =Log|/|, on a: 
du = wr, do 
OU Wp—2 est la mesure de la frontiére de la boule B(O; 1)CC?—'. 


Théoreme™ I (P. Lelong): Soit V une fonction plurisous- 


harmonique dans tout C?, satisfaisant aux conditions: 
aye NV Ort (A) ey ees 


V+ = sup (V, 0). 


1. On trouvera dans [6] ume démonstration directe. La démonstration donnée 
dans [3] pour les polynémes s’applique d’ailleurs au cas de l/ordre inférieur a 1. 
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alors si V (0)>— oo, on a? 


r r . 1 ! 

) oa = /V £ — | >p—2- 

Vy 549) = V (0) + J 0 ©| rer — Ez: 
ch 


2. Démontrons d’abord quelques lemmes. 

Lemme 1—Soit A(‘) une fonction convexe croissante 
de Log? sur la demi-droite ¢>0, telle que pour t > on ait: 
b< AS : B= = 

SS co mS 

-ALoot)" = —= 
ot A et Bdésignent deux constantes ne dépendant que 
de %. Alors pour toute suite t,>, telle que Logtny: ~Logé,, 
ON Aura: 


fae 
eater A (tn41) ce 


En effet, si Va est la dérivée a droite de A(4) par rapport a Log?, on a: 


Init 


A (tn41) — (¢,) a [ Vd (¢) Log t = Vd (én41) (Log En4i ie Log tn) 


tn 


donc, si t>Sup(1 , fo), 


Alt) 
7 A (tn41) 


W\ 


Vat, Log tn F Log t, 
(4) d(tn+1) g espe med 


it) Log byw 
et. 


2))|m 
A(t?) — A(t) < B [Log (t ) ae 2" B(Logty""! 
Log? a Logt 


va(t) S 
(¢ > Sup (1 , 40)). 


Le premier facteur du second membre de (4) est pour 1 assez grand borné 


Qm B (Log tngi 
ee A (n+) 


Comme le premier membre de (4) est positif et le crochet tend vers zéro, 


qui reste borné supérieurement lorsque 1 >o~. 


il en résulte le lemme. 
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Lemme 2— Soit A(é) une fonction convexe (non constante) 


croissante de Log? sur la demi-droite ¢>0. Si: 
A(t) = O(Log?), t > co 
alors: 


Va (tn+1) me 


lim —— 
n>ao Vg (ty) 


pour toute suite croissante t,> o, telle que Logi, ~Logi,.i. 


A(t 
En effet, Vg et Va tendent en croissant vers lim — “e qui existe et est 
i>o Logt 
finie #0, donc: 
i (t) 
wO= Teta — (>0) 
A(t) 
Vg (t) = Toge + & () (&2 > 0) 
Ci 
(5) Va (tn41) Log En41 as A (n41) + aT (tnt) Log tnt : 
Veg (t,) Log by, A (¢,) =F € (¢,,) log by 
at +6, (t.41) a (én41) Log ty+1 
A (tn) ae 
A Gail + E2 ,.) m (tn41) Log ty 
A= —1 Z A (¢,) 
Comme (én+1) Logténi1, A7'Gna1) Log?t, restent bornées et ~~? >] 
A (tn+1) 
Log bay) ee 
(Lemme 1), ca >1, on déduit de (5) le Lemme 2. 


Proposition 1— Soit V (2, ..,%p) une fonction plurisous- 


harmonique (non constante) dans tout C? telle que 
AV ;0;7) = O(Logr), 1 > oo 


si R, est une suite croissante (R,> 00) telle que Rya~R, ae 


AuGOnt Ss 


’ UU (R53 > Rutt) 
] BO ee 
ae Cie i 
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ob W(R,, Riyi) est la masse de V portéepar l'ensemble 
Rn S |Z) SRiyi et w(Ry») celle portée par la boule B(o; R,). 


En effet : 
{t Ry > Raa) l ooo - 
8) “u(R,) > RP=Ty, (Ry) Rate Me Rass) — ReP? yg (R)] 
— (Bnei \P Va (Rats) 
RK, Ve (K,,) 


Sous I’hypothése R,~K,,1 le Lemme 2. s’applique. Le troisiéme membre 


de (6) tend vers zéro. 


Définition — Une fonction plurisousharmonique 


¥ (%, ..., 26) dans tout C? sera dite d’ordre a si: 


M 
lim sup Bie 3c AOE = (t 
roa lLogr 
M (r) = sup V (a, ..., 2p). 
|2|Sr 


Une fonction enti¢re j/(Gi,...,%) sera dite d’ordre @ si la 


fonction V=Log|/| est d’ordre a. 


Lemme 3—Pour une fonction plurisousharmonique 


aondre mui, on a: 


ere Ge ee 
INCOR) 
En effet, supposons le contraire, il existe alors un nombre positif h 
tel que: 
Chere?) 
V(r) dLogr 


= 2 SO 
(VEO) (V3 0 8) a 


ou: A(V;0;r)>kr* (k& étant une constante >0) ; V ne sera pas 


d’ordre nul. 


3. Proposition 2—Soit V (a,...,2p) une fonction plurisous- 
harmonique dans tout C? (non constante) telle que: 


(7) lim sup - cu 


ae EN a We 
%¥>o (Log a 
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Onajisi V (0()S—ec: 


ive) 


dt + (2p—-1) A) 7 | Due dt — (7) 


v@) 
a t 


~@)  M@=f 


0 Y 


( : - py (7) 
aye C20 <0 (1) oo Wee) en ee lim sup rey iat <0, 


Si Vo= lim V(t) = co; (7) S Vo, si Vo< co. 
t>oa 
D’une facon générale, pourune fonction plutrisous- 
harmonique V(@,..,%) V(0)>—e) d ordre nal, ona. 
r 
©) 
t 


(9) M(r) = Recs 


10) 


dt + (2p--1) h(r)r ( 


aved: O<07(*)<1, 6027) 02. er. 


eee eee 


r>o eee: 


Une fonction plurisousharmonique d’ordre nul vérifie les hypothéses 
du Théoréme I si V (0) >—o~. En effet, on a pour ¢ assez grand v(t)< Bé®, 
€>0 arbitrairement petit. D’od la condition (b) du Théoréme I. On a donc 
en supposant pour commodité d’écriture V(0)=0, et sous réserve de la 


convergence de l’intégrale: 


5 F 
(10) VG te { du ©)|e55 Repco 
s Tepe? ee ye 
€ 
Posons |E\=#, |Z\ == re et remarquons que l’on a: 
lim ma) = 
t>0 b?P—? 
2a oe _ 2p—2- 
f2p—2 (t+ ryim? = aco ic (¢+r #0) 
u(t) ed) 
lim (2 2) =. | BLES Sagan 
Hae eS lees a t 


2. L'égalité (9) est a rapprocher d’un résultat de P. Lelong (cf. [3)]). 
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L'integrale figurant au second membre de (10) s’écrit grace a une intégration 
par parties: 


% 1 t2P-2 hi Vv (t) 
. vot lan [Oa 
( ) J ( t (¢ + 7r)??-} J t : 
naa (t) 1 : p2p—2 
eh — —______—__| qi — ee ee 
| F E G+ Ren’ (t+ ry? ~ v(t) dt. 


> r . 
Of pour * = ><), on a: 
1— (1+ x) CP-) < (2p—1) x 
donc la deuxiéme intégrale du second membre de (11) est majorée par 
ioe) 


(12) Qp—ar f ie dt < © 


r 


et la derniére intégrale est une fonction positive ((7) telle que: 


antes 
(13) OO) |) Serer sco 


0 


D’aprés (10), (11) et (12) on obtient : 
pee <Mi(rn)< ie m1O) dt + (2p— aa “9 i —o), 


0 0 ip 


ie 


M(r) = jp pine (ete bor i 


0 r 


BU, 


— I(r) p(r) 


avec O<#(r)<1. Dans le cas (7) et suivant que Yo= lim v(¢) est finie ou 
t>o 
infinie, on a: M(7)< Vo et P(r) S<B(Logy)”" (7 >70) (d’aprés (13)). 
Dans tous les cas on a (Lemme 3) 
Y 
ae =0, 
hak BA, 


J a 


ce qui établit la Proposition 2. 
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Théoreme 1— Pour une fonction plurisousharmonique 


V (a1, ..., 2p) VV (0) >—co) non constante, vérifiant: 


M (r) = O [(Log7)’], r>o 


(14) my~ f~Oa~r1 5030, f OD 


0 


Diune- facon générale pout une fonction plurisous- 
harmonique V (t:,4.,%)) @ordre nul (V(0)>—ca)e th eciere 
encore une suite de valeurs de 7 tendant vers linfini 
pour laquelle (14) est vérifié. 


En effet, si lim v(¢) = Vo = co, on a pour 7>7%, 
t>oo 


ioe) 


(15) [2 dt < Br (asain at), 1>o 


t? 


r 0 


Si Vox co, et comme A(V ; 0; 7) croit indéfiniment, 


(15’) ae w=o( f a), r>o., 


(16) lin inf ——— 


a p28 = 


En effet, en reprenant un raisonnement déja fait dans le cas des fonctions 
enti¢res d’une variable complexe (Voir par exemple [1]), on aura si (16) 
n’est pas vérifiée, 

20 7 


> v(t) v(t) 
r | poa>a [a (QO) 70) 


r 0 
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En supposant (sans restreindre la généralité) V (0) = 0, il vient alors : 


aNV 5037)  dLogt 


akV ;0;rn)<r 


dlLogt t 
D’ou par une intégration par parties : 
AAV ; > AV + 0:1) 
(kt a) — ey J Log? + | aoe “7 4 Logt>0 
Par suite : 
d pV ;0;0 
2 | a ae 
, 1 d PAV 50 0; 2) 
ieee es E 5 os 7 
ad e ss (1+a)r dr Log|r* ‘ { ee ai| ae 
fee: 0; 2) ; 
——$—_-— di : 
t 
ou 
pace 


dat eae a (2i= const.) . 


Il en résulte que pour une certaine suite %> 0, A(V;0;7,)7 eer) 


ne tend pas vers zéro. Donc: 
a 


M (r,) ea A(V 5 02 72) Ze hy re (Ry = const.) 


cest a dire V ne serait pas d’ordre nul. Le théoréme résulte alors de la 


Proposition 2 et de l’égalité (9). En effet, on aura : 


ie (7) ~ 


ao 4 43(2$-1) 92 (r) r 


i dt [eee [Qa 


0 0 0 


(17) 


Dans tous les cas le dernier terme de (17) tend vers zéro (d’aprés (13)). 
Le second terme du deuxiéme membre de (17) tend également vers zéro 


lorsque Y > © si on est dans le cas od M(r)=O[(Logr)’] (d’apres (15) 


356 V. AVANISSIAN 


et (15’)). Sinon il tend vers zéro pour une certaine suite 7, (d’aprés (16)). 


D’ot le théoréme. 


4. Dans [6] nous avons établi pour m=—=1 I’énoncé suivant : 


Théoreme 2—Soit V(%,...,%)) une fonction plurisous- 


harmonique dans tout C?. Si lon a: 


A(V+;0;7) = O[Logr)], ide Oe aa 
alors, 
, A(V+;P;:7) aa Mp (r) 
eee im sup ———__.— 
ne CE (Log 7)” Ee (Logr)™ 


ot Mp(r)=SupV dans B(P;7). La valeur commune étant 
indépendante du point PeC?. 
Le cas m>1 peut étre démontré de la méme maniére que dans [6]. 


En effet, supposons tout d’abord le point P a l’origine. Soit B(0;7) C B(0; R) 


Li : : ae 
et posons k= RP: En écrivant que les valeurs prises par V sur la frontiére 
de la boule B(O;7) sont au plus égales a celles prises par la fonction 
harmonique qui coincide avec V sur la frontiére de B(O;R), on obtient 


dans B(O;7) grace a l’intégrale de Poisson : 


(18) AV" 0.7) 2M 7) 


1 
ASOD he {Ore Zz as RO deorp-1 (a) 


1+k 
7+ .Q- 
— Mi Skye A (V me > R) 
= > 
Q=Ra, |Zj=r7, |a = 
Soit R= R(r)=rLogr (r7>1). On a: 
; ' Logr 
lime (7) =O a = 
mies ( ) nee Log R (7) ie 
donc, d’aprés (18) 
A(V+:0; ee M (r) 
¥(0) = lim s ae 
Bee (ioe ry pened (Log 7)” 
L+k (Log (7Log7)' ee Ong hoor) 
< lim S| tim 2 & 
r>o ((1—k) | Log? | [Log (7 Log r)]” = (0). 
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D’ot le théoréme dans le cas od P est a l’origine. Supposons maintenant 
P différent de 0. Si |OP |=, on aura Mp(r) <M (r+), donc: 


(19) 


Mp ” M (r+o) : Log (7+ 0)\" 
P)=lj oie alee : ee etd <a 
x(P) inn Sup fis: ry S lim sup (log (rt) lim | oP = (0). 
De méme, M (7) <Mp(r+o), donc: 
(20) 
a) Mp(r+o) _,. Log (eo)? 
— 1 —— ae eA A ee J 
x(0) im sup (logry™ < lim n Sup (logtr-+0))" lim Teer Sy aa) 


D’ot le théoréme d’aprés (19) et (20). 
Théoreme 3 —Pour une fonction plurisousharmonique 
V @, ...,2)) dans tout C? (non constante) avec V(0)>—o, et 


telle que 
M (r) = O[(Log 7)’] ; 1 10o), 
on a: 


Veg 
(mint NL aie 
pn Log) 


V- = Sup(—V , 0). Si M(r) = O[(Logy”)], on a: 


oe Ue at) 
lim 
r—>0o Log? 


En effet, d’aprés le Théoréme 2, M(r)~A(V;0;7), r >, donc 


i M (r) ae AV ; Ohara) 
Beet NL u 
= 1) aes (Log r)’ oie (Log r)’ 


2 Vaal) ee ek (a0 7) 

Piaraet | (Log”)? — (Log)’ 
AWV+30:” A(V-;03;7) 

Zar See imine 

= gee Pp’ (Log 7)? pe (Log 7)’ 


Donc, d’aprés le Théoréme 2 et (21), 


ed ee 0) 
© =e (Logry 


D’ou la conclusion. Si M(r) = O(Log7), on a (Th. 2): 
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li ud = |i st ae ave Ja lin ——— 
“anes Log?’ _ bee Logr r>0 Logr 


car les deux premiéres limites existent. D’ot la conclusion d’aprés le 


Théoréme 3. 


Corollaire — Si lim existe, alors 


41> (Log 1)? 
ACES Os tag 


li = 
ron (Logy)’ 


5. Dans la suite nous désignons par W!" l'ensemble analytique défini 
par f(Z1, ..., Zp) =0 ot f est une fonction entiére; par 
Wwe =[Wt n(\Z|<2)] 


-> > 
la restriction de Ws ala boule B(O;?¢). Nous écrivons Z=ra ot a 


est un vecteur unitaire de C?. La distance d’un point Z a un ensemble de 


points ECC? sera notée D(Z; E): 
DZ SE) == int ae 
SCE 


Théoreéme 4 — Soit /(Z1,...,2)) une fonction entiére 
(non constante) d’ordre nul avec f(0)=1; soit RSD, W7. 


Siece Imesit wl nom bremy erin 1 aimit: 


(‘—1)R< sup D(Z; We) 
Z\<R f 


alors il existe une constante k(f,t) telle que pour |Z/|<R 
eta l’extérieur de N boules de rayon o=(t--1)R centrées 
Sut WE ae On ait: 

| ov (it 
(22) Log| f(Zi,...;Zs)| 2 MGR)— RO: )R | a dt 


TR 


dh (Log |f| ; 0; t) 
dLogt “ 


v(t) = 
et 


M (tR) = sup Log | f(tRa). : 
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T 


k(p,t) <ki(a,p) (1) 


oud estun nombre quelconque qui majoret; ki ne dépend 


que deaet p Le nombre N est inférieur Aa 


«(Gu 2) Rj. 


kz tant une constante ne dépendant que de f. 

Rappelons tout d’abord un théoréme de P. Lelong (cf. [4]) qui 
s’énonce : 

Théoreme Il —Soit W*' un ensemble analytique com- 
plexe défini localement sur un domaine D fermé, d’aire 
totale p(D) sur D. Si mp) est un ensemble de points de D 
tels que: 

Helisieanta distance au plus p>0 de Wr! 


b) Ils sont points intérieurs de D,adistance au moins 
5 = 30V 2p demastcontrere 


Alors % peut étre recouvert pat N boules égales centrées 
sur W?* de rayon 20V 2p pour lequel on a Np?’ * = Ku(D) 
ou K ne dépend que de p. 


Ce théoréme étant rappelé, soit 7 l'ensemble des points de C? qui 


sont a distance ((—1) —-— = ;_ au plus de la partie de W4"' contenue 


dans B(0;tR). Les points de 7 sont les points intérieurs de la boule 
Blo; (@t—2)R] a distance au moins 301 V 2p de sa frontiére. Donc, 
d’aprés l’énoncé ci-dessus on péut recouvrir 7 par N boules centrées sur 


W 


1 — 
T (ar=2) R de rayon ((—1) R= 90, avec 


Np? <K(p) w[3v—2)R] — (K(p) = const.)) 


N<ho(f) Coa v [(r—2)R]. 
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Remarquons que seules les boules centrées sur Wt’, peuvent rencontrer 
la boule B(O;R). Soit Z un point de B(O; R) extérieur a N boules de 


recouvrement ci-dessus. D’aprés le Théoreme I, on a: 


c 1 1 
Log| f (1, ..., 2) = il au (2) Epp Tea 
|E|<7R . 
\ Pg 1 1 
+ J [qe peg |= Bt 


Minorons l’intégrale J,;. Comme |E—Z| > po = (t—1)R, 


du (é) 1 
Ne fe |E2e-2 ~~  2pH2 Ue (th) ; 
° i 


|E|<TR 


une intégration par parties donne alors : 


CO eo: fa Teel: oie 
; 
ot 
(24) fe tht): 
Donc d’aprés (23) et (24), 
Gaye Tie free. SS ect te at). 
“R 


D’autre part, si [| 2tR, on aura |E —Z| > |E|—r (r=|Z)) et: 


1 1 1 1 


ere? — e-zpe = iene 
2 — (2-2) aS ria ust 
Donc : 
> —(2p—2 pec 
Po San 


|§|>TR 
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ou grace a une intégration par parties, 


—2p ai ) t) 
Te See (Oh — v@) 
ae = (24 Dr(i TR j ro at 


TR 
et en remarquant que l’on a: r<R , t>1 et (24), 


ic) 


(26) 1,2 —@p— (2) (r f Pat). 


7 


Par conséquent, d’aprés (25) et (26), on obtient : 
TR 


(27) Toes (21,0. ey) 2 ict ly = i v (t) dt 
t 
0 


D’aprés la Proposition 2, on a: 
TR ne 


(28) (Ox > M (cR) — (26 —1) [x ii 1 iy). 


ce 


0 TR 


Donc, d’aprés (27) et (28), 


(29) Los yt Gin .s 2p) || 
; z Lape 2 Sha)? 
GBS sper prmeputele ail mC 1)? 
(20 —4) (— ye] R i 1) dt. 
rR 


Le crochet figurant au second membre de (29) est borné par un nombre 
Ki (a, p) qui ne dépend que de p et a>t. D’ou le Théoréme 4. 
Proposition 3 —~Soit P(Z:,...,2Z,) un polynéme de degré 


g>0 par rapport alensemble des variables. Soit 


5 (7) = sup DiZe We) , 
|Z|=r 
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alors 


eka e) 
a(p, 7) = lim inf Fae 


r>o 


En effet, supposons le contraire; il y a alors une suite croissante de 


nombres 7”, > ©, avec 


O (7, 
inn ae 
n> Vy 
Soit 
0) (75) 
f= wee 
Vn 


Quel que soit le point Z, |Z)=7,, on aura B(Z; &nt,) WE" F 
pour ©, >&,. Considérons les domaines 

A, (G — €’,) Vn < Z| << (1 tf Sey. Vn 

A’, (1— WV 2p en) tn < |Z) S A+ 1V 20 ey) tn 
pour 27>, Mo assez grand pour que TV 2p fa 1. 

La distance d’un point ZEA, 4 l'ensemble A’, We" est au plus 
2,7. Les points de A, sont d’autre part 4 ume distance au moins 
6V 2p ry de la frontiére de A’,. Donc, si w(A’,) est la masse de 
Log|P(Z1,...,Zs)| portée par A’, (compact) on peut recouvrir A, par N 
boules de rayon 4 V 2p Ey te (lhe Ul) avec: 

N('n ta)°?? SK (p) (449) SK (p) [05 (2 + TV 2p en) 1] 


(K (p) = const.). Donc, en rappelant que v(Z ; 4) (correspondant 4 Log P) 


est au plus égal a q quel que soit Z et ¢, on obtient; 
NEKi(6, DA+t7V 2pe,)2e24 =n > to 
(Aa = const.) 


Ecrivons que le volume de A, est au plus égal a la somme des 


volumes de N boules de recouvrement ci-dessus. On obtient: 
f \2; 2 NOR es ey: Ui RG / 
(Us ©) == (85)? = 1) 2p 8) oe n > No 


(K2 = const.). 
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Cette derniére inégalité est en contradiction avec le fait que &’, puisse 
€tre choisie de maniére qu'elle tende vers zéro avec 1/n (les deux membres 
de l'inégalité sont alors des infiniments petits par rapport a &’, respectivement 
d’ordre 1 et 2). D’oud Ia Proposition 3. 

Théoréme 5—Soit P(Z%,...,Z,) (P(0)=1), un polynéme 
de degré g>0 par rapport a l'ensemble des variables. 
Alors pour toute fonction @(t) continue sur JO, ~[, (A) 
décroissante vers zéro quand ¢>o, et vérifiant: 


(31) lim [~ (7)]?? M(r) = ~w 


r 


-> 
ot M(r)=suplog |P(ra)|, on auniformément: 
_ 
a 


Loe | 2a ee 2p)  () 41> oo 
bors de ensemble &, défini par: 
D(Z; WE") = p((Z) |Z/. 


Soit @(#) une fonction continue sur ]0, ~[, @(¢) décroissante vers 
zéro quand ¢>o. L’ensemble C?—Ey, n'est pas vide; il contient des 
points Z dont la distance a l’origine est arbitrairement grande (cela résulte 


immédiatement de la Proposition 3). 


~ 


Soit Z&E,, Z est alors extérieur 4 toute boule centrée sur WE" de 
rayon ((/Z|) Z). Appliquons linégalité (22) du Théoréme 4 au point Z, 
eree R= fe (7), 1 = 14+ 9 (%): 

Ke ppp) 
(32) Log|P (Zi... Z)| 2M Or) — 7 owe i at, 
ZE€E Eo > if Ze Yo >0 . 

(Rappelons que @ est une constante quelconque qui majore t (pour 
r=); Ki ne dépend que de a et p). Or M(tr)>M(r) et pour un 
polynome de degré g on a v(t)<q, donc, d’aprés (32): 

> 
Log P(r a) 9K; (4, ) 
(33) De M(r) al [p (7)? M (vr) 


MV 


\ 


> 
¥aGEEG, *Z%0>0. 
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Sous l’hypothése (31) le dernier terme de (33) tend vers zéro; donc, 


on a uniformément : 


> 
, Log | P(r a) | ; 
i ee a Aa Bet aot 
ee M (r) es ae 


D’ot le Théoréme 5. 
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DETERMINANTS OF EIGENFUNCTIONS OF STURM-LIOUVILLE 
EQUATIONS 
By 
Samuel Karlin 
in Stanford, California, U.S.A. 


§1. Introduction. 


In a previous paper Szegé [1] and this author investigated oscillation 
properties of certain determinants whose elements were orthogonal polyno- 
mials. Two kinds of determinants were considered. The first concerned a 
generalization of the Turan type determinant; this satisfied a variety of 
inequalities applicable only in the case of the classical polynomials. The 


second set of determinantal inequalities refers to the Wronskian of the form 


| ORs (%1) Or (x1) aoe Ong (*,) 
| 
ee GOP scar ") 6 | Qn, (42) Quy (%2) «.. Ons (%2) | 


ie 
Xk | 


125 288 5 


Qn, (Xx) Qny (Xe) «.. Qn, (x) 


OVS i og eg Fe SK 


IA 
I\ 
= 


whose elements are chosen from a family of orthogonal polynomials 
{On(x)} and x is a real variable.“ The % values may be selected with 
equalities and in this case the determinant is to be interpreted by the 
convention that for repeated % values the respective columns are replaced 


by successive derivatives. For example, when 
ROT SSG 6, SS 5 SS IS cos ig 


we have 


1. Unless stated explicitly to the contrary the determinant (1) always has the 
rows and columns ordered so that +; and n,; are arranged according to increasing 


values. 
365 
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On (1) tee Cn; (x1) 
On, (x) aoe On (x) 
ee ey ere? 0. (x) 


W hy , Na, ov» ") = 
M1, %2; sony Uh 


Gr (x)... OL (x) 
On (%41) eee Qn, (%r+1) 


Qn, (4%) «-. Quy (Xe) 


In this paper we study the Wronskian functions (1) where the poly- 


nomial system Q,,(%) is replaced by a family of eigenfunctions 
Po(x), Pil%), P2(%), - 


belonging to an appropriate linear operator. The main examples derive from 
an eigenvalue problem associated with a Sturm-Liouville differential operator. 
(We shall also discuss in Section 2 some cases of general linear trans- 
formations induced by kernel functions.) The Sturm-Liouville equation under 
consideration is stipulated to be of the form 
(2) ay HMO WY =e) axxct 

0 (*) 
plus suitable boundary conditions. The functions 9(%) and x(%) are assumed 
to be positive and continuously differentiable on the interior of the interval 
(a,b). Also, we assume that at worst, ) appears as a regular singular 
point while @ is a bona-fide regular point. Further hypotheses and restrictions 
will be noted as needed. 


In general, we shall consider Wronskians of the specific form: 


| Pn, (%) Pug (%) Pa, (@) | 
P'n, (*) Qin (eye ieee Dns (x) 


| 
fe) 
| 


(3) W (Pr, (x) ? Pny (x), CIE} Pn, (x)) fa 
(k-1) (k-1) (x (R-1) (x 
Cy ee aay 


OS i ee eee 
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This determinant is meaningful whenever each ; possesses k — 1 derivatives. 
In the case where (; are solutions of (2) (p(x) are necessarily differentiable), 
then a modified Wronskian expression with wider applicability can be 
introduced. To this end, let 4; denote the eigenvalue corresponding to @j, 


and suppose & is even. We construct the determinant 


(4) W (Pn, (2) s Png (%) 5 + Png (*)) 
Pn, (x) Png (x) as Pn, (*) 
'n, () P'ny (X) aes Pn, (*) 
| Ave, Pn, () Any Pn, (*) vin Ang, Png, (*) 
= hey Pn, () Any Pn, (X) fae Any Png (%) 
M2? coy, () MEV py (x). AEP op, (2) 
A212 Hy, (2) MED pn, (4)... AED Gy, (22) 


1) (1 i 
In other words, the row (et) E32 eae ee (x)) is replaced by 
ee Pa, (%), acer a (2) eae agen Pn, (*) 


if 1 is odd 
and by 
Ses Ps, (4), ie ioe (4 ee tes Pn, (*) 
if 1 is even. 
If q; satisfies (2) corresponding to A=A; and is k times differentiable, and 
provided x(x%) and (%) are sufficiently differentiable, then a simple mani- 
pulation on the rows of (3) reveals that the two Wronskian functions W 
and W are equal apart from a factor which is a power of %/0. However, 
(4) can be defined in many cases where (3) is not meaningful ; for example 
where x(x) is assumed only to be measurable. Henceforth, in dealing with 
the Wronskian functions W or W, we drop the ~ symbol, the relevant 
interpretation will be clear from the context. 
We will also have occasion to refer to a generalized Sturm-Liouville 


eigenvalue problem defined by the relation 


(5) Dy (Da) = — dep 
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coupled with appropriate boundary conditions. Here, De designates dif- 
ferentiation of @ with respect to the measure «% and D», has a similar 
connotation. 

Since we deal with measures on the real line, it is convenient to 
think of @ and ¢ as increasing functions normalized to be continuous from 


the right and left respectively. Then 


ype 9 @+h)— 9 (*) 
Be) ee ee a) 


if & is continuous at ¥%, otherwise 


DO Oe 
When D, is interpreted as differentiation on the right, Dp) will refer to 
differentiation on the left. 

Such differentiation operators were introduced and studied rather 
extensively by Feller [2] in connection with his investigations of generalized 
diffusion processes. 

Orthogonal polynomials {Q,(*)} can be regarded as eigenfunctions 
associated with an equation of the form (5). We now indicate the necessary 
identifications validating this statement. Let us suppose that {Q,,(%)} constitute 


a family of orthogonal polynomials on the interval [0 , a). Then Q, (x) 


obeys a recurrence law : 


(6) —% On (%) = —(Vat Pn) On (4) +n Ones (%) + Un Qn—1 (x), nZ0 
Q-1(%) =0, Qo(*)=1 
Va > 0). (# 20) Ug Ol (mee 1S Sig 236: 


Set o—=1, Ty=(Vo Vio. Vn—1)/ (thi M2... Mn), (21) so that Va Ry =Myti Uyy1, 0 z OF 


and define y_1 71 = to. Now, we rewrite (6) in the form 


mes pee RO OE Pat >. 


Vin Ty, Va—1 Ty—1 


Introducing the notation R,(n) = Q,,(*), this telationship becomes 


(8) — *Ry(-) = Dz (Da Rx (+) 
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where @ represents the cumulative measure concentrated at the integers such 
that @u(m) = 1/V»—1 My-1, = 0, 1, 2, ... and analogously dx(n)=a,. It 
should be noted that in this case the argument of the eigenfuction is the 
index ” of Q,(x) and the set of eigenvalues coincides with the spectrum 
(defined below) of the measure o(x) with respect to which Q,,(%) are or- 
thogonal. Let A denote the spectrum of 9 composed of all x values in 
evety neighborhood of which @ has positive measure. We introduce the 
concept of “successive x values” belonging to A. For this purpose we recall 
that a value * is an isolated point of A if there exists a neighborhood of 
% which intersects A only in x. A set of values (%1, %2,..., %%) each con- 
tained in A is said to consist of “successive spectral values” provided either 


(a) all x; are isolated points in A satisfying %1 << %2< ....< %» and the union 
k 

of the open intervals U (4%; , %i4:1) has a void intersection with A, or (b) 
4—1 

there exists an index 7, 1<7< k, such that %; < x2. <...< %_1 are suc- 

cessive isolated points in A in the sense of (a) and %, = %41=...=%p is 


a non-isolated value of A immediately to the right of %,-1, i.e. 
(%—1 > Xr) NA=9 


We need one more definition. We say that the set S of {xj} satisfying 
%1 <%2<...<%g constitute a generalized even block (abbreviated G.E.B.) 


if k is even, and the set S splits into p (P21) groups 
(41 %2 ... Xv,), (py -0» Kvq)y ony (xn, avs Xs) 


; » 
where each individual group includes an even number of terms of “succes- 
sive spectral values” and %y, < %y,,,(@=1, ...,—1). 

We say that a set S of indices (1%, %2,.., Mk) constitute a G.E.B. 


if S divides into g groups 
(pee 1, =. 5 Me,) (Mp, . 18, + 1, = , May) a= (16, , Mp, +1, +5 Nay) 
where each group consists of an even number of elements of consecutive 


integers and mq, < %p,,,, V=1, 2,..,9—1. A patticular example is g=1 


and then S=(n,n+1,..., »+k—1) where k is even. The use of the 


2. Assume that the orthogonal polynomials under consideration are associated 


with a unique measure. 


370 SAMUEL KARLIN 


common name (G.E.B.) for special blocks of indices and of “successive 
spectral values” should cause no difficulties. The following result of [1, Th. 3, 
p. 42] will serve crucially in the analysis of the generalized Wronskian 
functions (4). 

Proposition A. For any system of orthogonal polyno- 
mials {Q,(x)}, let (*1, %2,.., %) constitute a G.E.B. then 


(9) W a m+1,..,%+k—1 


My 


) #0. (ee (0) 
» 2 prey XR 


The assertion (9) is clearly independent of how the polynomial system 


has been normalized. We choose the normalization so that 
Q,, (4) = 4, (—*x)" +... i, > oO: 


in which case then the sign in (9) is (—1)*@-"!* independent of ” and of 
the choices of {x;} provided only they constitute a G.E.B. 

In this paper we extend Proposition A to the case where eigenfunctions 
of a Sturm-Liouville problem are substituted in place of orthogonal polynomials. 
More precisely, let Po, i, P2, ... represent a complete family of eigenfunctions 
of equation (2); the coefficients *(¥) and 0(*) being sufficiently regular. 
(The exact conditions will be given in Section 3.) We will prove that if 


Ny <1, <<... <M constitute a G.E.B. then 
(10) W (09, (8), Pn, (E)i 05 Gas E)) FO for @—e— 6 


where (10) is to be interpreted according to either (3) or (4) whichever is 
appropriate. 

With the aid of (10) we further establish that the sequence of functions 
(11) Wn (%) = W (Hn (%), Patt (%), .. , Pntea(*)) n= ON eI eee 
with k odd constitute a Sturm sequence. This means that wp, (x) possesses 
precisely ” simple zeros interior to (a, 0) and the zeros of successive terms 
Wn and Wr4i strictly interlace. 


Another sequence of functions which also exhibit the oscillation struc- 


ture of a Sturm set is the augmented system : 


(pi (x) pr (x) | 


(12) In (x) = : 
| Pn+i41(X), © ntl+1 (x) | 


i fixed. 2 Ose 
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Theit properties will be developed in Section 4. Other extensions of the 
results of [1] to the case of Sturm-Liouville systems will be indicated in 
Section 4. 

Our principal method of proof is to discretize the Sturm-Liouville 
equation (2) so that it becomes the recurrence law of a finite system of 
orthogonal polynomials. We then invoke the result of Proposition A. Upon 
refining the approximating discrete system we obtain in the limit that (10) 
keeps a single sign. The proof that actually strict inequality prevails has to 
be dealt with by separate arguments. In Section 2 some weaker results in 


more general context are obtained by a more direct method. 


§ 2. Totally Positive Integral Transformations and Associated 
Wronskian Determinants. 
We consider the integral transformation 


b 


(13) (TA) = f Ke, £0) dn) 


a 


where K (x , y) defines a continuous kernel on [a,6] x [a,b] and du(y) is 
a measure which can be totally discrete, absolutely continuous or any com- 
bination of the two. In all cases we assume that [t(-) possesses an infinite 
number of points of increase. Also, we require —co<a<b<oo, The domain 
of T is taken to be C[a,b] —the set of all functions continuous on [a, d]. 

The kernel K of the transformation (13) is said to be (strict) totally 
positive TP (STP) if 


| K (m1, 9%). KGa, | 
K(™ ol — | K (2,91)... K (a2, 9) 
MEG Soe, coos, bap : : 


(14) 2 0 (>0) 


| late Epa yi) w. K (Xr, Yr) 


for all r2=1 and ee eo ee A kernel K is said to be 
aT A aN) ee My 


oscillating if K is TP and there exists an iterate 


KO(x, y= [KOO (%, KE») ap) 


which is STP. 
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The structure of oscillating kernels has been explored in considerable 
detail by Gantmacher and Krein [3] in connection with the study of eigen- 
value problems of coupled mechanical systems and the sign variation charac- 
teristics of the associated eigenfunctions. They prove the following impor- 
tant result: 

Proposition B. Let K represent an oscillating kernel with a countable 


discrete spectrum, then 


(i) The transformation (13) possesses a countable set of positive 


eigenvalues 
Oa he< ti de 


and to each spectral value (eigenvalue) respectively corresponds an eigenfunction, 


unique apart from a multiplicative constant, 
Po, Pi, Pr, Ps, «.. 


with the following properties ; 


(ii) If @,, m=1,1+1,...,%, denote real constants not all zero, then 
k 
(15) Ds an Pm (x) == (00) (x) 
mal 


has at least 1 nodal zeros (these are zeros in every neighborhood of which 
the function changes sign) interior to [4,6] and at most F distinct zeros 
in (a,b). Zeros of @ located at either a or 0 are not to be counted in this 
statement. If strict inequality in (14) holds throughout the closed interval, 
then the endpoints may be included in the statement (ii). 

(iii) It tollows from (ii) that @,(#) has precisely ™ nodal zeros and 


no other zeros in (4,0). Moreover, (ii) implies that 


| @o(%o) Po(%1) ... Po (xx) | 
R ( G5 OV 00 y a | 1 (%o) Pr (%1) ... Pr %r) | 


Xo 


(16) 


Ohi aon. a oe 


Px (%o) Pe (%1) ... Pe (Xx) | 


never vanishes for any selection a < %) <%1<... < x, < b. For definiteness 
unless stated explicitly to the contrary we normalize @; (i.e. choose the free 


multiplicative constant) so that (16) has the sion) (—-1)' “S07 
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(iv) The zeros of two successive eigenfunctions (P, and @ny1 strictly 
interlace. 


(The proof of this theorem is given in [3, Chap. 4].) 


An important example of Proposition B is the kernel 


: O(x) xy) axx<y<b 
K (x “vend 
“" (9(y) x@) asy<n<b 


where O(¢) x(4)>0 and O(t) x()—x' (t) O) >0 for all a<#<d and y=, 
An important feature of totally positive kernels is their variation 


diminishing property: 


Proposition C. If K(x,¥) is TP and f(y) changes sign j times then 
2) = [kK (x,y) f(y) du(y) (u(y) is a non-negative sigma finite measure 
and the integral is assumed to converge absolutely) changes sign at most 7 
times; moreover, if g(¥) actually changes sign 7 times, then g(*) must 
exhibit the same arrangement of signs as the function f(y) © when x and y 


traverse their respective domains from left to right. 


By requiring a stronger version of the determinantal condition (14) we 
can bound the number of zeros of g, Z(g), by the number of sign changes, 
V (f), of the function /. In order to derive such bounds, we must introduce 
several additional concepts. As a preliminary, we note that if K (x,y) belongs 


to C*" (i.e., K is 2m fold continuously differentiable) it follows from (14) that 


P OK (x= -4)) Ome Iie 8) 
| er ) - Oy ey ~oym=1 | 
| OK («, 9) cay) om K(%, 9) 
(17) Ox Ox oy ‘es OL Oye’ > 0, 
am-1K (x,y)  O™K (ey) 7K, y) | 
a Ona oy OT ak Oey 
Gee LSE D, 


3. The number of sign changes V(f) of a real valued function fis sup Vf (x) 
sm 


where V(f(x;) denotes the number of sign changes of the sequence FG); Heal ere 
(zero values are discarded) with x; selected arbitrarily from the domain of deGnitien of 


f and arranged so that x, <x,»<..< 4,3 m is any positive integer, 


374 SAMUEL KARLIN 


The formal proof of (17) appears in [4, Section 1]; it involves simple 
use of the mean value theorem. 

It is worth noting here that even if K is STP, the determinant (17) 
may vanish at exceptional points. 

We now indicate an extension of (17). For this purpose, we must 


assign a meaning to the determinant 


(18) Pee tee i 
WARS oie ee > m 


where %)S%2< ... S%m and 415425... [Ym and distinguished in that 
several of the *%’s or ¥’s can be equal. The convention we will employ is 
similar to that introduced in our discussion of Wronskians. When there is 
present in (18) a block of equal x values, the successive rows of (18), 
corresponding to these ¥ values, are composed of the successive derivatives 
, VE UK 
with respect to %; i.e., Ke? Oy een where ” is the number of equal 
x values. Similar considerations apply in the case of blocks of equal y values 
with the appropriate y differentiations made on the successive columns. 
Similar to (17), we obtain that if K is TP and possesses the necessary 


differentiability, then 


s/o Olver Bolin. eon: gy SOR iS Ue 
(18a) K| Bea TN eG Se tee eee wee anne 
Mi pg cho 4 SR wat <2 = aera ie 
This relation subsumes (17) which is the special case %; = %2 =... =%m = % 
and ¥i=N2=..=Mm=y. We are now ready to propose a definition of 


total positivity in terms of derivatives of K. The function K is said to be 


extended totally positive in the % variable (abbreviated ETP (x)) if 


oe x, x, ben | % 
K{ J>o for all Be 
Miki, Sich ong OVA CREE VGN RE ‘Vin = Of 


The emphasis is on strict inequality since the case of inequality including 
the possibility of equality constantly prevails if K is TP and C”-' in x (see 
(18a)). Similarly we may define the concept of ETP(y). Finally we say that 
K is extended totally positive in both variables (written ETP with no refer- 


ence to either the * or ¥ variable) if 
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(19) K | >0 forall a< x, y <}, 
ae Ms ans +9 ¥ 

The definitions involving the concept of ETP are meaningful only if 

K is suitably continuously differentiable which we will always assume unless 


there is a statement to the contrary. 


By suitably adapting the arguments of [4, p. 285] we may prove that 
if K is ETP(x) or ETP(y) then K is STP. Similarly, it follows that if K 
is ETP then 


(20) K(™ Seance ee *) Sa 

Mis Poy ces Vn 
for all xj, ¥; satisfying the conditions of (18a). The detailed proof of this 
assertion, other extensions and the finer interplay of these ideas will be 
published elsewhere [7]. 

The above discussion sets forth four formulations of total positivity ; 
namely TP, STP, ETP(x) or ETP(y) and ETP, each of which implies the 
preceding. All four versions are useful in different contexts. 

For later purposes we now indicate briefly the variation diminishing 


properties of the transformation 
(21) g(x)= fK(e,v) fo) duly), au(y) 20. 


where the function A(%,¥v) is assumed to be totally positive in the various 
senses described above. For ease of exposition we postulate that /, g and 
K occurring in (21) are sufficiently continuous so that all operations per- 
formed on the integral are meaningful. The variation diminishing property 
(VDP) of (21) in the case of TP functions was already stated in Proposition 
C. If we now assume that K is ETP(x) and that sufficient differentiations 
under the integral sign are permissible, then the VDP statement can be 
strengthened as follows. Let Z(g) denote the number of zeros, counting mul- 


tiplicities, of the function g. If K is ETP (x), then 
(22) Ae a): 


Finally, we shall need an intermediate concept petween STP and ETP. 


We say that K(*,¥) is quasi extended totally positive (abbreviated QTP) if 
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7 x » 2, esis » vk 
(23) Blt > 0 
Site Oe Ree nar, a. 042 


; ; ; Ni So : 

for any set of x’s and y’s satisfying @< <b, R arbitrary 
V SVS ie ME 

with no three x values or y values equal. The corresponding VDP is as 

follows: Let Z(g) denote the number of zeros of g with zeros of multip- 

licity greater than 1 counted twice. Now if (21) is satisfied and K is QTP, 


then 
(24) Z(g) SV (f). 
We are now prepared to develop the principal theorem of this section. 


Theorem 1. (a) Let K(x%,¥y) denote a continuous oscilla- 
ting kernel on [a2,d]x [a,b] such that for any integer there 
exists aniterate K”(«%,y) which is 2k times continuously 
differentiable and ETP of order F (ie., satisfies (19) for all 


determinants of size <A). 


Let @u(*) and Aw, m=0,1,..., denote the eigenfunctions 
and eigenvalues guaranteed by Proposition B. (Since Qm 
are eigentunctions for any iterate of Ky they are necare 
satily C®, ie, infinitely differentiable) Let & be evem 
Then the Wronskian function (3) never vanishes for 


Qi Oe. 
(25) W (Pn (x), P+ (es). «oe 9 “Putk—1 (x)) = O, a<% < b. 


(b) Suppose K(®,¥) is absolutely continuous in each 
variable, has uniformly bounded difference quotients in 
each variable separately andthe first partial derivative 
exist at all but a finite number of points™. Moreover, 
suppose that K satisfies the hypothesis of Proposition B 
and that some iterate of K enjoys properties (23) and (24), 
i€, aniterate of K is OUP, Let k be even, them the genera- 
lized Wronskian function W(@,, Qnyi, ... . Pnze-1) introduced 


in (4) never vanishes ford <1 <p. 


4. The places where OK/ dx (,y) fails to exist generally depend on y. 
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Proof: (a) Suppose to the contrary that (25) vanishes at 
%9,4@<%) <b. Then there exist real constants a;,0<i<k—1, not all 
zero, such that 


(26) Ao Pn(%) + 41 Py (%) +... + Apa Pnga—i (%) = (4X0) L (x). 


Further L(x) is not identically zero by property (ii) of Proposition B. 
We observe that 


(27) g(x) =(x—m)'L@) = J KO (x, nf Ys ay Ent?) ) au (yy 


where K\ js appropriately ETP of order <k and 


k-1 


ae ee 


v=0 n+yv 


is not identically zero. By virtue of property (ii) of Proposition B, we know 
that V (f) <~+k—1. Comparing (27) with (21) and (22) we deduce that 


Z(g)Sn+k—1, 


and consequently L(x) can vanish at most #—1 times. At this point we 
deduce immediately a contradiction of the fact that g must exhibit at least 
nm nodal zeros, part (ii) Proposition B. We present a more elaborate proof 
which does not refer to (ii) whose method introduced by Krein and Gantmacher 
will be needed in part (b). Suppose, to obtain our contradiction that L(x) 
actually changes sign p<m—1 times. Let %1<%2<... < %p denote the 
points at which L changes sign. More precisely, say for definiteness that 
L(x) <0 for x<x; and somewhere in this interval <0, L(v) 20 on %1<¥<%, 


and somewhere on this interval > 0, etc. We construct the function 


WoO) wil)... Vpn) | 
Po (2) Wi(%2) 22. Wp (%2) | 
(28) u(%) = : 
| ee Ce) Wi (%p) ee p(X) 
Wo(x) wilt) ... Wels) 


where 1;(y) represent the eigenfunctions of the adjoint transformation : 
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b 

(29) WwOo= J KO Nw duc). 
Clearly, the transpose kernel defining (29) possesses the same properties as 
K and of course the oscillation characteristics of the system {wp;(y)} are 
identical to those of {p;(*)}. Moreover, the eigenvalues of the integral 
equation (29) and that of (13) coincide. It is a standard result that 

b 
(30) fvi@aawG =o fori #7. 
In view of property (ii) of Proposition B (see also (16)), we infer that w(%) 


strictly alternates in sign as we traverse the successive intervals 


[titel = 0, Te, Ps 


for completeness we define %)=@ and %p41=0. It follows that u(x) - L (x) 
keeps a constant sign throughout (4,0) and vanishes at most at ”—1 
points. Since & is even, we conclude that 


b 


(31) i u(x) (%4—%0)* L (x) du (x) #0. 


a 


On the other hand, we note that “#(%) is a linear combination of 
Wo, Pi,---5 Pa—1 while (vx—xo)* L(x) is a linear combination of P,, Pn4iy...) Pntk-1- 


By the orthogonality property (30), we obtain 


b 
[ u(x) (%—%0)" L (x) du (x) = 0 


a 


in contradiction to (31). This completes the proof of statement (a). 

As a preliminary to the proof of part (b), we need the following lemma: 

Lemma. Let the conditions of Theorem 1, part (b} 
prevail. Then each zero %o(@ < % <b) of bpm+CQmii (C2 +c? & 0) 
is of multipin ei tyal: 

Proof: The proof is by induction on m. Consider the case m= 0. 
Choose 1=0 so that 
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PRE COC a ore SF and eek ed 
a vy V2 an %* <0. 


A trivial calculation gives 


Alt  Po(x) 1 (2) a OFT Ko(* x Le "a \d 
oH wate) arte) | al boa on) AU go t2) HOD: 


| 
Ji S02 


(For the meaning of the symbol A, see equation (16).) By virtue of property 
(ii) of Proposition B, and taking account of the specific way in which the 
(p; have been normalized, we obtain the inequality W(@o, @1) < 0. This is 
the desired result for m = 0. Suppose now we have proved our assertion fot 


all m <r. We proceed to advance the induction. Assume to the contrary that 
h (x) = cep, (x) + dy4i (%) = (%—%)*? M(x), a<xo<b, 


and ¢ and @ are neither zero. By property (ii) of Proposition B, M(x) has 
at least r nodal zeros. Now in the case that M(x) does not vanish at Xo 
or that %o is a non-nodal zero, we add the function e(,(*) with |e) suf- 
ficiently small to (x), thus producing h* (x) =c’—p, (x) + dpy41(*) exhibiting 
at least 7 +2 nodal zeros; this contradicts (ii). In the other contingency 
that M(x) has a nodal zero at %, we construct €(7@r-1(*) + 99,(%)), 
vanishing at %o exactly of first order, which is possible by the induction 


hypothesis. The magnitude ¢€| is kept small so that 


£7 Pr—1 (x) + ed, (x) + ePr (2) + AGra1 () 
now has three nodal zeros in the neighborhood of %», at the same time 
preserving, apart from small displacement, the other zeros. Again we obtain 
a contradiction of property (ii) and the lemma is proved. 
Proof of (b). Suppose the statement of (b) is false, i.e., (4) vanishes 


at %>) in (a@,0). Then there exist real constants @, not all zero such that 


(3 2) 40 Pn (x) + 41 Pnz1 (x) Fs. 1 Oe-1 Pn that (x) = (x am Xo)” Lo (x) 
ao An Py (x) a ay Aes Pn+1 (x) =P ooo ar An—1 Mn+k—1 Pn+k-1 (x) — (% 2 Xo) L, (x) 


AA e—?)1? Pu(*)+ a AKER?) /2py4(%) ate oeomats Ap-1 Mae Pn+k—1 Gy 
(x—%o)?Lix-2)) 2 (%) « 
We claim that V(Lo)<u+hk—3. This will follow if we establish that a 


zero of multiplicity > 1 for Lo at %o is counted as two zeros when it is 
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a non-nodal zero and three in case that it is a nodal zero. The first con- 
tingency is proved by methods analogous to those used in dealing with 
equation (27). We omit the details. 

The analysis of the second contingency depends on the arguments of 
the lemma. We follow the method of the lemma and add a suitable linear 
combination of @, and @n+1 (small in magnitude) to the first equation and 
produce three nodal zeros in the neighborhood of %o, while essentially 
keeping the other nodal zeros intact aside from small displacements. This 
fact combined with the assertion of property (ii) of Proposition B easily 
implies that V (Lo) Su +k — 3. 


Since 


b 
nix) =(e—H)P Li(y= f K(x, 9) (ym)? Lo) du (y), 


a 


we conclude that Z(gi) <n +h—3. The above argument applied again shows 
now that V(li)<n-+k—5. We repeat this method on the successive 


functions of (32) and this culminates in the result 
V (L(e-2) /2) =< Has 


However, this inequality leads to a contradiction in the same manner 
as in part (a) of the theorem. The proof of the theorem is now complete. 

Examination of the proof and statement of Theorem 1 suggests various 
extensions which we will not pursue. For example, we could formulate an 
intermediate type Wronskian involving derivatives up to a certain order 
analogous to. the formation of (4) out of (3). We shall not enter into the 
statement of Theorem 1, corresponding to these possibilities. 

Some corollaries of Theorem 1 concerned with constructing various 
Sturm sequences based on the system |¢p,(%)} will be described in Section 4. 

We do not know whether the conclusion (25) can be extended to the 
case where the index set #1 < m2 < ... < mm is a GEB rather than the special 
case of a block of consecutive indices. For the special class of TP kernels 


of the form 


Ke ja OR) aa 
e(y) Pp) asy< 
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the stronger assertion in terms of a GEB index set is indeed valid (see 


Remark 5 of the following section). 


§ 3. Generalized Wronskians of Ejigenfunctions of Sturm- 
Liouville Operators. 


In this section we examine the Wronskian function (4) whose elements 


are eigenfunctions belonging to the Sturm-Liouville operator 


(33) ORS (x) p’ (x~))’ =—Ap(x) ax<x<b 

coupled with an appropriate boundary condition. We require that x(x) > 0, 
and ~(x) > 0 throughout a < x <b. Suppose the boundary value problem 
admits only a countable spectrum of simple eigenvalues do < Ay < Ag <<... 
and corresponding eigenfunctions o, (1, (2, ... which have been normalized 
in some definite way. Although the results of Theorem 2 below are valid 
in considerable generality, we give detailed consideration only on the case 
where the endpoints @ and 0 are both regular points of (33). (Some dis- 
cussion of the general Sturm-Liouville operator will be indicated at the close 
of this section). Specifically, we require that x(¥) > 0 and o(*)> 0 on the 


closed interval [a, 6]. The initial condition is postulated to be 
(34) p(a)=1 and @(a=0. 

The boundary condition is assumed to be of the form 

(35) wp (0) + Bx (6) (0) = 


where a, B denote fixed real constants. 
We construct a discrete approximation to the system (33) as follows: 
For each fixed N, the interval [a,b] is divided into N +1 equal parts; 


D : 
peg (0-2) 0 = 6 WV a 
Yeat yi O-0), 0SiS 


Now we determine vy” and «7 so that 


CoA 
“m+1 
iL { dx 2 
a + O aay m =< Ne 
(36) yN tN % (x) a inn 
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and 
iN 
m 
Ne { p(x) dx (cma Nz 
N 
Pa 
where 
A ae oe 
NT ee m— 
—, ——, m=1,2,..,M 
m uN Th ue 
Consider the finite recurrence law 
(37) =v ON (4) = — (WE ) OF (A) ave OF tA) + ue OR te 


h= 0 law 


where ON (= 0, OV A)=1 “and y= 07 


We now describe the nature of the boundary condition for this dis- 
crete system. As is traditional, a derivative operation is replaced by a dif- 
ference operation. Thus, a discretized version of (35) reduces to a condition 


of the form 
(38) av QV (A) + BY QV. A)=0. 


The polynomial on the left-hand side of (38) represents a quasi orthogonal 
polynomial [5, Chap. 3] of degree N+1 and therefore possesses N+ 1 


simple real roots 


(39) AN A en 


Also, there exists a related finite measure oN with mass points located 
exclusively at (39) which comprises the spectrum of the finite system of 
polynomials |Q*(A)}. The polynomial system {Q¥}‘_, is orthogonal with 


respect to 0”. 
We write (37) in the form (8). Now, by a standard inversion process 
we may convert this relation into a discrete Volterra integral equation ; 


m 


k 
: = : | 1 : i ¥ 
(40) See (A) =1 d VN ac a nN Qn (A) , OsSmMs N 


k=0 
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and 
GT AS 1, 
This relation should be compared with the Volterra integral equation 
(41) oe, =1—-0 [2 aaa n, Day 
po 


equivalent to (33) in that the solution of the latter subject to the initial 
conditions p(@,A)=1, and ’(a,A)=0 satisfies (41) and conversely. The 
solution of the bouadary value problem (40) and the integral equation (41) 
are manifestly both unique. 

It is relatively easy to show with the aid of (40) that Q” (A) cons- 
titute an equi-continuous family (the index variable is NV) of bounded func- 


tions converging uniformly to ((«,A) as N imcreases to co where m js 


adjusted to N so that x~a +) (b—a) . 


It is also an easy consequence of (40) that 


(42) NOM, (AN) — OX (AY)] > os (54) 


m+ 


provided m and N simultaneously increase to infinity preserving the asymp- 


(6-4) 


totic condition *~a-+ Naot 


-m as required above. The recurrence law (37) 


can be written in the form Diy Dyn Q = — AQ where aY and o% represent 


discrete measures determined as follows : 


aa" = dox eee 
7 


Wa’ 
a 


J 


Letting N> oo and m > as above we obtain as the limiting form of (37) 


1 if. / 
43 ——— (x(x) 9’ («,)) =A (%,A). 
i pa 
Naturally, the boundary condition at 0 is only satisfied for A=A; and then 
(p (% , Ai) = i (*). 


We are now ready to exploit Proposition A in the case of general 
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orthogonal polynomials in order to deduce analogous determinantal inequa- 
lities involving the eigenfunctions ;(*). 
Let 


(A ; AN, bin ae) 


tR 


denote a GEB of spectral points. According to Proposition A we have that 


m,m+i1,..., M+-k—1 


44 — 1 )k(k—1)/2 
el coe S AN AN AN 
ieee Ne 
| On AR) ON AX) ne) 
= (—1) 0/2 | ms) Ona A) ae tt © in | >0 
Ov, 1 (A) nee (A) gS Tels AN) 


The sign of (44) is explicit due to the normalization condition Q% (0) =1 
which is satisfied by the nature of the recurrence law (37). 

By performing obvious algebraic operations on the rows of (44) and 
repeatedly invoking the recursion law (37), we arrive at a determinant whose 
first column, apart from certain positive factors common to various 


rows, is 
(45) {Om (hiy)s N [Omer (As,) —Qm (ig), Ary Qmts (Aig), 
N [m2 (Ai) — Oma Chig)] , 2s APP? Oma cana pr (Ai,) 5 
MEM" N [Qmn-iy2y Ai.) — Om+cr2y-a (Ai, )]} . 


The other columns are obtained from the first by replacing % by 
42,73, ...,%%, tespectively. The superscript N was suppressed in (45) for 
typographical reasons to avoid a proliferation of superscripts. 


Let m be selected so that 
(46) RS aE oy 


where * is fixed but arbitrary in [a , d]. 
Now let N>co and m>c satisfying (46). By virtue of the con- 
vergence properties OX (AN) > (;(*) and (42), we obtain from (44) 
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(47) (—1)rnr py ("Pir Pins > Pia) S 9 
xX , x x 


yp tee yg 


where (71, 42, ..., 2) is a GEB. Here (47) is interpreted in the generalized 
sense of (4). 


We now state the main theorem of this section. 

Tmeorem 2. Let. (4, 4:,...,%:) be a GEB and let 1—pi (x)} 
denote a complete family of eigenfunctions Satisfying 
(33) under the conditions (34) and (35), then 


(48) R(x) = (1k W Eades. 
ae a x 


pte 


OO AIL ISPD 


Proof: We have already proved (48) in the weak form (47) with 
equalities allowed. It remains to establish the strict inequality. 

The proof will proceed by induction on the size of the determinant. 
Suppose we have proved (48) for all Wronskian determinants of the same 
kind of order at most k— 2 (recall that k is even). We can handle k=2 
by the same methods. 

Suppose to the contrary that (48) vanishes at some point %o interior 
to the interval [a,b]. As a consequence, the row vectors are linearly dependent. 
We may express this dependence as follows. There exists a set of real 
constants not all zero which we regard as coefficients of the polynomials 
P, and Pz such that 


(49) so (Ai,) Diy (xo) =P Fa (A;,) Css (%o) =— 0; MSS als 2, 0OC) k 


where P; (A) and P2(A) are polynomials of degree not exceeding (k—2)/2, 
at least one of which is nontrivial. Moreover, at least one of these poly- 
nomials must actually be of precise degree (k—2)/2, since otherwise the 
induction hypothesis is contradicted. 

In view of (47), we infer that xo is a non-nodal zero of [x(x)]"? R(x). 
We will see below that [x(x)]*/? R(x) is differentiable everywhere in 
(a, 6). Then 


1 


d k 
ae one: cet less) 
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vanishes at Xo. (In calculating (50) we introduce the factor x(x) in each 
row of derivatives, and then execute the indicated differentiation.) Appealing 
to the differential equation (33), we find that (50) is identical with the 


determinant R(x) except in that the last row is replaced by the elements 
MP Qi, (Xo) > Age Pi, (Xo) 99889 hip Pip (xo) , 


The vanishing of (50) implies the existence of real constants not all 


zero and associated polynomials with the property that 
(51) Ps (Ai,) Pi, (%0) + Ps (i,) PG, (%0) = 0 Y=1,2,..,2. 
The deduction of (51) parallels that of (49). 


k 
Here, P(A) is a polynomial of degree at most aay and P(A) 


k 
denotes a polynomial of degree at least ae 1 and not exceeding k/2. 


This follows from the induction hypothesis. 


We now consider three cases: 


k 
(a) deg P,=——1 
2 
k k 
(b) fear deat 
k k 
(c) dog Fe ead and deg P; < ae 


Case (a): Since j,(%0) and i, (%o) cannot simultaneously vanish, 


it follows by eliminating these variables from (49) and (51) that 


(52) P3(A) Pa (A) — P, (A) Pa (A) = 0 for pa 


i>? his 5 see 9 hiy 


The polynomial of the left-hand side of (52) is certainly nontrivial since 


deg[P3 + P2] 2k—2, while deg Pi Py < k—3. However (52) is of degree 


k 


k 
not exceeding 5 + —1=k—1 and there exist k distinct zeros, an 


absurdity. This contradiction proves the theorem in this case. 


Case (b): We derive the conclusion (52) as previously. It remains 
to verify that the left-hand polynomial of (52) is nontrivial. Consider the 


contrary event that (52) is identically zero. In particular, 
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(53) deg P3 P, = deg P, Pe. 
This relation formally states that 

k k 
(54) = ‘= (5 — 7 m , 


_ “ 


k 
where m=degPs and degP:=/1; deg P= 5 1 by the induction 


oa, k 
hypothesis since deg P2<—-—1 by assumption. We may write this in 


Z 


k 
the form (a —1). Since m—TI is a non-negative integer and be- 


cause mS 


k 
Sans we have a contradiction unless m=1=0. Thus, 
our discussion of case (b) is complete except for the possibility m=0. 
We now show that this contingency also leads to a contradiction. If J=0, 


then (49) reduces to 
(55) Py (A:,.) Pi, (%o) = 0 ? Vee Ihe 2, Dos) k o 


By virtue of the hypothesis to the effect that (¢1 , 72, ..., 7%) constitutes 
a GEB combined with the fact that two consecutive eigenfunctions cannot 
share common zeros, it follows that among the set of & distinct eigen- 


values 1;,,4;,,..., Ai, at least k/2 are zeros of P:(A). But, Pi(A) is non- 


tk 
k 
trivial of degree cir 1 which is clearly incompatible with the presumed 


count of the zeros. 


Case (c): The stipulations of this case compel the further relations 


k k 
(56) deg Py = ——1, dep? 


k at 
By assumption deg fae The only situation which doesn't lead 


to an immediate contradiction by paraphrasing the analysis of that of 
case (a) is the possibility 

k 
2 


(57) dep > deg i, = — 2 
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It remains to examine this case. To this end, we prove first that under 
the conditions (56), (49) and (51), %0 is a root of multiplicity at least 
three. The precise sense of the multiplicity is given below. We have already 


determined the form of the determinant 


[o()}* 
(See the comment immediately following (50).) 
Now, consider 


1 
Fee 


£— {x (4 S (x)} = T (2) 


calculated in a manner analogous to the calculation of (50). In this case, 
the determinant 7 (%) reduces to a sum of two determinants 7;(%) and 
L2(*). We describe the first column of each, the other columns are 


exhibited by replacing 72, 23, ..., 7 for 71 respectively. 


T, (*) 
~ [Pig (2) 5 Oy (song MED ee, (x), AHO? Ps, (22), AAP p's, (x), AH 005, )] 


I> (*) 
ia [Pi (07, @) > Ageia p,, (*), AGE 's, (x), Agee Pi, (x), Me? Pi, (x)] . 


k k 
Since deg Ps —2 and oe ree 1 we infer on the basis 


of the assumption that (48) is zero at %o the existence of non-trivial 


constants exhibiting the rows of T2(%o) as linearly dependent. Corisequently, 
Pe ; k 
T2(%0)=0. Utilizing (49) and since deg P23 —2 we can convert 
T;(%o) into a determinant JT"! (x0) such that the row 
(APY? pi, (Bo) , MD? i, (%0) , «.-) 
is replaced by 
(AEP pi, (%0) , MED i, (Mo), «.-) 
provided a@x/2)-2 #0, where 


PiA)=aotaat..+ Ach /2)-2 MEI? A(h/2)-1 MGd GD sss Akj2-1 FO. 
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If a(4j2)-2= 0 we leave T)(xo) unaltered. In either event 7; (xo) and the 
transformed determinant T\'l(xo) differ by a fixed non-zero multiplicative 
factor. If @ajy2A#O and ax)2)-3 40, we transform Tl'l(xo) in the same 


manner as above to a determinant 7?! (%o) where the row 
er Pi, (x0) : Mees i, (Xo) ; e) 

is replaced by 
(2H 5, (a) , NBD? i (40), oe) 


If @j2-3 = 0 we leave Ti (%) unchanged. We continue in this way until 
we either reach a zero coefficient a)=0 (i.e., 2 is the largest index of a 


zero coefficient) or all the rows of the form 
(i Pi, (Xo) , Mi Pi, (x0) : ac) > 0 = l = 
have had exponents of A; raised by one, resulting respectively in the form 


a Pi, (Xo) , un Pi, (Xo) , «-+) ERS —2. 


k 
ZA 
Let us denote the final determinant obtained by this process as T (Xo). 


The relationship (49) or equivalently 
A; Pi (Ai,) Pi, (%0) + Ai, Po (Ai,) £4, (%0) = 9, Ve (ee 


plainly applies also to the rows of T (%0) ; hence Ts (%) = 0. This completes 
the proof of the statement that %o is a root of multiplicity 2 3. But %o is 
a root of even multiplicity since (47) holds and so 


1 d 


(58) To (x) ah [xk (x) T (x)] = U(x) 


also vanishes at %o. By repeating the kind of analysis we have just finished, 
U (xo) 
2 


we find that reduces to a single determinant whose first column 


has the form 
Lp, (%0) , 0, Ho)... ae Pi, (%0) , AE? P's, (Ho), 


MAI CD's, (0) , AN? (%0)] . 
1 
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Since U (xo) = 0 we obtain the identities 


(59) Ps (hi) i, (0) + Po (hip) Pi, (40) = 0, Y= 1ayk, 


k k e k ‘ 
where degPs < ve 2 and =a —1sSdegPo S ie the last being true 


because of the induction hypothesis. 

We combine (51) and (59) (in the analogous manner to that of (52)) 
and arrive at a contradiction as in case (a). This finishes the discussion 
of case (c). 

To complete the proof of the theorem we need to examine the case 


k =2. We observe that 


w(o ae) = Pn Pn | ax<x<b 


| , , 
Xi, % [Pn Putt 


> 


cannot be identically zero since in the contrary event ‘p, is a multiple of 
@n+1 Which is impossible. From here on the arguments proceed as with 
the general size determinant; the steps are much simpler and will therefore 
be omitted. The proof of the theorem is now complete. 

Remark 1: In forming the discrete approximation to (33), we 
considered only the boundary conditions (35) and the special initial condition 
(34). It is important to emphasize that the result stated in Theorem 2 is 


valid for the general initial condition 

(60) ve(a)+ (a4) =0, G(a)=1, 7 real. 

Actually, this formulation can be reduced to the condition of (34) by 
considering the function e%* p(x) = yy (v) where @ satisfies (33). The Sturm- 
Liouville equation for the function w is of the form 

(61) HO) VOY +9) ~@) = —h0@~) v@ 


and the initial condition is w(a)=1, w’(a)=0. The boundary condition 


at b retains the general form 
aap (0) +- Bap’ (6) = 0. 


Equation (61) is seemingly more general than (33) in that the additive 
term q(x) W(%) is present. Nevertheless, the analysis here via the discrete 


polynomial approximations to (61) is essentially unaltered from that of the 
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case of (33). The conclusion of Theorem 2 carries over and the proofs are 
the same except for unimportant technical details. 

The theory also applies for the initial condition (a) = 0, x(a) @’ (a) = 1. 
Here, the discrete approximation is based on the system of orthogonal 


polynomials of the second kind associated with {Q%(A)} (see [5]). 


Finally, for certain boundary conditions we may extend the result of 
Theorem 2 from a finite interval (a, 0) to an infinite interval (a, ~), 
This is accomplished by executing a limit process from regular eigenvalue 
problems associated with finite intervals to eigenvalue problems belonging 
naturally to infinite intervals. The techniques resemble those developed by 
Coddington and Levinson in Chapter 7 of their classical book on differential 


equations. We will treat these extensions in another publication. 


Remark 2. Under the conditions of Theorem 2 we may execute the 
same limiting procedure in terms of finite systems of orthogonal polynomials 


and thus prove that 


(62) W Po, Pi, +> Vr-1 s Pi, » Giz> -- >» Pi, 


| Om ford <<a 
x 


yee o3 Bees 


ay 9, 'sa6 9) > > Fenotur) 


where (71 , 42, ..., 72) is a GEB, 11: >7—1, F is even, and 7 is an arbitrary 
fixed non-negative integer. 

The case ” even is already subsumed under Theorem 2. The case of 
y odd offers a new result. It is important to stress that in the formation 
of (62) the initial segment of 7 columns are based on consecutive eigen- 
functions culminating with @,-1; the subsequent columns are based on 
eigenfunctions with indices comprising a GEB. 

The proof of (62) runs parallel to that of (48); we deduce from a 
limiting argument the fact that (62) does not change sign by appealing to 
the corresponding result for the polynomial case (see (47)). Then we 
establish that strict inequality takes place by adapting the proof of 


Theorem 2. 


Remark 3. By the same limiting arguments and under the same 


conditions as in Theorem 2, we can prove the following inequalities. 


(i) Let k be a fixed odd integer, then 
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F gy [Pn > Pntis os (Pn+k-1\ __ ((—1)P ae for * near a 
i) sign 7 (" x Rie es | (—1)t Fh @-le for x near 0 
xe (a, bd). 
If »=0 
(64) (—1k@-le W Doe esl SO, for aaxaoe 
Ren ny, Oe 


(ii) Let k be an even fixed integer and let 7 be a fixed arbitrary 


integer. We consider the augmented Wronskian system 


U, (x) = (Ste ten see y oe vee 1 : yt 2 SS 
DG 2G x x 


> > te 9 


Then 


(Gee , for %* near a 


ign U, (x) = tle 
(65) sign (x) l[Epraahe ey for %* near 0 


(iii) Let be an arbitrary fixed integer. Define 


V,(%)=W ie pen Re 2 Wiss Ff ae 


% > x Be ee x > x 7 
then 
oe. CRA) = (en p AOR Otte See 
oe (—1)e-7tr+ le =| for = near 6 em 


In the case of orthogonal polynomials the proofs of (i), (ii) and (iii) 
appear in [1], (see Sections 6, 27 and 29). 

Remark 4. Although Theorem 2 treated primarily the case of eigen- 
functions belonging to a Sturm-Liouville operator of classical type, the 
same result can be achieved under proper regularity conditions for the 
generalized Sturm-Liouville equation (5). This includes, besides (33), 
examples of totally discrete systems and mixtures of discrete and con- 
tinuous systems. The implications of this generality will be explored 
elsewhere. 

Remark 5. The result of Theorem 2 generalizes to the case of 


eigenfunctions belonging to the integral equation 
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b 
(67) Ap (x) — ii K (x : v) Pp (y) dy 
and 
\z0)9(@) asysusp 


Here we require that 


(69) (EV O(E\>0, — fae 


dé \w) 


Under the condition (69), A defines an oscillating kernel as characterized 


J<o 100 oe 0, Se 


in Section 2 [3, Chapter 2]. It is known that (67) has a countable spectrum 
0<Ayp<Ai<... and corresponding eigenfunctions Po, i, #2, ... enjoying the 
properties listed in Proposition B. For oscillating kernels we have Theorem 1 
which asserts merely a subcase of the result of Theorem 2. It is an open 
problem if the result of Theorem 2 is valid generally for eigenfunctions 
of integral operators defined by general oscillating kernels. However, for 
kernels of the specific form (68), we can prove that 
{Bo Bao eB) 
Do Fees Piven 
never changes sign where (#1, 7,,...,%,) is a GEB and aS x0. We 


sketch the arguments. Consider a discrete approximation to (67) of 


the form 
ges 
(70) Ae OR) =) RG) OR) m= 0,1, .., N 
n—0 
where 
i(b—a) ; 
wN=a - — EE Va bee ee Ae 
: Vr 
The matrix A =| K(x", y%)|| is a Green’s matrix in the sense of [3, 


Chapter 2]. The theory of Green’s matrices guarantees N + 1 distinct 
positive eigenvalues 


N N N 
0<Ar ale Sas Nr 
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Also the inverse matrix of A is a Jacobi matrix [3, Chapter 2] with eigen- 
values LAN, i=0,1,..,N and the same eigenfunctions. But the eigen- 
functions of a Jacobi matrix are in fact finite orthogonal polynomials. From 


here on the analysis parallels that leading to (47). 


§ 4. Sturm Sets of Determinants of Eigenfunctions. 


In this section we construct several types of Sturm sets of functions 
exhibited as determinants whose elements are eigenfunctions as described 
before. The methods we employ have been extensively applied on a variety 
of examples in [1] (see Sections 9 and 26). 

We will describe briefly the point of view and the technique in our 
first example below. The verification of the Sturm properties in our other 
examples follows a similar procedure and consequently the proofs will 
be omitted. 

The crucial tool which underlies the derivation of the desired Sturm 
properties is the inequality (48) or, more generally, (62). Also, the assertions 
of Remark 3 will serve to complete certain arguments. Finally, we will 
employ the following special case of an identity of Sylvestor. 

Let A be a determinant of order / and let 1<m< m<l, 
1<Sm<m <1. We denote by Am», the determinant of order / —1, arising 
from A by striking out the row ™ and the column ”. Similarly, we denote 


Mm, , M2 ; ae Sas 
\ the determinant arising from A by striking out the rows 


by A} 


M1 , Ne 


m,, M2 and the columns 7; , 2). Then 


m,,m A, 
(71) A AY 1, 2\ = +My Ny Am, ,n, ; 
NM , no) Anji Bsas oy) 
We now exhibit three classes of Sturm sets whose terms are suitable 
determinants composed of eigenfunctions arising from a boundary value 
problem of a regular Sturm-Liouville equation (33) with initial condition 


(34) and boundary condition of the form (35). 


1. Let & be a fixed odd integer. Consider the sequence of functions 


x x Nn 


> dD +8 9 


ad Ty (p, a W- @ ‘eles. (4, (Pp, i 
(72) VG) = W | oe 


LOT —e—a 
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We assert that these constitute a Sturm sequence, i.e., V,, possesses 
exactly m zeros in (a,b) and zeros of successive functions V,, and Vane 
strictly interlace. 

For simplicity of exposition we assume that the eigenfunctions ©; («) 
are infinitely continuously differentiable and so (72) may be interpreted in 
the sense of (3). The more general formulation (4) can be handled by 
appropriate modifications which will be left for the reader. 

By virtue of equation (64), Remark 1, we obtain that Vo is of 
constant sign for * interior to [a , bd]. 


Invoking the identity (71), we have 


(73) Ww Pn-1 » Pus Pnti, +> Pute-1 iw Oak. Wet cra eps 
x Xx x x x x 


a5 3 ee) > p88 9 


| Vu-1 (x) Vn (x) | 
|Vin-r(e) Vax) | 


Each Wronskian determinant appearing in the left-hand side is of even 
order; the sign of the first factor is (—1)l*+)I/? and the sign of the 
second factor is (—1)l*@-DIl?. Hence, (73) is strictly negative throughout 
a<x<b. We immediately see on the basis of (73) that if V,(%o)=0 then 


(74) Vin-1 (%0) V'n(%0) < 0 
and 
(a5 V'n(%0) Vn4r (%0) > O. 


It follows trivially that every zero of V,,(*) is a simple zero. 
Moreover, these relations imply that the zeros of the successive terms 
V,(*) and Vy41(%) strictly interlace. 

Taking account of (63), we deduce that V,(%) has precisely ™ zeros. 
To sum up 

Theorem! 5°) Let @)(4), ¢=0,1,.... denote the succesive 
eigenfunctions belonging to the Sturm-Liouville equa- 
tion (33) and corresponding initial and boundary con- 
ditions (34) and (35) respectively. The set of functions (72) 
constitute a Sturm sequence, ie, V,y(*) has exactly ” 
simple zeros and zeros of successive functions V,(*) 


Pade (%) Strictly interlace. 
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The arguments leading to Theorem 3 apply mutatis mutandis (with 
one gap) to the case of a Wronskian determinant based on eigenfunctions 
belonging to integral equations whose kernel is a general oscillating function. 
The lacuna is that we do not have available the weaker result that V,, (x) 
has at least ” simple zeros. The interlacing character of the zeros belonging 


to successive functions still holds. 


2. By analogous techniques and suitable adaptation of the arguments 
in [1, Section 27] with reference to (62) and (66) we obtain the following 
theorem. 

Theorem 4: Let the hypothesis of Theorem 2 prevail. 
Considemthe set of funerrons 


(76) ha CE AN! Pe Cie Ore a Ppt Pa n=r,r+1,... 
x x x x x 


> > > fee lita) ? 


where 7 is a fixed tnteger which may De even ot oda ine 
sequence (76) form a Sturm set such that H,(*%) hasiexacels 
“u“—rsimple zeros and the-zerosof consecutive {unmetrons 


Sthictly interlace: 


3. Another set of determinantal functions with remarkable oscillation 


properties are the augmented systems 


(77) Uy, (x) = W i z Pn ? n+ > 9889 ee 


x x x x 


>] > Pp ah Oe 


W=7+71,7+2,.., and a<x<b. Here 7 is an arbitrary but fixed integer 
and #& is a fixed even integer and {(p;} are eigenfunctions satisfying the 
hypotheses of Theorem 2. These types of augmented systems were studied 
for the case of orthogonal polynomials in [1]. The identical considerations 
and methods apply here as well. We now state the final result without 


proof. 


Theorem 5: Let {pj} satisfy the hypothesis of Theorem 2. 
The functions (77) constitute a weak Sturm set such that 
U,(*) has exactly ~—r—1 nodal zeros and no other zeros. 
Moreover, the zeros of successive terms of the sequence 
G7) strictly interbace. 
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We express our indebtedness for valuable discussions with Professor 


G. Szeg6 of Stanford. 
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